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Intro duction

The aim of this study is to extend Gertzen's notion of structure by proposinga general
theory of reasoningwith rules. Its badkground is a certain tradition of proof theory whose
basic tenet is that investigating formal reasoningand therefore proofs is essetially a
philosophicalrather than mathematical vernture, even when technical methods are used.

Underlying this approad is the ideathat logic as a philosophicaldiscipline with foun-
dational claimsis primarily atheory of logical inferene. Accordingto this view, the basic
task of logic is to study how propositions are establishd (possibly from other proposi-
tions asassumptions)on purely formal grounds.Logical proofs receiwe an epistemolgjical
interpretation: They are thought to represen a basic activity by meansof which hu-
mans acquire knowledge.Proofs are correct not by virtue of an external notion of logical
consequencebut becauseead single inferencestep is directly evidert by virtue of the
meaningsof the logical constarts involved in it. Thus, whether or not a proposition is a
logical consequencef other propositionsis a result of inferencesteps.

The epistemologicalunderstanding of \pro of" was standard in the philosophical tra-
dition from Aristotle and Euclid to Frege.In 20th certury logic, in particular within
Hilb ert-style proof theory, it shifted to the idea of formal proofs or derivations. A formal
proof can be consideredan arrangemen of symbols generatedby a xed set of primitiv e
rules. Theserules indicate which strings of symbols one may begin with and which steps
one may useto move from the symbols already generatedto other ones.Consequetly,
Hilb ert consideredproof theory a new branch of mathematics, called \metamathematics”
(seeHilbert 1923).

Within proof theory, this formalist position wasimplicitly challengedby Gertzen'swork,
in particular by his \In vestigationsinto Logical Deduction" (Gentzen 1935a). Although
Gentzen understood himself as working within Hilbert's program of justifying classical
mathematics by meansof consistencyproofs (see Gerntzen 1938), his way of deweloping
systemsfor formalizing mathematics has implications which transcendthis program. In
particular, Gentizen did not merely considerhis calculusof natural deduction as a useful
tool of metamathematics,but alsorelied on considerationsconcerningthe meaningsof the
logical constarts (Gentzen 1935ap. 187-188) He claimedthat natural deduction|with its
characteristic systematicsof intro duction and elimination rules|re°ected \real" reasoning
(ibid.). In doing so, Gentzen met the certral requiremern of an epistemologicalreading
of proofs: that every inferencestep givesus a certain amourt of \insight". This tradition
was cortinued by Prawitz (1965), who formulated the systematicsof Gertzen's rules of
natural deduction in the form of an \in version principle" related to Lorenzen's(1955)

\



Vi INTRODUCTION

similar principle of the samename. The traditional philosophical senseof \pro of" was
then explicitly re-establishedin proof theory by Prawitz (1973,1974), who also pointed
out the relationship betweenproof theory and the theory of meaningin Dummett's sense
(seeDummett 1975,Prawitz 1977,1981,1987,and Tennart 1987).About the sametime
Martin-LAf started developing his intuitionistic theory of types(seeMartin-LAf 1975)asa
foundational theory of constructive mathematicsbasedon epistemologicaland semattical
considerations.

This philosophical conception of proof theory does not imply that we may no longer
work in the cortext of formal systemsif we want to claim philosophicalsigni cancefor our
results. It meansonly that we must make the inferencerules and inferenceschemata of
our formal systemsintuitiv ely plausiblein sut a way that derivations in a formal system
can be consideredcodi cations of argumerts. In many casest is even preferableto rst
considerformal systemsrather than to immediately passon to \real” reasoning,since
formal systemsrequire certain standards of precisionwhich otherwise cannot always be
reached?

When formal proofs are presened in a sequetstyle framework, not all inferenceswill
refer to the logical form of expressionsj.e. to the way expressionsare composedfrom
subexpressiondy meansof logical constarts. Inferencesof this kind were called \struc-
tural" by Genzen (1935a). Examplesare thinning or cortraction, which can be written
as follows by using X for nite lists of formulae, A and B for formulae and the turnstile
\" " asthe sequehn sign:

XA B;B;X A
B; X A B;X A2
To motivate our extensionof Gerntzen's notion of structure we considerthe following three

inferencesteps,which may be part of a sequem calculusof intuitionistic propositional logic
(asin Gentzen 1935b):

X;A" B

1) 225 (e
X A3%%B
(2) 2 A X B g
X A&B
XA B X;A°C X:B'C
(e3) - / (-E)
X C

Normally thesestepswould be regardedas instancesof three speci ¢ inferene schemata
the rst asan instanceof ¥+introduction, the secondof &-introduction, and the third of

Lt should be mertioned in this cortext that certral epistemological and semartical principles of
Prawitz's and Martin-LAf's philosophial theories result from re-interpreting technical notions of the
theory of natural deduction systems.

20nly sequets with one formula in the succeden are taken into consideration here.
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_-elimination. Sincetheseinferencesdemata refer to particular logical constarts, they
are usually called logical inferenceschemata, as opposedto structural ones.
Our proposalis to consider(2l), (v2) and (=3) as instancesof one geneal inference
schemawhich governsthe application of rules. Sud a sthemacan be written as
XYy A Xe Y, A,

(e8) (Y1) Ap;::i(Ya) An)) D X.‘. 5 :

the form (A) B)) A 3B, in the caseof (12) the form A;B) A& B andin case(=3)
the form (A _B;(A) C);(B) C))) C. In general,the intended meaning of the rule

i (- i- n)wehave establishedA; under the assumptionsY; and X, then we may pass
over to D (under the sameassumptionsX).

In our proposal we strictly distinguish between rules on the one hand, which are a
certain sort of syntactic objectswritten linearly by usingthe rule arrow\) ", andinferene
schemataon the other, which are written two-dimensionallyby using an inferenceline
and from which derivation trees can be constructed. This meansthat we refrain from
identifying rules with speci ¢ inferenceschemata and instead considerthe application of
rules as something proceedingaccordingto certain genearl inferencesthemata sud as
(=0). Sincethesegeneralinferenceschematado not refer to the internal (logical) form of
formulae,they may be calledstructural and put in parallel to thinning or cortraction. Thus
in our systems all inferenceschemataare structural inferenceschemata. Sincethe speci ¢
corntent of a givensystemis represeted by certain primitiv erules, we may changea system
by altering its primitiv e rules, wherely the inferene schemataremain xed. For example,
supposethe disjunction-free fragmert of intuitionistic logic is given. Then a full system
of intuitionistic logic could be obtained without altering any inferenceschemaby simply
adding the primitiverulesA) A_B,B) A_B and(A_B;(A) C);(B) C))) C.
This meansin particular that if we can prove somethingthat reliesonly on the inference
schematagiven, it holds for all systemswhich vary only in the choice of primitiv e rules.

Of course,it is not possibleto formulate a generalconceptof \rule" and correspnding
generalinferenceschematafor rule application which cover everything logic considerso be
an inference.Nonethelessgcertain notions of ruleswith correspnding structural inference
schemata can be deweloped that allow us to treat certain branchesof logic in a uniform
manner.In particular, we shall discusssystemsof rst-order logic with an arbitrary num-
ber of logical operators (Chs. 1 to 3), atomic inferencesystemsusedin logic programming
(Ch. 4), systemsof relevancelogic (Ch. 5) and logical systemsof the kind proposedby
Martin-LAf (Ch. 6). Thus we speak of \structural frameworks" permitting the treatment
of certain types of logical and non-logical systems.More precisely we understand by a
structural frameworka conceptof\rule" alongwith a setof inferenceschematathat de ne
how rules are handledwithin derivations. We shall shav how di®eren ideasabout formal
reasoningmay leadto di®eren underlying structural conceptions.

Once we have introducedrules as special objects which are treated in derivations ac-
cordingto certain structural inferencesdhemata,there is no reasonwhy we shouldconsider
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only primitive rulesofinference.In addition to primitiv erules,which aresoto speakgiven

from \without", we may allow for rules as assumptionswhich occcurin sequets to the

left of the turnstile. Sinceeven formulae can be consideredimiting casesof rules (viz. of

rules which permit oneto establishthe formula itself), the result is a systemin which all

elemerts of a sequem are rules. This leadsto a generalizedconceptof arule: If a rule can
occur in the anteceden of a sequen, it should alsobe allowed to occur asthe premiseof

another rule. The latter rule is then of greater complexity than rulesin the usual sense.
By iterating rule formation in this way, we obtain a generalconceptof higher-le\el rules.

Correspndingly, structural schematacan be deweloped which govern reasoningwith sud

rulesin a plausible way.

Rules of higher levels extend the available meansof expressionin a signi cant way.
This hasparticular relevancefor the de nition of primitiv e rulesfor logical constarts. If a
logical constart is characterizedby introduction and elimination rules, and the premisesof
its introduction rules are consideredsystemsof rules of potertially higher levels, then we
obtain a generalpattern for logical rules which yields a uniform perspective on a variety
of logical systems? The range of logical constarts which is coveredin this way depends
on the distinctions which are available at the structural level, i.e. on the possibilities for
formulating di®erert premisesof introduction rules. For example, if a kind of negation
is available at the structural level, then a correspnding logical constart of negation
can be de ned; and if a rule arrow which structurally expressesa certain \relevant”
connectionis at one's disposal, then a logical constart for relevant implication can be
givenintroduction and elimination rules. This comescloseto Dosen'sthesis, claimedwith
respect to a structural apparatus somewhatdi®erern from ours, that logical constarts
serne as\punctuation marks" expressing\structural featuresof deduction” in the object
language(Dosen1988,seealso 1986b)#

Frameworkswith rulesof higherlevelsarenot only important for the de nition of logical
constarts. They are also a useful extensionof calculi for atomic formulae. In particular,
they lead to a natural extensionof de nite Horn clauseprograms and therefore of the
programminglanguagePROLOG, the theory of which canbe dewelopedwithin atheory of
atomic systems.Although sud an extensioncan alsobe descrited in purely logical terms
(by replacing the rule arrow \) " by implication \%" and the comma by conjunction
\&"), the proof-theoretic approad basedon higher-lewel rules is both technically more
elegan and intuitiv ely more plausible.

Although the term \structural® wasintroducedby Genzen in the context of sequet-
style calculi, it also makes sensefor systemsof natural deduction. For example, if we
regard a derivation of A that dependson a set of assumptionsX as a derivation of A

3This is of particular interest for the implementation of logical systemson a computer, sinceit re-
lieves one of the necessiy of consideringead particular systemas a unity of its own for which speci'c
programming e®ortswould have to be expended.The most recent approac to a universal framework for
the de nition of logical (including type-theoretical) systemsis the Edinburgh LF (\logical framework"),
into which someof the ideas preserted here concerningthe generalform of elimination rules have been
incorporated (seeHarper, Honsell and Plotkin 1987).

4In this investigation, however, we do not want to make general claims about delimiting logical con-
stants from non-logical ones,sincethis is a subject of its own.



from any supersetof X (seePrawitz 1965),we are implicitly using a structural principle
which correspndsto thinning in sequettstyle systems.This is even more obvious when
we extend the notion of structure to include inferenceschemata for rule application. In
natural deduction style, the inferenceschema (ax) would read as

[Y1] [Yn]

V1) ADii5i(Ya) Ay)) DA :[:): An |

where the square bradckets surrounding the Y; indicate that these assumptionsmay be
discharged?® Newerthelesswe shall work only with sequestyle systemsin the following,
sincein sequets, which always display the assumptionsunder which an assertionis made,
structural featuresare more explicit.® This is particularly important for the application
of higher-lewel rulesin logic programming, in the theory of relevancelogic and in Martin-
LAf's theory, which are certral subjects of this study. For all of thesetopics it is essetial
that the structural assumptionsare preciselystated.

Of course, introducing higher-lewel rules and the correspnding inference schemata
which govern their useis not the only way of extending Gentzen's idea of structural infer-
ences. Another approad is to iterate sequemn formation, thus yielding sequets of higher
levels, wherely antecedens and succedets themseles cortain sequets. This proposal,
which has beenset forth by Dosen (1980), leadsboth to a natural proof-theoretic treat-
mert of modal logics (Dosen1985,1986a)and to a very plausible philosophicalapproad
to the problem of the logicality of \logical" constarts (seeDosen1988)/

Another direction in which our structural frameworks could be extendedis a deeger
treatment of negation.In the cortext of the presen investigation, all negationsconsidered
are de ned or are de nable by constarts expressingabsurdity. Using von Kutschera's
(1969) terminology, this meansthat negationis always understood in an \indirect” way
as\leading to somethingthat is absurd”. An interesting alternative is von Kutschera's
\direct" negation, which could be obtained by additionally introducing the concept of
refutation rules relating to the denials of seriences.A theory of this type of negation
was deweloped by von Kutschera (1969,1985)in a framework which, asfar asits positive
propositional fragmert is concerned(i.e. the fragmert without the denial operator and
without quarti ers, seevon Kutschera 1968), is closely related to ours. Von Kutschera
usesthe iteration of an arrow \! " which is considerednot asa logical constart but asa
structural signin our sense.This arrow functions both asthe sequem sign (the turnstile
\" " in our notation) and as the rule arrow (our \) "). Although von Kutschera usesa
slightly di®eren justi cation for his system,referring to the idea of an in nite hierarchy

SFor a theory of higher-level rules in natural deduction systemsseeSdroeder-Heister (1981, 1984a,
1984b).

A sequett-style formulation of Schroeder-Heister(1984a)hasalready beenproposedby Avron (1986).

’The combination of both approades|namely sequets of higher levels together with rules of higher
levels|is the subject of a joint project now being undertaken by Kosta Dosenand myself.
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of calculi, the formalism at which he nally arrivesis similar to our systemSC3+ de ned
in Ch. 1x2.

A further limitation in our approad that might be removed in subsequehwork is its
restriction to sequem calculi whosesequets have only oneelemen in the succedenh With
respect to our conceptof higher-lewel rules, this restriction meansthat we consideronly
rules with single conclusions.A framework with multiple-conclusionrules that is based
on the idea of a structural analogueto logical disjunction might lead to a more adequate
treatment of systemsof classicallogic® In our structural framework, classicallogic is
dealt with by proposinga structural analogueto classical\reductio ad absurdum®. With
multiple-conclusion sequets and rules, classicallogic could be obtained in a more direct
way. Howe\er, it would then not be a trivial task to provide structural disjunction with
an intuitiv ely plausible meaning.

Finally, in an even more abstract setting than our structural frameworks, one could dis-
cusswhether there is somegenericnotion of \rule" which encompassesarious structural
notions of rules, especially the two typesof rules we are goingto de ne (viz. extensional
and intensional ones,the latter in connectionwith relevance logic). Sud an investiga-
tion, which would unify se\eral structural frameworks in a \superstructure”, would corre-
spond to Belnap's\display logic" (Belnap 1982),which dewelopsgenericnotions of binary
structural combinations (corresponding to the comma), structural negation, and nullary
structural constarts (represening truth or falsity). Di®eren structural requiremers for
thesegenericcombinations lead to di®eren families of structural conbinations, which in
turn lead to di®eren families of logical constarts (such as Boolean, modal or relevant
constarts).

As should be clear from theseintroductory remarks, our principal aim is a theoretical
one. That is, we do not claim that our sequen calculi, which provide a generalpicture
of how rules are handledin derivations, are best suited for carrying out derivations for a
speci ¢ system.On the cortrary, whenworking with a limited number of primitiv e rules,
it may be more corveniert to identify rules (asis usual) with the inferencesor inference
schemata accordingto which they are applied. For us it is essetial that reasoningwith
rules hasstructural featureswhich can be|but do not always haveto be|made explicit.®

The guiding ideagoverning our investigationsis to give formal reasoninga uniform rep-
resertation by enriching its structural aspects.In Chapter 1 we dewelop seeral sequefr
style formalisms for reasoningwith higher-lewel rules and prove their equivalence. We
alsointroducerules with generality, which can expresseigervariable conditions. In Chap-
ter 2 this framework is usedto characterizelogical constarts by meansof introduction
and elimination rules which follow a generalpattern. In order to include quarti ers in
our approad, logical constaris are consideredoperators with predicate terms as argu-
merts. In other words, variable-binding is connectedwith | -abstraction and not with

8The term \m ultiple-conclusion logic" is due to Shoesmith and Smiley (1978).

9This alsoholds for other extensionsof Gertzen's structural apparatus mertioned above. For example,
for actually carrying out derivations in the modal logic S4, one would not normally useBelnap's display
logic or Dosen's second-leel sequetts, although these conceptsgive us much insight into the structure
underlying S4 and are very useful for meta-theoretical investigations of this system.
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quarti cation. The standard constarts of intuitionistic logic play a specialrole sincethey
suzce to explicitly de ne all other logical constarts whosecharacteristic rules follow our
generalpattern. Chapter 3 discusseshow logics other than the intuitionistic one can be
treated by introducing structural analoguego absurdity and negation.In addition to the
proof-theoretic characterization of logical constarts in Chapters 2 and 3, the framework
dewelopedin Chapter 1 allowsusto de ne an extensionof logic programming, which is the
topic of Chapter 4. Here logic programsare regardednot merely as setsof de nite Horn
clauses(which are rules of levels 0 and 1), but as setsof arbitrary higher-le\el rules for
atomic formulae. Using purely proof-theoretic methods, the basictheoremsof soundness
and completenes®f SLD-resolution can be carried over to our more generalframework.
Chapter 5 cortains a theory of relevancelogic, which, if we distinguish between exten-
sional and intensionalrules, ts in very well with our approad to higher-le\el rules. This
distinction generalizesdeasby Read(1984), Slaney(1984) and others, who admitted two
binary structural operations (an extensionaland an intensional one) for combining the
antecederts of sequets. In the resulting framework logical constarts can be characterized
in the sameuniform manner as before,but they now alsoinclude the standard constars
of relevancelogic, in particular relevant implication and relevant conjunction (\fusion™).
It canbe shown that our system,whenrestricted to the standard connectivesof relevance
logic, is equivalernt to a very elegan formalism by Readand Slaney Finally, in Chapter 6
we deal with Martin-LAf's logical theory, expandingit to include judgemerns of higher
levels (which is a better term in this cortext than \rules of higher levels"). We con ne
ourselesto the basic principles of this system, consideringit independerily of its em-
beddingin type theory. Martin-LAf's logical systemis of particular philosophicalinterest
becauseof its \presuppositional” nature: It doesnot allow usto even assumethat some-
thing is true if we have not showvn beforethat it is a proposition. As a consequencef this
feature, the contents of higher-level judgemerns cannot be expressedy logically complex
propositionsin all cases.This distinguishesthe approad from all frameworks considered
in the precedingchapters.






Chapter 1

Structural Inference Schemata for
Higher-Lev el Rules

In this chapter we presen di®eren possibilities of how to treat higher-lewel rules in a
sequetrstyle framework. We rst dealwith ruleswhich arenot quarti ed andthen extend
our approad to rulesin which generality can be expressed.

x 1. lterating the rule arrow

Supposesomenotion of \formula" is given. (In the propositional case,no further speci -
cation is necessary Rules of leveln are then de ned as follows:

Each formula is a rule of level 0. If X is a nonempty nite set of rules of maximum
level n and A is a formula, then (X ) A) isarule ofleveln+ 1.;) A isan abbreviation
for A (and thus a rule of level 0). The elemens of X are called the premisesand A the
conclusionof (X ) A).

WeuseA, B, C and D assyntactic variablesfor formulae, R and R°for rules,and U, V,
W, X,Y and Z for nite setsof rules,whereall of them canbe primed or have indices.In
the notation of rules, outer parerthesesare normally omitted. Furthermore, set brackets

agreeswith the intended meaningof a formula A when taken as a rule. It allows us to
write the generalform of a rule as

including the casewhere one of the premisesis just B; or even wherethe rule is nothing
but the formula A (without any premises).

We assumein the following that a set of rules is distinguished as the set of primitive
rules. In many casege.g. in the caseof logical rules), this setwill be givenby a nite set
of rule schemata. Howeer, the formulation of a structural framework is independer of
which rules are consideredprimitiv e and how they are speci ed. It is the certral idea of

1



2 CHAPTER 1. STRUCTURAL INFERENCE SCHEMATA

structural frameworks in our sensethat the handling of rules is described in an abstract
way, whatever their cortent may be.

The intended meaningof a higher-leel rule, which is to be formally captured by certain
structural inferencesdemata, can be stated as follows. A rule of level 0, i.e., a formula

A, provided for eah i (1 - i - n), B; has beenproved from X;. Here X; may itself
cortain higher-lewel rules, sothat we have a systemwith rulesboth asprimitiv e rulesand
as assumptions.

Another way of explaining the meaningof a rule, which is perhapsclearer,is to tell (1)
how to apply and (2) how to establisharule. A rule A of level O is applied by assertingA,
and establishedby proving A. A rule X ) A is applied by passingover to A provided the
rulesin X have beenestablished,and it is establishedby proving A wherethe rulesin X
may be applied asassumptions Additional assumptionsmay be presert, upon which rules
to be establisheddepend and which in rule applications are carried over from premisesto
conclusions.

We have usedthe term \prove" in an informal senseapplying it to statemeris made
under assumptions(as in natural deduction). The term \derive" will be usedonly for-
mally in connectionwith sequets. As discussedn the introduction, we expressthe idea
of something's being proved or provable from assumptionsby derivations in a sequemn
calculus.A saguentis an expressionof the form

X" R;
where X is called the antecedent and R the sua@edent A restricted sequent is of the form
X A;

i.e., a sequen with only a formula allowed as succedeh The rst formalism descriked
in the following usesrestricted sequets, all others use sequets. If we work with re-
stricted sequets, a terminology like\X = Y ) A" is newerthelessallowed. In that case,
it is considereda metalinguistic abbreviation for X [ Y = A. Concerningthe anteceden
of a sequen, we write asusualX;Y " Rfor X [ Y  Rand X;R" R%for X [ fRg" R,
etc. Furthermore, we useR a’ R asan abbreviation for fR* R®R% Rg, and X * Y as

Y is empty. In this way, X ~ Y is alsode ned for systemswith restricted sequetts, since
X * R is de ned for suc systems.

Let SC be any of the sequen calculi de ned in the following. Then a derivation in
SCis a tree of sequets (or restricted sequets, if applicable) which is constructed from
inferences of the form

X1 Ri:i:Xn Ry,
X R '
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(The speci cation \in SC" is, as usual, omitted wheniit is clear from the cortext which
systemis meart.) A derivation is also called a derivation of its lowermost sequet The
inferencesallowed are given by the set of inferene schemataof SC. The sequels above
an inferenceline are called upper sequents the sequen below the line lower sejuent of
this inference.This terminology alsoappliesto inferenceschemata. The upper sequets of
an inferenceor inferenceschemaare consideredto form a set, which meansin particular
that the order of branchesin a derivation is not important. Newvertheless sincethe upper
sequets are given in a certain order when stating an inferencesthema, we can refer to
the right or left upper sequem of an inferenceschemaor of its application in a derivation.

If foreathi (1 - i - n), D; is a derivation of X; ~ R;, then the setfD 1;:::;Dng is

is considereda derivation of the empty set. The length of a derivation is the number of
inferencestepsusedin it. A sequeh X ~ R is calledderivablein SCif thereis a derivation
in SCof X * R. A setof sequets is calledderivableif eat elemen of the setis derivable.
The empty set of sequets is always consideredderivable.

An inference schemais called admissiblein SC, if its lower sequen is derivablein SC,
provided its upper sequets are derivable in SC. Two inferencesdhematal and | © are
calledequivalentin SCif | is admissiblein SC enlargedwith | and | °is admissiblein SC
enlargedwith |. Two systemsSC and SC° are called equivalent if ead inferenceschema
of SCis admissiblein SC°and vice versa.Obviously, this meansthe sameas

X R isderivablein SC i® X " R isderivablein SC*

sothat equivalenceof systemsis an equivalencerelation.

Furthermore, we de ne derivability and equivalencenotions for rules with respectto a
system SC with a xed set of primitiv e rules. A rule R is called derivablein SC if the
sequen ; * R is derivable. Rules R and R° are called equivalentif R a* R%is derivable.
Finite setsof rules X and X ° are called equivalert if X a~ X %is derivable. RulesR and
RC are called equivalent as primitive rules if the following holds: R? is derivable, if R is
addedto the setof primitiv e rules,and R is derivable, if R%is addedto the set of primitiv e
rules. Sets X and X © are called equivalent as sets of primitive rules if ead elemen of
X %is derivable when X is addedto the set of primitiv e rules, and ead elemen of X is
derivable when X %is addedto the set of primitiv e rules.

In the following we descrike four structural formalisms for the reasoningwith higher
level rules, called SC1 (with a variant SC19, SC2, SC3and SC4, which are proved to be
equivalert. Table 1 at the end of this sectiongivesa synopsisof their inferenceschemata.
The underlying set of primitiv e rulesis assumedo be xed for all calculi.

Formalism 1 (SC1)

This formalism works with restricted sequets. It hasonly two inferencesthemata, one
for the application of assumptionsrules and one for the application of primitiv e rules:

XY
X:(Y) A A

(App-A)
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Y) A H (App-P) (provided Y ) A is a primitiv erule).
From here on we mertion primitiv e rules to the left of the inferenceline at which they
\enter" a derivation. Note that accordingto our abbreviations, (App-A) and (App-P)
include

— (Ini)
XA A

and

A —— (Axiom) ,
XA

respectively, asa specialcasesl!f ; ) A and A had beendistinguishedasrules, thesetwo
inferenceschemata would have to be addedto the calculus,and ;) A a A could be
formally derived. Each branch of a derivation in SC1must start with an inferenceof the
form (Ini) or (Axiom). Sincethe set X in the anteceden of the lower sequen of sud
an inferencecan be arbitrarily augmered by a setY without Y being a®ectedby later
applications of (App-A) and (App-P), the inferencesthema of thinning

XA (Thin)

X;Y A

is admissiblein SC1.

A variant of SC1,calledSC1° workswith (unrestricted) sequets. Its inferenceschemata
are those of SC1 (where upper sequets of the form X ° Y ) A are now understood as
they stand and not as abbreviationsfor X;Y ~ A), and in addition

X;Y T A

X'Y) A
Lemma 1.1 SC1and SCP are equivalert, i.e., X ° R is derivable in SC1i® X " R is
derivable in SC1° (wherein SCIX * R is usedas an abbreviation if R is not a formula).

0+

Pro of A derivation of X * R in SC1is obtained from a derivation of X * R in SC1° by
simply omitting all applicationsof () +). Conversely givena derivation of X ° R in SC1,
we have to insert applications of () +) at all placeswhere the abbreviatory reading of
U Z) B asU;Z B in upper sequetts of inferencesthematais used. This givesus a
derivation of X;Y ~ Ain SCLPif RisY ) A. Application of () +) then yieldsa derivation
of X ° R. 2

Lemma 1.2 The following inferenceschemata are admissiblein SC1°

—— (Re®) R —— (Prim) (R primitiv e rule)
R R ;R
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. . X R YRR
u (Thin) (Trans)
X;Y R X:Y RO
X Y) A
X Y)AG ).

X:Y A

Pro of (Thin) is admissiblein SCTsinceit is admissiblein SC1.
() i ) is admissible,since() +) is the only inferenceschemaof SC1° allowing to intro-
ducethe rule arrow \) " to the right of the turnstile.
(Re®) We useinduction on the level of R. If R is a formula, R~ R follows by (App-A).
If R hasthe form Y ) A, we know by induction hypothesisand (Thin) that Y ° Y can
be derived. By (App-A) we obtain Y;(Y) A) A,andby () +) R" R.
(Prim) SupposeR is of the form Y ) A. Then we obtain Y ° Y by (Re°) and (Thin),
thusY ~ A by (App-P) and; " Y) Aby () +).
(Trans) We useinduction on the pair hHevel of R; length of derivations of Y;R "~ RY. If
the derivation of Y;R " R%is of the form

A A (A primitiv erule) ;
then X;Y * R%is X;Y * A and can be obtained by the a step of the samekind. If it is of
the form

Z;ATA
andRisin Z, then X;Y * RCisU;A" A for someU and can be obtained by a step of the
samekind. If R is A, then X * R is X * A, from which X;Y * RCis obtained by (Thin).
Supposethe length of the derivation of Y;R ™ RCis greaterthan 1. If (App-P) or () +)
is applied in the last step, we passto their upper sequets, usethe induction hypothesis
(with the left upper sequemn X *~ R of (Trans®) being unchanged),and apply the step in
questionagain. If a step of (App-A) of the form

Uu z

U(Zz) B) B
is usedto derive the right upper sequen of (Trans’), and R is in U, we proceedin the
sameway. If RisZ) B, then we obtain from the left upper sequen of (Trans®) X;Z * B
by () i). Each rule in Z is of lower level than R. Hencefrom U~ Z and X;Z " B we

obtain by iterated application of the induction hypothesisX ;U B, which is the sameas
X;Y " RO 21

LAvron (1986)investigateda systemwith the inferenceschemata (App-A) (but restricted to nonempty
Y), (Thin) and

— 0 .
A A
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Formalism 2 (SC2)

The intuitiv e idea behind the inference schemata (App-A) and (App-P) was that by
applyingthe rule Y) A we may passover fromY to A. If Y) A is not a primitiv e rule,
it is addedto the set of assumptions.The idea underlying SC2is that a rule must rst
be stated beforeit can be applied. As all subsequehformalisms, SC2 uses(unrestricted)
sequets. Its inferencesthemataare:

—— (Re®) R —— (Prim) (R primitiv e rule)
R R 7 R

X 'R . XY XY) A

—=— = (Thin) - ) (App)
X;Y R X

X;Y A

——(0) 4 .

X'Y) A

Theorem 1.3 SCZTand SC2are equivalert.

Pro of We rst shaw that all inferenceschemata of SC1° are admissiblein SC2: Appli-
cations of (App-A) or (App-P) with Y empty can be replacedby applications of (Re®)
or (Prim), respectively, in SC2, followed by (Thin). Applications of (App-A) with Y
nonempty can be replacedby the following derivation in SC2:

. - (Re®)
XY (thinp — YD) A Y) A (Thin
Xi(Y) A Y X:(Y) A Y) A
- (App) .
X:(Y) A A

Applications of (App-P) with Y nonempty can be replacedby the following derivation in
SC2:

(Prim)
(Thin)
(App) .

oY) A
XY X'Y) A
e

(These three schemata are exactly as strong as our (App-A) with Y allowed to be empty.) Instead of
using one schemalike (App-P) for the application of primitiv e rules, Avron addedfor ead primitiv e rule
Y ) A the inferencesthema

X Y

XA
Although this is conceptually di®erert from our approad, derivations in Avron's systemand derivations
in SC1can easily be translated into ead other. (Actually, they are identical if in Avron's system (Thin)
is dropped and (1) is replacedby (Ini).) Avron alsodemonstratesthat X = A is derivable in his systemif
A can be proved from X in the natural deduction systemof Scroeder-Heister(1984a).




x 1. Iterating the rule arrow 7

The shema() +) is itself an inferenceschemaof both SC1° and SC2. For the corverse
direction, we only have to shav that (App) is admissiblein SC1°. The rest follows from
Lemma 1.2 and the fact that () +) is an inferenceschemaof SC1°. Concerning(App),
we obsene that () i ) is admissiblein SC1° (Lemma 1.2). Thereforethe admissibility of
(App) can be reducedto that of (Trans?) in SC (Lemma 1.2). 2

Formalism 3 (SC3)

SC3is just a slight modi cation of SC2. As inferencesthemata we take (Re®), (Prim),
(Thin) and () +) asbefore,but replace(App) by

. * RO
X R R R(Trans)
X RO
and add
X'Y) A
X Y)Ag gy,
XY A

The schema() | ) must be addedsinceit is no longeradmissiblewhen (App) is replaced
by (Trans). (Trans) may look strange, sinceit doesnot seemto incorporate the idea of
the application of assumptionrules, which is certral to our approad. Howeer, (Trans)
is obviously equivalert to
XY X;Y A
XA
(one simply does seeral stepsin one). Like (App) the latter schemanow expresseshe
idea of rule application, the only di®erencebeing that the rule Y ) A is not explicitly

stated in the succeden of the right upper sequen, but implicitly with its premisesin the
anteceden.

Theorem 1.4 SC2and SC3are equivalen.

Pro of By Lemma1.2,all inferenceschemataof SC3are admissiblein SC1°, (Trans) being
a special caseof (Trans”). Therefore,by Theorem1.3,they are admissiblein SC2.For the
corversedirection we only have to show that (App) is admissiblein SC3.Dueto () +)
and () ), this is reducedto applications of (Trans). 2

Formalism 4 (SC4)

This formalism usesan inferenceschemathat introducesthe rule arrow to the left of the

turnstile. It wasproposedby HallnAs(1986)asa most corveniert systemfor the treatment

of logic programming with higher-lewel rules. SC4 has the following inferencesthemata:
—— (Ini) Y) A u (App-P) (Y ) A primitiv erule)
X;AT A XA
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XY X;A‘RO ) X;Y A

X;(Y) AR XTY) A
Obviously, () +) and () ") correspnd to the introduction rules for implication to the
right and left of the turnstile in \symmetric" sequen calculi (seeGentzen 1935a). The
schema (Ini) is not a limiting caseof () "), whereasin SC1and SCZL (to which SC4

is related by its schema (App-P)), it was a special caseof (App-A). Thus it must be
formulated as a separateinferencescema.

0+

Theorem 1.5 SC1I°and SC4are equivalert.

Pro of The inferenceschema(App-A) is admissiblein SC4,sincefor empty Y applications
of (App-A) can be replacedby applications of (Ini) and for nonempty Y by the following
derivation:

—— (Ini)

XY X;A A
X;(Y) A A
Toshav that () ) is admissiblein SC1°, we apply (App-A) to the left upper sequen of

() ), yielding X;(Y) A)" A, and usethe admissibility of (Thin) and (Trans?) in SC1°
(Lemma 1.2). (Ini) is a special caseof (App-A). 2

For computational purposes,by which we here mean badkward reasoning,the systems
SC2and SC3are not appropriate, sincecertain information is lost in the lower sequeis
of (App) and (Trans) which is presen in the upper sequets.

Table 1 preserts the inferenceschemata of the sequen calculi de ned. From hereon, a
doubleline is usedto represemn two schemata, oneread downwards and oneread upwards.
The label to the right inde nitely refersto both sthemata. The downward schema is
speci cally referredto by adding a \+" to this label, the upward schemaby adding a
\i "

X 2. Rules with rules as conclusions

Rules are formed by iteration of the rule arrow \) " to the left, i.e. they have the form
X) A for a nite setof rules X. Philosophically it would make good senseif we also
allowed for rulesto occur to the right of the rule arrow. Sud rules have the generalform
X ) R, where R may itself be of the form Y) RC A rule X) R would enableus to
establishR, if we have establishedX . Theseextendedruleswill be called\r-rules" (where
\r" is to remind one of \right iteration"), as distinguishedfrom rules simpliciter. In the
structural framework for relevancelogic (seeCh. 5 below) rules with rules as conclusions
will becomethe standard form of rules. The conceptof an r-rule is de ned asfollows:

Each formula is an r-rule of level 0. If X is a nonempty nite setof r-rules of maximum
level m and R anr-rule of level n, then (X ) R) isanr-rule of level max(m;n)+1.;) R
is consideredan abbreviation for R.



X 2. Ruleswith rules as conclusions

Table 1
Inferencesthemata of the structural systemsSC1lto SC4

(Rules mertioned to the left of an inferenceline are assumedo be primitiv e.)

Sc1
XY )
— (App-A) Y) AX\—Y(App-P)
X;(Y) A" A XA
SC1°
XY . X;Y A
— (App-A) Y) AX\—Y(App-P) —0 )
X;(Y) A" A X A X Y) A
SC2
—(Re") R —— (Prim) X_R_(Thin)
R'R R X;Y R
XY X'Y)A X;Y A
- ) A (App) —() +)
XA X Y) A

SC2+ (seex 2) hasthe letter \R" instead of \ A" in (App) and ()

+

)

SC3
— (Re%) R —— (Prim) X" R (Thin)
R™R ;R X;Y R
: " RO X;Y'Y
X ¥ RR (Trans) — ()
X RO X Y) A
SC3+ (seex 2) hasthe letter \R" insteadof \A" in (App) and () +).
SC4
. XY
—— (Ini) Y) A——(App-P
X;AT A ) X A( Pp-F)
XY X;A°R . X;Y A
) —0 )

X:(Y) A)'R X Y) A
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All notational convertions of the previous sectionextendto the presen case,the syn-
tactic variablesfor rules and setsof rules now also comprisingr-rules and setsof r-rules.
As a codi cation of the reasoningwith r-rules we presen the following modi cation of
SC3,called SC3+:

— (Re®) R ——(Prim) (R primitiv e rule)
R R I

. _ : * RO X;YT R
X_R_(Thin) X R_R R (Trans) 2= 7).
X;Y " R X R X Y) R

In () ) wehavethe syntactic variable\ R" for rulesinsteadof\ A" for formulae. Otherwise
the inferencesthemata of SC3and SC3+ are literally the same.But, of course,there is
a di®erencdn the interpretation of the syntactic variableswhich in SC3+ refer to r-rules
and setsthereof.

Sinceewery rule is an r-rule, every derivation in SC3is a derivation in SC3+, provided
the primitiv e rules of SC3 are primitiv e rules of SC3+. Therefore SC3+ is at least as
strong as SC3. We shall shov that SC3+ can be embeddedin SC3, sothat it doesnot
properly extend SC3.

We de ne atransformation s which translatesr-rules and nite setsof r-rulesinto rules
and nite setsof rulesin a natural way.

s(A) = A
s(Y) R)=(s(Y); X)) A ifs(R)=X) A
s(;) = ;

By induction on the level of r-rules R it can be shovn that s(R) is always de ned and
is a rule. The secondclausein this de nition can be rephrasedas

s(Y1) (Y2) :::) (Ya) A)::)) = (s(Ya)i::is(Ya))) A

Lemma 1.6 Let X andY be nite setsof r-rules and R be an r-rule. Then the pair of
inferencesdhemata

s(X);s(Y)  s(R)
s(X)" s(Y) R)

is admissiblein SC3.

Proof If s(R) is of the form Z) A, then the upper sequen is of the form
s(X);s(Y)" Z) A andthe lowersequen of the form s(X) " (s(Y);Z)) A. The assertion
then follows by useof () ). 2

Lemma 1.7 Let R beanr-rule. Then R a” s(R) is derivable in SC3+.
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Pro of by induction onthe level of R. If R is aformula A, the assertionis trivial. Suppose
R is of the form Y ) R°for nonempty Y. Then we have the following derivation in SC3+:
—— (Re®)
R R
—0 )
R;Y RO

induction hypothesiswith respectto Y and R®, (Trans)and () )

R;s(Y).‘ s(R9Y
R;s(Y); X " A
R" s(R)

() );s(RY supposedto be of the form X ) A
) ).

The sequen s(R) * R is derived similarly by readingthis derivation upwards, with the R
to the left of the turnstile replacedby s(R). 2

Theorem 1.8 (Embedding of SC3+ in SC3) Supposea set of r-rules is given asthe set
of primitiv e r-rules for SC3+. Let for ead sud primitiv e r-rule R° the rule s(R9 be a
primitiv e rule for SC3.Then for any r-rule R and nite setof r-rules X, the sequebh X *~ R
is derivablein SC3+ i® s(X) "~ s(R) is derivablein SC3.

Pro of Supposea derivation of X ° R is SC3+ is given. Applications of the inference
schemata (Re®), (Prim), (Thin) and (Trans) immediately becomeapplications of the
correspnding inferencestemata of SC3 when r-rules and sets thereof are transformed
by s. For applications of () ) we use Lemma 1.6. Conversely suppose a derivation of
s(X) " s(R) in SC3is given. We replaceead step

s(R Prim
(R) ~1ry (Prim)
by the following stepsin SC3+:
R——(Prim) _
R R" s(R) Lemmal.7
(Trans),
; ~ s(R)

and leave all other stepsunchanged.The result is a derivation of s(X) "~ s(R) in SC3+.
By usingLemmal.7, (Trans) and () ) we obtain a derivation of X © R in SC3+. 2

Theseresults shaw that it is justi ed to considerr-rules of the form X ) R to be abbre-
viations for rules s(X ) R) and to work with SC3rather than SC3+. This is no longer
possiblein systemswhich use more complicated assumptionstructures than just setsto
the left of the turnstile. The structural framework for relevancelogic discussedn Ch. 5
will sene asan example.It will be formulated as a strongly modi ed versionof SC3+.
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For the other sequemn calculi discussedin the previous section, versionsfor r-rules
are available, too. We here only mertion SC2+, sinceit will be the starting point for
our formulation of Martin-LAf's logic in Ch. 6. The system SC2+ results from SC2 by
replacingthe syntactic variable\ A" by \R™:

—— (Re®) R —— (Prim) (R primitiv e rule)
R R R

X R . XY XY R
X_R_(Thin) X_Y) R (app)
XY R X

XY R

—0 %) .

X Y) R

Corresponding to Theorem 1.8, SC2+ can be embeddedin SC2: It is easyto seethat
SC2+ and SC3+ are equivalert. Sincewe also know that SC2 and SC3 are equivalert
(Theorem 1.4), the assertionis a consequencef Theorem 1.8.

X 3. Rules with generalit y

In this sectionwe extendthe formalism of x 3 by ruleswhich expressgenerality. Following
the practice of many proof-theoretic investigations, we distinguish free and bound vari-
ablesby di®eren kinds of symbols. We supposethat in nitely many free variables and
in nitely many bound variables are at our disposal and that terms are de ned so asto
include free variables, but not bound variables. Here variablesand terms are understood
in the senseof rst-order logic, i.e., asindividual variablesand individual terms. It may
be mertioned, however, that our approad canin principle be carried over to higher-order
logic. We usea, b, ¢ assyntactic synbols for free variables, x, y, z for bound variables,t
for terms, a, b, ¢ for (possiblyempty) nite sequencesf distinct freevariables,x, y, z for
(possibly empty) Tnite sequence®f distinct bound variables,and t for (possibly empty)
“nite sequence®f (not necessarilydistinct) terms.

We assumethat formulae are de ned in such a way that bound variables only occur
in the scope of a variable-binding operator and that bound variables are separatedin
the following senself in the scope of a variable-binding operator Q,x a variable-binding
operator Q,y occurs (where Q, may be the sameoperator as Q;), then x and y are
disjoint. As before,A, B, C are syntactic symbols for formulae. -

the result of simultaneously substituting all a; in E by t; (1 - i - n). E [a=X] is de ned
similarly. The substitution operation is of strongestprecedencei.e., it always appliesto
the smallestsyntactic unit to its left. When writing [a=t] or [a=Xx] we always asumethat
aandx or aandt, respectively, are of the samelength. If a andt are empty, then E [a=t]
is E. Of the conceptof \formula” we require that it be closedunder substitution, i.e.,
Al[a=t] is a formula for ead formula A.
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To expressgenerality in ruleswe usethe pre x ) x for arbitrary nonempty x, calledthe
generlity operator. Ruleswith generality are then de ned by adding the following clause
to the inductive de nition of rules of higher levels:

If R is arule of level n, which doesnot start with the generality operator, and if a and
X are nonempty, and no elemen of x occursin R, then) x R[a=Xx] is arule of leveln+ 1.
(Note that accordingto our corvertions, in ) x R[a=x] the substitution [a=x] appliesto
Randnotto) xR.)) xRisidentied with R, if x is empty.

This de nition treats the generality operator as a variable-binding operator, and the
above restriction for formulae (bound variablesonly occur in the scope of variable-binding
operatorsand are separated)are carried over to rules.We do not allow for rulesof the form
) x(O yR[a=y])[b=x]. Insteadof ) x(X [a=X]) A [a=X]) we alsowrite X [a=X]) x A [a=X].
However, it should be clear that we strictly distinguish the generality of a rule from
the rule arrow as expressinghypothetical dependence.This is di®erert from our natural
deduction style presetation in Sdiroeder-Heister(1984b) as well as from Martin-LAf's
treatment of \h ypothetico-general"judgemens (Martin-LAf 1985a), where generality is
only treated in connectionwith hypothetical dependence.

The intended meaningof a rule ) x R [a=X] can be stated by telling how to apply and
how to establishit (possibly under assumptions).To apply ) x R[a=x] meansto apply
R [a=t] for an arbitrary t. In other words, the rule ) x R[a=x] may be usedasif it were
any of its instancesR [a=x]. To establish) x R [a=x] meansto prove R sthematically, i.e.,
to prove R [a=H for someb whoseelemertts do not occur in the assumptionsunder which
) x R[a=x] is established.

The generality operators within the premisesof a rule may be consideredto express
eigervariable conditions: Described in natural deduction style, a rule of the form

allows usto passoverto A, if foreadi (1 - i - n), A;j hasbeenprovedfrom X; in suth
a way that the elemerts of g do not occur in assumptionson which A; dependsexcept
Xi.

When working with restricted sequets, we useX ) x R[a=x] as an abbreviation for
X " R[a=[, whereb is chosenin a unique way sud that no elemen of b occursin X. If
R is of the form Y ) A, this meansX;Y [a=H A [a=4.

Before we descrite which schemata for generality are to be added to the di®erer
formalisms, we must explain the relation betweenassumptionrules and primitiv e rules,
which is somewhatdi®eren in the presert case.lf we can derive the sequeh X ~ R in
one of our formalisms,we want to be ableto alsoderive X [a=t] " R [a=t]. Rulestaken as
assumptionsare not problematic in that respect sincethey occur somewherewithin X,
the freevariablesa in theserulesbeingsubstituted by t. Primitiv e rules, howeer, are soto
speak\applied from outside", i.e. substitution in the sequem to be derived doesnot a®ect
them. Therefore we have two possibilities: (1) We require that the set of primitiv e rules
be closedunder substitution, i.e., if R is a primitiv e rule then sois R [a=t]. Primitiv e rules
are then usedin a derivation asthey stand. If we needan instanceR [a=t] of a primitiv e
rule R in a derivation, we just usethis R [a=t] asa primitiv e rule of its own. (2) Formation
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of substitution instancesR [a=t] of primitiv e rules R is not a closurecondition for the set
of primitiv e rules, but a step performed when using primitiv e rules in a derivation. We
shall follow the secondalternative.

Furthermore, we assumehat primitiv erulesareoftheformY ) A, i.e.they donot start
with a generality operator (but may cortain generality operators within Y). Otherwise
we would have to introduce inferencesdhematawhich allow to specializea primitiv e rule
ofthe form ) x R[a=x] to R [a=t]. This specializationis already cortained in our inference
sthemata,whenR is takenasa primitiv e rule. Intuitiv ely, the free variablesof a primitiv e
rule must be understood as generalized.

The sequen calculi SC1,SC1° SC2,SC3and SC4areto be altered asfollows, whengen-
erality in rulesis added. The resulting systemsare called SC1Q,SC14Q, SC2Q,SC3Qand
SC4Q,wherethe \Q" should remind one of \quanti ed". When the notation ) x R[a=x]
is used, it is always assumedthat R doesnot start with a generality operator.

SC1Q

The inferenceschema (App-P) is replacedby
XY [a=t] o

Y) A————(App-Pa) (Y ) A primitiv e rule)

X" Ala=t]

and the inferenceschema

X;R[a=t]" A

[a=t] (Gen')

X;) xRa=x]" A
is addedto SC1.(App-Pr) expresseshe ideathat oneappliesa primitiv e rule by applying

any of its instances,and (Gen' ) correspndsto the ideathat to apply ) x R[a=x] asan
assumptionrule meansto apply any of its special casesR [a=t].

SC1%Q

As SC1Qthis systemhas (App-P®) as an inferencesdhema. It usesa versionof (Gen )
with rulesin the succedeh
X;R[a=t]" RO

X;) xR[a=x]" R°

Furthermore, the inferenceschema
X R

X ) xR[a=x]

is added. The relationship between the inference schemata (Gen ) and (" Gen) and

Gertzen's schemata for the universal quarti er being introduced to the right and left
of the turnstile (Gentzen 1935a)is obvious.

(Gen') .

(" Gen) (provided no elemen of a occursin X)

Lemma 1.9 If X ° R is derivablein SC1Q, then sois X [a=t]" R [a=t].
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Pro of by induction on the length of derivations. If an inferenceschemadi®eren from
(" Gen) is applied in the last step, the assertionfollows by a straightforward application
of the induction hypothesis.If (" Gen) is applied in the last stepin the following form:

X R
X ") xR[b=X]

then by usingthe induction hypothesiswe obtain a derivation of X * R°[b=d for c disjoint
with a and no elemen of coccurringin X orin t. Again by induction hypothesiswe obtain
aderivation of X [a=t] > R°[b=d[a=t], henceby (" Gen)oneof X [a=t]" ) lRo[l_):g[g:I]Lca(],
which is the sameas X [a=t] " ) x R°[b=x][a=t]. 2

Lemma 1.10 The inferenceschemata mertioned in Lemma 1.2 aswell as

R m (Prim=a) (R primitiv e rule)
and
X ) xRlax] (Spec)
X" Rla=]

are admissiblein SC1Q.

Pro of (Thin) SupposeX * R is derivablein SC19Q. We want to show that X;Y " R is
derivable. Let a cortain all free variablesof Y, and let b be of the samelength as a, but

without freevariablesoccurring in the derivation of X © R. Then by adding Y [a=H to the
anteceden of eat sequen in the derivation, we obtain a derivation of X;Y [a=d " R. By
Lemma 1.9 we obtain a derivation of X;Y ~ R, substituting b by a.

() i) Asin the proof of Lemmal.2.

(Sp ec) Since(" Gen)isthe only inferenceschemawhich allowsto introducethe generality
operator to the right of the turnstile, its corverseis admissible.Then (Spec) follows by
Lemmal.9.

(Re®) In addition to the argumern in the proof of Lemmal.2,we must show that if R™ R

is derivable,then sois) x R[a=x]" ) x R[a=x]. This follows by application of (Gen" ) and
(" Gen).

(Prim =) (which includes(Prim)): By (Re°) and (Thin) we know that Y [a=t] " Y [a=t], if
RisY) A. By application of (App-Pr) we obtain Y [a=t] " A [a=t], hence; ~ R [a=t] by
() +).

(T rans) In addition to the argumern in the proof of Lemmal.2we must considerthe case
where(Trans) is usedwith its right upper sequen Y; R~ R°beingderivedby using(Gen'’ )

in the last step,whereR is) x R;[a=X]. Then we have aderivation of Y; R, [a=t]* R°which
is shorter than that of Y;R " R From the left upper sequen of (Trans?, which is of the
form X ) x Ri[a=x], we obtain X ° Ry [a=t] by (Spec). Application of the induction
hypothesisgivesus the assertion. 2
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A variant R of a rule R is the result of renaming bound variablesin R in sud a way

that di®erem occurrencesof a bound variable x in R are transformed into di®eren oc-

currencesof a bound variabley in R° (wherey may be identical with x), and occurrences
of di®erert bound variablesx; and X, in R are transformed into occurrencesof di®eren

bound variablesy; and y, in R% R is considereda variant of itself. X and X ° are called
variants of ead other if for ead R in X thereis a variant R° of R sud that R%is in X

and for ead R%in X °there is a variant R of R%sud that R isin X.

Lemma 1.11 If for all formulae A and A°which are variants of ead other A a° A°is
derivable in SC1Q, then for all rules R and R®which are variants of eat other R a~ R°
is derivable in SC1Q.

Pro of by induction onthe level of R. If R is a formula, the assertionholds by hypothesis.
If R is of the form X ) B, then RYis of the form X°) B°sud that X°and X aswell
as B and B° are variants of eat other. By induction hypothesisand (Thin) (Lemma
1.10), X a~ X%and B a’ B° are derivable. By (App-A) we obtain X;(X°% B9 B
and X% (X ) B)" B, andby (Thin), (Trans),() +) and() i) (Lemma1.10)we obtain
Ra RO If Risofthe form) xR;[a=x], then RCis of the form ) y R} [a=y] whereR; and
R? are variants of ead other (here x and y may be idertical). By induction hypothesis,
R; a" RY{ is derivable, thereforeby (Gen' ) and (" Gen) alsoR a° R° 2

Structural subformulae(in short: s-subformulae) of rulesarede ned asfollows: Each for-
mula is an s-subformula of itself. Each s-subfornula of an elemen of X is an s-subfornula
of X. A is an s-subfornula of X ) A. Ead s-subfornula of R is an s-subfornula of
) x R[a=x].

We do not speak of subforrmulae (simpliciter), sincethis term should be resened when
the internal componerts of logically complex formulae are considered,and not only the
formula componerts of rules. Since) x R[a=x] is the sameas) x R [a=H[b=x] for b not
containing freevariablesof R; A [a=4 is an s-subfornula of ) x R[a=x] if A is one.Accord-
ing to our inductive de nition of s-subformulae on the structure of rules, an s-subformula
A of R is always related to certain placesin the formation tree of R, although not A but
only someexpressionA [a=Xx] actually appearsin R. Thereforeit makessenseto speak of
an occurrene of an s-subfornula A in R, which is consideredas the pair consistingof A
and a placein the formation tree of R. We say that sud an occurrenceis replacd by B
if the formation of R is repeatedby using B at this placeinstead of A.

Theorem 1.12 (Replacemen t theorem) Let R bearulein which A occursat certain
placesas an s-subfornula. Let R°result from R by replacingtheseoccurrencesof A in R
by A% If Aa” ACis derivablein SCI1Q, then soisR a" R

Pro of by induction onthe level of R. If R is a formula, the assertionholds by hypothesis.
If R is of the form X ) B, then RYis of the form X°) B?sud that X°and B° result
from X and B, respectively, by replacing certain occurrencesof A by A° By induction
hypothesisand (Thin) (Lemma1.10),X a’ X%and B a' B?are derivable. By (App-A)



x 3. Ruleswith generality 17

we obtain X; (X% B9 B%and X%(X ) B)" B, and by (Thin), (Trans), () +) and
() i) (Lemma1.10) we obtain R a" RC If R is of the form ) x R;[a=X], then Ris of
the form) x RY [a=x] where R; results from R? by replacing certain occurrencesof A by
A°® By induction hypothesis,R; a* R? is derivable, thereforeby (Gen' ) and (" Gen) also
R a" RO (This proofis parallel to that of Lemma1.11.) 2

SC2Q and SC3Q
(Prim) is replacedby

R—— (Primz) (R primitiv e rule)
, " R[a=t]

and the inferenceschema(” Gen) aswell as
X ) xR[a=x]
X" Rla=]

(Spec),
is added.

SC4Q

The alterations and additions are the sameas with SC2L, i.e., (App-P) is replaced by
(App-P®), and (Gen ) and (" Gen) are added.

Theorem 1.13 The formalismsSC1Q, SC1Q, SC2Q,SC3Qand SC4Qare equivalert.

Pro of The equivalenceof SC1Q and SCIQ is proved as in Lemma 1.1, with (" Gen)
being treated parallel to () +). For the equivalenceof SC1Q and SC2Q the proof of
Theorem 1.3 can be taken over, with Lemma 1.11 now playing the role of Lemma 1.2.
Furthermore, (App-P =) and (Prim=) must replace(App-P) and (Prim), respectively. Sim-
ilarly, Theorems 1.4 and 1.5 can be adopted for the equivalenceof SC2Q, SC3Q and
SC4Q. 2

Table 2 presens those inferenceschemata of the di®eren systemswhich are speci ¢ for
generalily.
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Table 2
Inferencesthemata of the structural systemswith generality

(Rulesto the left of an inferenceline are assumedo be primitiv e. Inferencesthemata
which arenot speci ¢ for generality are not repeatedhere|their labelsreferto Table1l.)

SC10Q
< _ . —1° 0
(App-A)  Y) Aw(App-Po) XiRle é (Gen")
X Ala=] X;) xR[a=x]" A°
SC1%Q
App-A X Y [a=t X;R[a=t]" RO .
(()IOD+)) v) A = Ai[[i:ﬁ] (App-Pn) ) . F[f[;:ﬁ‘ RO(Gen )
- X_R (" Gen) (provided no elemer of a occursin X)
X ") xR[a=X]
SC20
(Re®) R——— (Primg) X ") xR[a=x]
(Thin) . Rla=t] X R[a=t] (Spec)
(App) - X_R (" Gen) (provided no elemen of a occursin X)
0 +) X ") xR[a=x]
SC30
(Re_O) R : (Pl’lm Q) X ) X R [QZL(] (Spec)
(Thin) ;- Rla=t] X R[a=t]
(Trans) - X_R (" Gen) (provided no elemen of a occursin X)
0) X ") xR[a=x]
SC4Q
Ini X Y [a=t X;R[a=t]" RO .
(gm‘)) YA A[[izﬁ] (APPE) X:) xF[f[QJ:ﬁ Rt
O +) X_R (" Gen) (provided no elemen of a occursin X)

X ") xRla=x]




Chapter 2

Higher-Lev el Rules for Logical
Constan ts

Logical constarts of propositional logic were treated in a natural deduction cortext in
Sdroeder-Heister(1981,1984a).Here we shall deal with the generalcasewhich includes
both propositional constarts and quarti ers. Logical constarts in this generalsensewere
the topic of Schroeder-Heister(1984b), but within a conceptually di®eret framework.
Whereasin that paper quarti ers were consideredvariable-binding operators, they will
now be treated as operators having predicate terms as argumerts. A predicate term is
either a primitiv e predicate or obtained by use of , -abstraction from a formula. This
way of proceedingis both technically and intuitiv ely more perspicuous.Tednically, the
problemsof variable-binding (such asrenaming of bound variablesetc.) are concertrated
onthe , -operator and taken away from the variety of logical constarts. Intuitiv ely, Frege's
corvincing analysis of quarti ers as second-orderpredicatesof concepts(seee.g. Frege
1893) seemsto us to be better represeted by connectingvariable-binding with concept
formation than with quarti er application.

In x 1 we specify our languagewith logical constarts and , -abstraction, x 2 presens
primitiv e rulesfor logical constarts of arbitrary type, and x 3 relatesthem to the standard
connectiwes of intuitionistic logic and proves their (functional) completenessSince the
completenesproblemis treated in the papersmertioned above, and, for the propositional
case,alsoin von Kutschera(1968), Zucker and Tragesse(1978)and Prawitz (1979/1982),
we do not spell out all proofsin detail.

x 1. Predicate terms and logical constants

We specify our languagemore preciselythan was necessaryin the previous chapter. By

of arities, including the empty tuple hi as a limiting case.Let arbitrarily many primi-
tive predicates ead with an assaiated arity, and arbitrarily many logical constants ead
with an assaiated type be given. Logical constarts are syntactically denotedby S (some-
times primed and with indices). Let free and bound variables and terms be given as in

19
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Ch. 1 x 3, the samenotational convertions being in force. Then formulae and predicate
terms! (where formulae are 0-ary predicate terms) are de ned as follows.
Eadh n-ary primitiv e predicate is an n-ary predicate term. For ead n-ary predicate

casen = 0, in which T itself is a formula.)

If A is aformula, x is of length n, and no elemen of x occursin A, then ;x A[a=x] is an
n-ary predicateterm. (According to our corvertions, the substitution [a=x] is understood
with respectto A and not with respectto ;x A.)

We useT asa syntactic variable for predicateterms, T for nite sequencesf predicate
terms and A for nite sequence®f formulae (all syntactic variables may be primed or
have indices). Thereforea formula starting wih a logical constart can be written asS(T).
A logical constart S of type hky;:::;k,i sudh that k; = Oforalli (1 - i - k), isalso
calleda k-ary propositional connective. A formula starting with a propositional connective
can be written as S(A). Ruleswith generality are de ned asin Ch. 1 x 3.

For , -abstraction the law of | -conversion is supposedto hold. Therefore we take all
rules of the following form as primitiv e rules:

(X Afa=t](t)) Ala=t]
Ala=t]) (X Afa=t)(t) ;
provided a, x andt are of the samelength and no elemen of x occursin A.

If T isapredicateterm of the form ,x_A [a=X], then A is calledan immediate subformula
of T. The subformulaeof a formula A are A itself, the subfornulae of immediate subfor-

(.)

occurrences of subformulae in a formula A.

For the characterization of logical constarts we needspeci ¢ notions of formula sche-
mata and rule schemata. Whereasin the caseof inferenceschemataand in (, ) we simply
usedour syntactic variablesto expressa schematicreading,in the caseof logical constars
it is conveniert to haverule shemataasformal objects, sincewe want to speakabout them
in a uniform manner. For that purposewe introduce additional symbols pi;pz;ps;:::;

Intuitiv ely, the only \content” which may be presett in rule schematais given by logical
constarts. All speci ¢ \content” which may be due to primitiv e predicates, primitiv e
function symbols or individual constarts is excluded.

1The expression\predicate term" is taken from Prawitz (1965, Ch. VI).
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For example,p;) p2 is a rule schemaof type h0; 0i (but also e.g. of type h0; O; ni for
any n), and ) ySi(,xS 2(p2(X; y); ps(X))) is a rule schema of type m;2;1i for any n, if
S, is of type HD; 0i and S; of type hli. The schematic letters p, p, are not letters whose
arity is xed onceand for all asis the casewith primitiv e predicates.In other words,
two rule schematamay be rule schemataof di®eren types,though they contain the same

schematic letters py;:::;pn. But assoon asatypebky;:::;kyi is xed for a rule sthema,
the arity ofp, (1 - 1 - n)is xed aswell.
If atype hky;:::;kqi is givenand pis pi;:::;pn, then formula sthemata are denoted

by ®p] or simply ®, rule shemata by %p] or simply %and nite setsof rule schemata
(of the sametype) by ¢[ p] or simply ¢ (sometimesprimed or with indices). Variants of
formula and rule schemata are explainedin the sameway as for formulae and rules. If

results from %p] by rst passingover to a variant of %p] cortaining no bound variables

which alsooccur in T, and then replacingp; by T; foralli (1- i - n). Obviously, if %p]

is a rule stchema, then %T] is a rule, called an instance of %y]. -
Two rule schemata %l[p] and %[p] of the sametype are called schematially equivalent

primitiv e predicates.If %[p] and %[p] are schematically equivalert, then %[T] a~ %[T]
for all appropriate T, provided it holdsthat R; a* R, is derivablefor all R; and R, which
are variants of eat other (seeLemma 2.2 below). (We just have to take an appropriate
variant T%of T such that no bound variablesof T°occur in the derivation of %[p] a~ %[pl,
replacep by TCin this derivation throughout, and then apply Lemma1.11to the result.)
Two rule schemata% and % are called equivalent (simpliciter), if for ead instanceR of
% there is a set X of instancesof % sud that X ° R is derivable and corversely with
% and % interchanged. Two setsof rule schemata ¢ ; and ¢ , are called equivalent, if
for ead instanceR of a rule schemain ¢ ; thereis a set X of instancesof rule schemata
in ¢, sud that X ° R is derivable and corversely with ¢ ; and ¢ , interchanged. Two
rule sthemata % and % are called equivalent as schematafor primitive rules if for eath
instance R of %; ; = R is derivable after adding the instancesof % as primitiv e rules,
and corversely with % and % interchanged. Two setsof rule schemata¢ ; and ¢ , are
called equivalent as setsof stchemata for primitiv e rules if for ead instanceR of a rule
sthemain ¢ 1, ; * R is derivable after adding the instancesof ¢ , as primitiv e rules, and
converselywith ¢, and ¢ , interchanged. Obviously, if ¢ ; and ¢ , are equivalert, then
they are equivalernt as schematafor primitiv e rules, but not necessarilyice versa.

x 2. Primitiv e rules for logical constants

The basicidea underlying our proof-theoretic characterization of logical constarts is that
with a complexformula certain conditions are asseiated from which it can be inferred
via introduction rules. Correspnding elimination rules state that everything that canbe
inferred from the premisesof ead of the introduction rulescan be inferred from their con-
clusion. They guarartee that the conclusionof the introduction rules hasno lesscortent
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than have the possiblepremiseswhen taken together. The conditions asseiated with a

logical constant are called\assertibilit y conditions”, following a terminology proposedby

Dummett (e.g.1977,Ch. 7). Howewer, the issuesof justifying introduction and elimination

rules for logical constarts within a theory of meaninglike Dummett's will be discussed
elsewhereFurthermore, we shall not discussnotions of validity which give a sematrtics to

logical constarts in terms of proofs (seePrawitz 1973,1974,1985,Sdroeder-Heister1983,
1985), or conceptsof uniquenessfor logical constarts (seeDosenand Scroeder-Heister
1985,1987).

with ead logical constart S a nite set (S) of assertibility conditionsfor S is assa@iated,
i.e., (S) is either empty or

form, 1. The sets (S) for the logical constarts must ful T the following requiremer:
All logical constarts available in the languageconsideredcan be orderedin a sequence

in sud a way that for every i, (S;) cortains no logical constarts S; for j , i. In other
words: Logical constarts are given assertibility conditions step by step. The assertibility
conditions for a logical constart may only refer to logical constarts for which assertibility
conditions have already beengiven.

for T1;:::;Tn, such that ead T; is ki-ary (1 - i - n). Then the set of rule schemata of
S-introduction is empty, if (S) is empty, and consistsof

¢4[pl) S(p)
' (S-)

¢ mlpl) S

Herefor eahi (1 - i - m), g cortains all free variablesoccurring in ¢[p] and x; is
chosenin such a way that the substitution of a by x; is de ned. If (S) is empty, this
sthemareducesto

S(P)) P+
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asa limiting case.An S-elimination rule is an instance of the sthemaof S-elimination.?

We now assumethat the systemconsideredcontains the rules of | -corversion(, ) and
introduction and elimination rules for ead logical constart asits primitiv e rules. It may
be basedon any of our structural frameworks with generality.

Lemma 2.1 If foreahri (1 - i - m), ¢(T) a ¢;(TY is derivable, then so is
S(Ma’ s(T.

Pro of We useSC3Q.By using (S-E), we can derive

Then by (S-I), (" Gen) and (Trans), S(T)" S(T9 can be derived. The derivation of
S(TY " S(T) is symmetric to the oneof S(T) " S(T9. 2

The rank of a formula is de ned as follows:

rk(A) = 0, if A starts with a primitiv e predicate.

rk((.x_A[a=x])(t)) = rk(A)[a=t] + 1.
rk(S(T)) = max(frk(A) : A is an s-subfornula of ¢ ;(T) for somei (1- i - m)g)+ 1

Lemma 2.2 If R and R?are variants of ead other, then R a° RCis derivable.

Pro of Becauseof Lemma 1.11 we only have to show the assertionfor formulae A and
A% We useinduction on the rank of A. If A cortains no bound variable, nothing is to
show. If A is of the form (x A [a=x])(t), then ACis of the form (\y A°[a=y])(t) where
BCis a variant of B. By using , -corversion(, ) and the induction hypothesis,we obtain
the assertion.If A is S(T), then Ais S(TY, and for eadhi (1 - i - m), ¢;(T) and
¢ (TY di®erwith respect to certain s-subformulae which are variants of ead other. Since
theses-subformulae are of lower rank than A, by applying the induction hypothesisand
Lemma1.11we obtain that ¢ ;(T) a ¢ ;(T9 is derivable. Then by Lemma 2.1 we obtain
the assertion. 2

Theorem 2.3 SupposeB occursin A at certain placesas a subfornula, and A° results
from A by replacingtheseoccurrencefB by B2 If B a* B derivable,thensoisA a~ A°

20bviously, thesesthemata are much simpler than those preseried in Scroeder-Heister(1984b). This
is not only due to the use of , -abstraction, but alsoto the use of di®erert symbols for free and bound
variables. In particular, no restriction on the possiblesubstitutes of p,+1 hasto be required.
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Pro of By induction on the rank of A. If A is of the form (,x_C [a=X])(t), then we use
. -cornversion (, ) and apply the induction hypothesis.If A is S(T), then A%is S(T9, and
B occurs at certain placesin s-subfornmulae of rulesin ¢ ;(T) (1 - i - m). Theses-
subforrmulae are of lower rank than A, sothat we can apply the induction hypothesisto
them. By Theorem1.12we obtain that foralli (1- i - m), ¢;(T) a" ¢;(T9 isderivable.
The assertionfollows by Lemma 2.1. 2

The intuition behind the schematafor introduction and elimination ruleswasthat a logi-
cally compound formula somehav expresseshe cortent of certain assertibility conditions.
This can be made more preciseby formally de ning a notion of \common cortent”. Let

of free variablesa be the set of all rulesR sud that for all t andfor alli (1 - i - m),
Xi[a=t] " R is derivable (where, as a limiting case,m = 0 is allowed). Let the content of
a formula A be the setof all rules suc that A" R is derivable2 Now suppose (S) is as
above. Let a cortain all free variablesoccurringin  (S).

Theorem 2.4 Let a calculusbe given, whoseprimitiv e rules cortain (, ). Then the S-
introduction and S-elimination rules are derivable i® for all T, the cortent of S(T) is

Pro of

() Supposethe S-introduction and S-elimination rules are derivable. If S(T) " R is
derivable, then sois ¢ {(T)[a=t]" R foreah i (1 - i - m) and all t by (S-I). If
¢i(M[a=t]" R is derivable for eathi (1 - i - m) and all t, then ¢ ;(T)[a=t] R
is derivable for someb whoseelemerts do not occur in R. Then S(T) " R can be
derived by using (S-E).

(i) Supposethe content of S(T) isthe commoncontent of ¢ {[T];:::; ¢ [T] with respect

to a. SinceS(T) itself is in the content of S(T), ¢ (T)[a=t] " S(T) is derivable for
eahi (1- i- m), ie., the S-introduction rules are derivable. Since

¢i(Mla=t; (¢ i (Dla=x]) x,A)" A

is derivable for eadh i (1 - i - m) and ead t, if g cortains all free variables of
¢ (p)), the rule

the content of S(T), which implies the derivability of the S-elimination rules. 2

3Unlikein our informal expositions, \content" is here understood in a well-de ned formal sensewhich
resenbles Tarski's notion of content (seee.g. Tarski 1930).
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Sincethe S-introduction and S-elimination rules are derivable in a systemin which they
are primitiv e rules, we have asa corollary that in our logical systemsthe content of S(T)

Our systematicsof introduction and elimination rulesallows usto prove a normalization
theorem in the senseof Prawitz (1965) in very generalterms, when treated within a
structural formalism like SC1Q (which is very near to natural deduction formulations).
This is carried out in detail for the propositional casein Scroeder-Heister(1981,1982). 1t
can be extendedto all logical constarts. Here we only mertion without proof a corollary
of this result. A logical constart SCis called an immediate predecessorof S, if S°occursin

(S). SPis calleda predecessorof S if S%is S or animmediate predecessoof a predecessor
of S.

Theorem 2.5 (Separation of logical constants) If X ° R is derivable,then thereis a
derivation of X © R in which only logical constarts, which are predecessorsf logical con-
stants in X ~ R, occur. (This meansin particular that only introduction and elimination
rules for predecessorsf logical constarts occurring in X ~ R are used.) 2

If we only considerconstarts of propositional logic the situation becomesnuch easier.
We descrile this special case,sincewe shall refer to it later. Constarts of propositional
logic are of type l0; :: :; Oi, sothat schematic letters pq; pz; : : : exclusiwvely stand for formu-
lae. An n-ary formula schemaor rule schemais now de ned as follows: Every schematic
letter p; (1 - i - n)is an n-ary formula schema.If S is an k-ary logical constart and

Each formula schemais arule schema.lIf ¢ isanonempty nite setof n-ary rule schemata
and ® is an n-ary formula schema,then ¢ ) ®is an n-ary rule schema.

The introduction schematafor n-ary connectivesare literally the sameasbefore,except
that the ¢ [p] are now understood asn-ary rule schematain the sensqust de ned. In the
elimination schemathe generality operators can be omitted sothat it takesthe form

In the \common cortent"-motiv ation the referenceto free variables and terms can be
omitted. This meansthat the S-introduction and S-elimination rules are derivable i® for

x 3. The standard constants of intuitionistic logic and
their completeness

Our uniform pattern for introduction and elimination sdhemataconains the introduction
and elimination schematafor the standard constarts &, _, %, ?, 8 and 9 of intuitionistic
logic as limiting cases.Table 3 presens for ead of these constaris type, assertibility
conditions and introduction and elimination schemata. Binary connectives are written
in their usual in X notation. The quarti ers 8 and 9 are no longer treated as variable-
binding operatorsbut asconstarts with unary predicateterms asargumerts. E.g., 8xP (x)
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and 9xP (x) (in the usual notation) become8(,xP (x)) and 9(,xP (x)). Furthermore, the
schematic letters p;, p. and pz are replacedby p, g and r, respectively.

Table 3

Standard constarts of intuitionistic logic and their primitiv e rules

(Binary connectivesare written in in X notation. The letters p, g and r stand for pq,

Schematafor | rules

Schematafor E rules

P2 and ps, respectively.)

S TypeofS (S)

& o0 ff p;agg

_ o0 ff pg; f agg
¥ ho;0i ff p) qgg
? hi :

8 hii ff) xp(x)gg
9 hi ff p(a)gg

p;q) pP&q

pP) P_Q
dq) p_g

(P) @) p¥%q

missing

) xP(x)) 8(p)

p(a)) 9(p)

(P& g (fpsag) 1)) r
equivalen:

p&dq) p
p&q) q

(p_a(p) i@ r)) r

(P%q((p) @) r)) r
equivalen:
p¥agp) g

?) P
(8(p: () xp(x)) a)) «

equivalent asstema
for primitiv e rules:

8(p)) p(a)
(9(p); (p(x)) xd)) g

In the caseof &, % and 8, the elimination schemata required by our uniform pattern
di®er from what one would expect. Howeer, rule schemata which are more usual are
equivalent to them (at least as sthemata for primitiv e rules). As an example, we prove

the equivalenceof

(8(P: () xp(x)) 9)) ¢

and

8(p) p(a)

(8-E)

(8-E)
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asstematafor primitiv erulesin the structural calculusSC3Q:Let T beaunary predicate
term. Then; ") 4T(x)) T(a) canbederivedby using(Spec).By using(Trans)we obtain

(B8(M):0 xT(x)) T(@))) T(a) 8(T)) T(a):

Using (Prima) for the instance of 8-E with T substituted for p and T(a) for g, then
with () ) and (Trans) we get ; ~ 8(T)) T(a). Conversely using (Primga) for the in-
stanceof 8-E°with T substituted for p we obtain ; * 8(T)) T(a), hence,by () i) and
(C Gen),8(T) ) xT(x). Since) «\T(x);() xT(x)) A) A canbe derivedby using (Re®)
and () j), weobtain by (Trans)and () +): ; (8(T);() xT(x)) A))) A.

Becauseof |, -corversionand Theorem 2.3, the instancesof (8-E9 can be written as

8(.xA [a=x])) A;

which looks more common. (Note that the instantiation of the free variable a in A to
someterm t is a matter of the structural schemata (App-P=) or (Primg), not a matter of
the formulation of the primitiv e rule.)

Negationcanbe de ned by usingabsurdity ?: (: ) = ff p) ?gg. Schematafor intro-
duction and elimination rules are

(P) ?)) :p ¢ -1
and

(pi(p) 2)) A) ‘5

(or equivalertly: : p;p) Q) :

A constart > of type hi expressingtruth could be dened by (>) = ;. Its only

introduction rule would be

> (>-)
and the schemafor elimination rules would be

>;p) p: (>-E)

Obviously the > -elimination rules are derivable. In the presen cortext, > is de nable by
?%? . In other cortexts, howewer, a constart like > may play an independern role (see
Ch. 5 on relevancelogic).

The standard intuitionistic constaris described in Table 3 are complete in the sense
that they suzce to de ne ewery other constart that has introduction and elimination
rules which follow our generalpattern. We call this completenessfunctional complete-
ness", sinceit reminds one of the well-known functional completenessf certain sets of
connectivesin classicalpropositional logic. One must be aware, howevwer, that logical con-
stants in our senseare not understood astruth functions. We only give a sketch of how
to prove this functional completeness.
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Let a type for rule schemata be xed. We use 8x%a=x] as an abbreviation for

% The analogouscorvertion holds for 9. We rst de ne a translation g of rule schemata
and setsof rule sthematainto formula schemata as follows:

9® =®
o(f%;:::;%0) = 9(%) & :::& 9(%)
o(;) =?%7?

g(¢ ) ® = g(¢) %g9(®
g0 x%a=x]) = 8x(9(N[a=x]).

Roughly speaking,the commais translated by conjunction, the empty setby the formula
?%7? expressingtruth, the rule arrow by implication and the generality operator by the
universalquarti er. It canthen be shavn that ¢ and g(¢) are schematically equivalert,
and that for the derivation of ¢ a" g(¢) only introduction and elimination rules for &,
¥, 8 and ? areneededNow we de ne atranslation h of \non-standard" logical constarts:

h(S(p)) = 9x41(9(¢ a[pDlas=x4]) _ i1 _ 9% (9(¢ mIPD[@n=Xu]), i  (S) = feq[pf;:i:;
¢ n[plg and for eah i (1 - i - m);a cortains all free variables of ¢ ;[p]
(and therefore of g(¢ i[p])), and no elemen of x; occursin ¢ ;[p| -

h(S(p) =7 if (S)=.

It is easyto seethat h(p&qg) = p&qg, h(p_ g =p_qg h(p%q =p%qgh(?) =",
h(8(p)) = 8xp(x), h(9(p)) = 9xp(x). In other words, the standard propositional connec-
tivesare literally translated into themsehes, and the standard quarti ers are translated
into somethingthat is the samemodulo , -conversion.Each other constart S is translated
into a formula sdhemawhich cortains no logical constarts exceptthe standard constars
and constarts occurring in  (S). Roughly speaking, by h ead assertibility condition is
‘rst translated via g, then its free variablesare understood existertially quarti ed (since
they only occur in the premisesof the correspnding introduction rules), and di®eren
assertibility conditions are connecteddisjunctively (since they represen alternativesfor
the introduction of S). It canthen be shavn by using only primitiv e rules for S and for
the standard constarts that S(p) and h(S(p)) are schematically equivalert.

By repeating this procedurefor the non-standardlogical constarts in h(S(p)), and by
using Theorem 2.3, we arrive at a formula schema®(p) which only cortains the standard
constarts and which is schematically equivalert to S(p).* Hencewe obtain, by repeatedly
using Theorem 2.3, the following result: X * R is derivable in the systemwith arbitrary
many logical constarts i® X ** R* is derivable for certain X * and R* which are obtained
from X and R by successigly replacingS(T) by ®&T) for all non-standardconstarts in X
and R. Sincethe standard logical constarts have no immediate predecessorsTheorem?2.5
implies that X** R* is derivable by only using primitiv e rules for the standard logical

“More precisely we need an analogueof Theorem 2.3 which works on the level of formula schemata
rather than formulae. However, this is immediately obtained from Theorem 2.3 by treating schematic
letters as primitiv e predicates.
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constarts. Therefore,the reasoningwith higher-le\el rules and arbitrary logical constarts
can be embeddedinto intuitionistic logic with the standard constarts.®

SOf course, intuitionistic logic itself can be formulated without using higher-level rules. This result is
no argumert against considering higher-level rules and uniform introduction and elimination schemata
for logical constarts. On the contrary, it gives us considerableinsight into the expressiwe strength of
intuitionistic logic, which we would not have obtained without the apparatus of higher-level rules.






Chapter 3

Structural Absurdit y and Negation

Absurdity ? was characterizedas a logical constart which hasno introduction rule, and
the \ex falso quodlibet”

?) P

asits elimination schema. It functions as a limiting case,obtained by assumingthat ?
hasno assertibility condition at all, i.e., (?) is empty. This must be distinguishedfrom
the caseof the constart >, whoseonly assertibility condition is the empty set, i.e., for
which (>) = ;.

There may be doubts of whether the reasoningwhich justi es ? asa limiting caseis
plausible. What one essetially doesin this justi cation is to passfrom the idea that
logical constarts are characterizedthrough certain introduction rulesto the ideathat the
absene of sudh introduction rulesis alsoa way of characterizingthem. Correspondingly,
the sthema of ? -elimination is obtained by omitting from the generalschemafor elimi-
nation rules all premiseswhich refer to assertibility conditions (and thus to premisesof
introduction rules), sothat ? is the only premisewhich remains.

From the viewpoint of the \common cortent"-motiv ation, one passedrom the general
ideathat for a 0-ary connective S the content of S is the commoncortent of certain sets

empty set. Formally this may be consideredan intersection over an empty set (related to
a basicdomain of rules), having the set of all rules asits result. Howeer, this argumert
relieson the ex falsoquaodlibet in the metalanguageit usesthat the condition \for all X
(if X 2 ; then X * R is derivable)" is ful lled by all rulesR. One might arguethat in our
metalanguagewe should not useproblematic principles sud asex falso quodlibet, which
are for examplenot acceptedin relevancelogic.

Therefore, even if one wants to have somethinglike ex falso quodlibet in the object
language,one may preferto simply postulate it without any justi cation or with a com-
pletely di®eren justi cation, rather than to rely on its justi cation asa limiting caseof
an elimination rule without any introduction rule being given. We do not argue here for
this position but just describe how it can be spelled out.

31
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The best strategy seemsto us to extend the structural framework, and not to destroy
the systematicsof introduction and elimination rules for logical constarts by additional
primitiv e rules. This meansthat we de ne a structural constart for absurdity and postu-
late an inferenceschema, which on the structural level correspndsto ex falso quodlibet.
Denoting this structural absurdity by \#", rules are de ned as follows:

Each formula is a rule. The structural constart # is arule. If X is a nite setof rules
and A a formula, then X ) A and X ) # are rules. (We only considerrules without
generality sincethe problems of generality are independert of the problems discussed
here.)

In our formulation of inferencesthematafor SC1to SC4 (seeTable 1, Ch. 1 x 1), the
syntactic variable\ A" now standsboth for formulaeand for #. As a newinferencesthema
we add

X #

X R
When de ning logical constarts we can introduce a constarnt F of logical absurdity as
correspnding to structural absurdity #, by choosingf# g to be the assertibility condition

for F: (F) = ff #gg. (We usethe symbol \F" to distinguish this conceptually new kind
of absurdity from ?, for which (?) = ;.) F hasthe introduction rule

(EFQ) .

#) F (F-1)
and as schemafor elimination rules
F;#) r)) r; equialently: F) # (F-E)

wherer is now a schematic variable which may instantiated by formulae or by #. * These
trivial logical rules for F only sene to connectlogical absurdity to structural absurdity
for which we have (EFQ) asan inferencesdema.

In a correspnding way we can characterizeminimal and classicallogic. Minimal logic
is obtained by just omitting the structural inferenceschema(EFQ), i.e., in minimal logic
structural absurdity # and logical absurdity F are available with (F-1) and (F-E) as
primitiv e rules, but no speci ¢ schemathat governs structural absurdity is postulated.
Classi@al logic is obtained by adding a sthemalike

X:(A) #) #
XA

1Structural absurdity # is de'ned as a constart that may be usedin the construction of rules (like

#c) -

by #, weareimplicitly usingan extendedconceptof rule schema,in which in addition to schematic letters
for formulae (or predicate terms in the generalcase),schematic letters for other ertities like # may also
occur. Howewer, since these additional letters are only usedin schemata for elimination rules, whereas
for assertibility conditions (and thus for schemata for intro duction rules) nothing is changed,it would be
confusingto give a new de nition of rule schema.
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The schema
X;(R) #) " #

\ (#¢)
X" R

with R instead of A is not more generalthan (# .): Supposewe have derived the sequen
X;(R) #)  # andR isoftheformY ) B. Thenthe sequenY;(Y) B);(B) #) " #
can be derived, therefore Y;(B) #) ~ R) # and, together with X;(R) #) " #, we
obtain X;Y;(B) #) ~ #. By application of (# ;) weobtain X;Y = B andthereforeX * R.
If onereducesnegation: to absurdity F by de ning (: ) = ff p) Fgg, then oneobtains
the standard laws of classicalpropositional logic.

A way of directly de ning negationinsteadof reducingit to F isto enlargethe structural
framework in a similar way as we did with #. We de ne a structural negation which
intuitiv ely might be thought of asthe denial of a formula and denoteit by \j ".? Then
rules are de ned as follows.

Ead formula A is a rule. If A is a formula, then j A is arule. If X is a nite set of
rulesand A aformula, then X) A andX ) | A arerules.

The letter \A" in our inferencesthemata for SC1-SC4must now be interpreted as
standing both for formulae and for rulesof the form | B. The following inferenceschemata
governing structural negationare of particular interest:

X;:B"C X;B'j
X'iB

© ®RA)

X B X'j
NE

B (EcQ)

X;5iB™C X;iB'j
X' B

© RA) .

Here B and C stand for formulae, not for rules of the form j A.

Inferencesthema(RA) leadsto minimal logic, (RA) togetherwith (ECQ) to intuition-
istic logic and (RA) together with (RA.) to classicallogic. The primitiv e rules for logical
negationare in all caseshe same,namely

ip) p ¢ -
and

¢ p;(i p) 1)) r; equivalertly: : p) jp (- -B)

2This idea goes bad to von Kutschera (1969), who usesthe sign\s" as distinguished from logical
negation\: ". We shall use\s " asa secondkind of logical negation in relevancelogic (seeCh. 5).
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wherep is a sthematic letter for formulae and r is a schematic letter both for formulae A
and rules of the form j A (seefootnote 1).

Instead of only considering structural negation of formulae, we may also introduce
structural negation of rules. The de nition of rules would then be the following:

Eadch formula is arule. If R is a rule which is not of the form | R4, then j R is a rule.
If X isa nite setofrulesandR isarule,then X ) R isarule.

This procedurerequiresa systemlike SC2+ or SC3+ (seeCh. 1 x 2), whererules of
higher levelsmay be conclusionsof rules. Structural schematafor the structural negation
of rules, which correspnd to those for the structural negation of formulae, are then

X:R"R® X;R RO
(RA9
X" sR
X"R X iR
— L= (ECQY
X RO

X;iR"R%® X;iR™j
X R

R RA) .

If i Risdenedasf(R) C);(R) j C)gfor a xed formula C, then these inference
sthemata can be showvn to be equivalent to (RA), (ECQ) and (RA.), respectively. For
(ECQ9 this is obvious, for (RA9 and (RA?) this is proved by argumerts similar to that
for the equivalenceof (# ;) and (# 2). Thereforewe have not obtained a proper extension
of the previousapproad.

Somethingreally new is achieved if the structural negationj R of a rule R is not, as
before,understood as\R leadsto a cortradiction”, but as\the premisesof R can be es-
tablished whereasthe conclusionof R canbe refuted”. This readingof structural negation
was called \direct” by von Kutschera (1969). In von Kutschera (1985) a correspnding
\direct logic" is deweloped in detail, including both proof theory and valuation seman-
tics. Reconstructedin our framework, direct structural negationis characterizedby the
inferenceschemata

XY X' iR
X i(Y) R)

(seevon Kutschera1985,p. 35). The rulesfor logical constarts basedon sud a structural
framework do not only cortain introduction and elimination rules in our sensebut also
rules governing the structural negation of logically compound formulae, i.e. refutation
rules. Direct logic resenlesin someway to systemsdeweloped by Fitch (1952)and Nelson
(1949) (seePrawitz 1965,Appendix B).



Chapter 4

Logic Programming with
Higher-Lev el Rules

The theory of logic programmingis a theory of backward reasoningfor inferencesystems
for atomic formulae. In the standard caseof de nite Horn clause programming, which
underliesthe programming languagePROLOG, only rules of levels 0 and 1 (in our ter-
minology) are consideredas primitiv e. We shall descrike a generalizationwhich permits
higher-lewel rulesin logic programsand thus extendstheir meansof expression.The basic
soundnessand completenessheoremsfor SLD-resolution can also be extendedto our
generalcase.To make our presetation self-conained, we state somepreliminaries con-
cerning the object languageand concerningsubstitution and uni cation in x 1, following
in most points Lloyd's (1984)textb ook. In x 2 basicissuesof the theory of programming
with de nite Horn clausesare dewelopedin purely proof-theoreticterms and not, asusual,
by meansof Herbrand interpretations. Using a generalizationof this method, a theory of
higher-lewel logic programmingis outlined in x 3.

x 1. Preliminaries

In this chapter no bound variablesare mertioned. When we speak of variables we always
meanfree variablesin the senseof Ch. 1 x 3. We usea languagewith variables, function
symbols and predicate synmbols, where 0-placefunction symbols are individual constarts
and O-placepredicate symbols are propositional constarts.

are atoms).

Complex formulae neednot be de ned, sincewe shall interpret clausesas rules rather
than logically compound expressionsin this and the next section, we use A, B, C for
atoms and X, Y, Z for nite setsof atoms. The equality sign\=" is a metalinguistic
symbol usedto expressthe identity of setsor of symbols (depending on the cortext).

35
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Substitutions are treated asformal objects and are metalinguistically denotedby lower
caseGreek letters. They can be de ned as setsof pairs fa;=t;;:::;a,=t,g sud that the
a's areall distinct and aj=t; foreadi (1 - i - n). A pair a=tin a substitution is calleda
binding for a. If E is anatom, term or rule (rules are consideredn the next section),and %

substituting all t; for the correspnding & in E (1 - i - n). Substitutions in sets of
expressionsare de ned elemenwise. The composition ¥y of substitutions ¥and p can be
de ned asan assaiative operation in suc a way that for any expressioror setthereof, for
which substitution is de ned, E(34) = (E¥)u The union ¥ u of substitutions is de ned
asthe usual set union, provided t; = t, if a=t; isin ¥%and a=t; isin W

If E; and E, are atoms or terms, then %4is calleda uni er of E; and E, if E13%= E,%
A uni er ¥o0f E; and E; is called a most geneal uni er, in short: mgu, if for any other
uni er pof E; and E; there is a substitution + sudh that p= % (roughly speaking, L is
a specialization of %).

There is a uni cation algorithm which, given any two atoms or terms E; and E,,
constructsan mgu of E; and E,, if E; and E, are uni able, and reports failure otherwise.
This uni cation algorithm is the basis of the resolution method deweloped by Robinson
(1965), on which the evaluation of queriesin logic programming systemsis based.

X 2. A proof-theoretic view of de nite Horn clause
programs

In this sectionwe reconstructthe standard theory of de nite Horn clauseprogramsin our
proof-theoretic cortext. First we give the following de nition:

Each atom is a de nite Horn clause If A is an atom and X a nite setof atoms, then
A A X isade nite Horn clause A is calledthe head and X the body of AA X. A de nite
Horn clauseprogram is a nite setof de nite Horn clauses.

Usually, de nite Horn clausesare consideredogically compound formulae: A clauseof

the formula 8((B1 & ::: & By) % A), where 8 followed by a formula denotesthe universal
closureof this formula. A program then turns out to be a nite set of formulae of rst-
order logic, and queriesin a logic programming system are consideredto be questions
concerninglogical consequencesf a program (seeLloyd 1984,Ch. 1).

Howewer, the fragmert of rst-order logicthat is actually neededcortains not morethan
what can be encaled in terms of rules. (This is formally proved in HallnAs & Sdroeder-
Heister 1987.) Thereforewe proposeto considerde nite Horn clausesto be rules of levels
Oor 1,writing X ) A insteadof AA X, andade nite Horn clauseprogramto be the set
of primitiv e rules of a formal system.Sincewe do not dealin this sectionwith higher-lewel
rules nor with assumptions,it would not make much senseto work in a sequemstyle
framework, since all sequets would be of the form ; © A. It is sutcient to considera
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calculuswhosederivations are trees of atoms and whoseonly inferenceschemais that of
application of primitiv e rules:
X3

X) A—=—(Pn X) A primitiv erule) .
) A3/4( ) (X) Ap )

(This covers

A A¥

as a limiting case,since;) A is identied with A.) According to (P=), variables in
a primitiv e rule are understood as expressinggenerality. For technical reasonswe even
allow for X ) A to be a variant of a primitiv e rule. A variant is here understood as
the result of renaming variablesin sud a way that di®eren occurrencesof a variable a
are transformed into di®eren occurrencesof a variable a% and occurrencesof di®eren
variablesa and b are transformedinto occurrencesof di®eren variablesa® and ! This
yields no proper generalizationof our systembut will later on dispenseus from explicitly
consideringrenaming substitutions.

We now suppose that a program, viewed as a set of primitiv e rules, is xed. The
correspnding calculusbasedon the inferencesdhema(P2o) is called CP. (The \C" should
remind one of \calculus" and the \P" of \PR OLOG".) An atom A is called derivablein
CP, if there is a derivation of A using only (Pr). A set consisting of derivations of eat
elemen of a set of atoms X is called a derivation of X . The length of a derivation of X
is the sum of the lengths of the derivations of the elemeits of X. A set of atoms X is
called derivable in CP if there is a derivation of X in CP. It is obviousthat if A or X is
derivable in CP, then sois A¥.or X ¥ respectively, for any %

A set X of atomsis alsocalleda gal. A query askswhether for a certain goal there is
a substitution ¥sud that X %is derivablein CP, and if so, for which %4this holds. Each
¥, for which this holds, is called a correct answersubstitution for X (with respect to the
program presupposed)? A usual represemation of queriesis

?-X

A logic programming system should either reply to this query that there is no correct
answer substitution, or return a most generalset of correct answer substitutions for X .
(Here a set of correct answer substitutions is called most generalif every correct answer
substitution p can be written as % for some%ain this set.)

The standard method for computing answer substitutions, givena programand a query,
is SLD-resolution. We supposethat a seletion function selis given, which from any goal

1This denition of a variant is di®erent from that in Ch. 1 x 3, where variants were the result of
renaming bound variables. However, sincewe do not dealherewith bound variables,no confusioncanarise.
Conceptually, there is no essetial di®erencesince variablesin program rules are treated as expressing
generality.

2Unlike Lloyd (1984), we do not assumethat the bindings in correct answer substitutions for X are
restricted to variables actually occurring in X.
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X selectsan elemen sel(X). An SLD-derivation with respect to a selectionfunction sel
(and with respect to the program presupposed)is a sequenceof goalswhich is generated
by the inferenceschema

Y LfBg
X) A———% (Pa)°,

YY] X%
where X ) A is a variant of a primitiv e rule, B = sel(Y L_fBg) and %is an mgu of B
and A. (When we write \X _Y" rather than \X [ Y", this is to expressthat X and Y
are assumedto be disjoint.) Here %4is called the mgu usel at the application of (P=)°
The step (Po)°® can be rephrasedas follows: Given a goal Z, we selectan elemen B of
Z accordingto the selectionfunction sel,whereY = Z nfBg. Then we try to unify B
with the headA of arule X ) A which is either primitiv e or a variant of a primitiv e rule,
replacethe selectedelemen B in Z by the premisesX of this rule, and substitute the
result by % Given an order in which to try primitiv e rules, this can be performedby a
machine by primarily using the uni cation algorithm. (The problemsof seart strategies
connectedwith the order of primitiv e rules cannot be discussechere; seelloyd 1984,10.)
An SLD-derivation for X is an SLD-derivation which starts with X, and a suaessful
SLD-derivation for X is an SLD-derivation for X which ends with the empty set. If

in the i-th step from the top (1 - i - n), then the composition %% :::% is calledthe
computed answersubstitution of this SLD-derivation for X ..

Now we can prove the soundnessand completenes®f the theory of de nite Horn clause
programsin a straightforward way, by only using proof-theoretic methods.

Theorem 4.1 (Soundness of SLD-resolution) If a successfulSLD-derivation for Z
with respectto an arbitrary selectionfunction is givenwith computedanswer substitution
¢, then Z ¢ is derivablein CP. (l.e., eath computed answer substitution is correct.)

Pro of Induction on the length of successfulSLD-derivations. If their length is 1, they
just consistof the empty set, and nothing is to be proved. If they are of length n + 1,
starting with a step

Y [LfBg
X) A———% (Pn)°,

YY] X%
then by omitting this rst step, we obtain a successfulSLD-derivation of Y¥4{ X % of
length n with computed answer substitution +. By induction hypothesis, we obtain a
derivation of Y¥z[ X %& in CP. Therefore, by usingthe inferenceschema(P=g) (applying
X) A to X¥&), we obtain a derivation of Y¥x[ fA¥#g in CP which is the sameas
Y %[ fB¥ag, since¥isauni er of A and B. Now % is the computedanswer substitution
of the successfuSLD-derivation of length n + 1. 2

We say that %and pagree on Z, if %and u becomeidentical after deleting all bindings
for variablesnot in Z.
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Theorem 4.2 (Strong completeness of SLD-resolution) Let an arbitrary selection
function selbegiven.If Z¢ isderivablein CP, then thereis a substitution +and a successful
SLD-derivation for Z with respect to selwith computed answer substitution ¥asud that
¢, and ¥z agreeon Z. (l.e., eat correct answer substitution for X is a specialization of a
computed answer substitution for X, whenrestricted to the variablesoccurring in X.)

Pro of by induction on the length of derivations of setsZ ¢, in CP. If Z¢ and thereforeZ
is empty, then we can take the empty set as a successfulSLD-derivation and + to be ¢.
Now supposethat Z is nonempty, B = selZ) andY = ZnfBg, i.e., the derivation of Z¢,
in CP consistsof derivations of Y ¢, and B¢, We considerthe derivation of B¢, Suppose
this derivation proceedsin the last step accordingto schema(Pg), i.e.

X

X) Aan

where Ay = B¢. By renamingvariablesin X ) A we can replacethis step by

X 0
X°) AOA%},

where X9° = X, A2 = Au = B¢, and X9 ACis a variant of X ) A sud that
X9 A%and Z have no variablesin common, ° cortains no bindings for variables in
Z and ¢ no bindings for variablesin X% A°®% ThusZ¢ = Z(¢[ 19 and (X% A9 =
(X9 AY(¢[ 9. In particular, ¢[ Wisaunier of B and A% Let 1 be an mgu of B and
Al Then¢[ 0= 1, for somes;. Thuswe canwrite the inferencestepunder consideration
as

qull

B¢

X0 A0

By omitting this nal step in the derivation of B¢ and leaving the derivation of Y
unchanged, we obtain a derivation of Y1¢ [ X ®%¢ 4, which is by 1 shorter than that of
Zi(= Z%1). We may assumeby induction hypothesis (with respect to the derivation
of (YT [ X%)¢;) that we are already given a substitution + and an SLD-derivation of
Y1 [ X% with computedanswer substitution % sud that ¢; and %+ agreeonY® [ X,
By adding the step

at the top of this SLD-derivation, we obtain an SLD-derivation for Z with computed
answer substitution 134;. Since¢, and ¢, agreeon Z, 34,+ and ¢, agreeon Z, too. 2

This theoremis called\strong" completenessheorem,becauset is independen of the
choicethe selectionfunction.
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x 3. Higher-lev el rules in programs

The extensionof de nite Horn clauselogic describedin the following useshigher-lewel rules
over atoms. We do not considergenerality in rules here,sothat our approad correspnds
to the propositional caseof Ch. 1 x 1. We will baseit on SC4 as the most appropriate
system for badkward reasoning.Howewer, primitiv e rules are implicitly understood as
generalized,so that we shall use (App-Po) rather than (App-P) asthe sdhemafor the
application of primitiv e rules. Therefore, as in the previous section, our propositional
framework is not \pure".

A full treatment of logic programming with higher-lewel rules including generality re-
quires an extensionof the algorithmic aspects, especially of the uni cation algorithm. It
would thereforeexceedhe scope of this chapter, whosepurposeis mainly to illustrate the
application of a structural framework with higher-leel rulesto theoriesof reasoningwith
atomic formulae. The generaltheory, which also cortains an extensionof logic program-
ming in which clausesfor predicatesare given a de nitional reading, is being deweloped
by HallnAs and Schroeder-Heister(1987,1988).

The sort of rules we are dealingwith hereis de ned as follows:

Each atom is arule. If X isanonempty nite setofrulesand A anatom,then X) A
is a rule. Variants of rules are de ned asin x 2.

All notational convertions of Ch. 1 arevalid for this section.In particular, R standsfor
rulesand X, Y, and Z stand for nite setsof rules (and no longeronly for setsof atoms
asin x 2). A sequen is of the form X ~ R. Finite setsof sequelts are denotedby ; and
8.

A geneanlized Horn clauseprogram, in short: program, is a nite set of rules. We con-
sidera xed programto be given, whoserules are understood as the primitiv e rules of a
formal system.(They are also called\program rules" as opposedto \assumption rules".)
This formal systemis a sequen calculuscorrespnding to SC4, called SCP, and hasthe
following inferencesthemata:

, X Y%
—(Ini Y) A App-Po
A A ) AL, APP-PE)
XY X:A R R XY A

—0 ) —0 4,
X;(Y) AR XY) A

whereY ) A isaprimitiv erule or a variant thereof. Again, permitting the useof variants
of primitiv e rules in applications of (App-P®r) yields no proper extension, but is just a
conveniert way of avoiding explicit mertioning of renaming substitutions.

Sincethere are no eigervariable conditionsin the inferenceschemata, it is trivial that if
X * Risderivablein SCP, then sois X % R¥4for any % It is oneof the greatadvantagesof
working with sequets that we immediately obtain this substitution property. In that way,
we have a natural distinction betweenprogram ruleswhich are understood asgeneralized,
and assumptionsrules which are instantiated whenthe sequen in whoseanteceden they
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occur, is instantiated, i.e., betweenthe derivability of a sequeh X;R " R® with respect
to a certain program Pr and the derivability of the sequeh X * R® with respect to the
enlargedprogram Pr[ fRg.2

A gaal isnow a nite setj of sequets. Similar to the corvertions of the previoussection,
a derivation of j in SCPis de ned as a set consistingof derivations of eat elemen of j

and ; %as; . A query askswhether for somegoal j there is a ¥sud that j %is derivable
in SCPR, and if there is sut a ¥ for which %4this holds. It may again be denotedby
?-i
The evaluation procedurefor queriesis describedby de ning an extendednotion of SLD-
derivation. SLD-derivations are sequence®f goals(now understood as sets of sequets)
with respect to a selectionfunction selwhich selectsfrom ead goal a sequeh An SLD-
derivation of j is an SLD-derivation starting with j, a successfulSLD-derivation of j is
an SLD-derivation of | which endswith the empty set. The inferencestepsaccordingto
which SLD-derivations are constructed,are given by the following four inferencesdhemata,
which correspnd to the inferencesdhemataof SCP. The goalsabove the inferenceline are
all of the form 8 [_fZ " Rg, and it is always assumedthat Z ° R is the selectedelemen
of this goal,i.e.,sel(8[fZ Rg)=Z R.

SLOGA B9y niyo v) ASEX B9 o pppay
§% §Y (X% Y¥)

where%isan mguof A andB and Y ) A is a primitiv e rule or a variant thereof

3This advantage becomesobvious when we compare our approac with that of Gabbay and Reyle
(1984), in which de nite Horn clause programs are enlarged with logical implication. Though Gabbay
and Reylework in a clauses-as-formlae framework whereaswe adhereto the clauses-as-ruledea, there is
a certain relationship betweenthe two theories, sincehigher-level rules can be translated into conjunction-
implication formulae (seeCh. 2 x 3). Howewer, Gabbay and Reyle do not use a sequett-style framework
but instead two di®erert sorts of variablesin program rules with di®erert substitutivit y conditions. These
substitutivit y conditions are formulated in such away that our distinction betweenthe derivability of ; © R
with respectto Pr[ X and the derivability of X © R with respectto Pr hasa counterpart in a distinction
by Gabbay and Reyle betweenthe derivability of R with respectto Pr[ X and the derivability of R with
respect to Pr[ X ™ for someX ®, where X and X di®erin the sort of variables they cortain. This way
of proceedinglacks a sucient intuitiv e foundation as comparedto the clear notion of the derivability of
a sequen. Furthermore, it leadsto very complicated proofs of soundnessand completenessof the query
ewvaluation procedure. And nally, Gabbay and Reyle's system is ditcult to implement, so that they
considerin addition a weaker version of their system, in which variables of the di®erent sorts must not
occur in one and the sameclause.Our system, which is basedon a simple calculus of sequelts, can be
implemerted relatively easily (if onedisregardsthe problems of seart strategies). An implementation in
LISP hasbeenwritten for experimental purposesby Aronssonand Montelius (1986). Quite surprisingly,
Gabbay and Reyle (1984) speak of \quanti ed" PROLOG when they meanjust logic programming with
free variablesin rules. We prefer to resene suc a term for a versionin which the premisesof rules may
cortain generality operators. In Miller's (1986) extension of de nite Horn clauseprogramming, in which
gueriesmay be made under assumptions,this problem is avoided by not allowing that theseassumptions
cortain variables.
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§LfX;(Y) A) Rg )0 §LfXY) Ag
S (X" Y)[fX;A " Rg §[ fX:Y" Ag

At applications of (Ini) °and (App-P=)° the mgu %of A and B which is mertioned on the
right of the inferenceline, is called the mgu usel at this application. At applications of
() ") and() +) in an SLD-derivations no mgu is used.If %;:::; % is the sequenceof
mgu'susedin a successfuSLD-derivation for j, courted from the top to the bottom, then
Y ... % is the computed answer substitution of this SLD-derivation for X (with respect
to the selectionfunction se).

It is obvious that concerningseard strategiesthere are now many more options. Not
only the order is relevant in which uni cation with conclusionsof primitiv e rules s tried
accordingto (App-Pr)° but alsowhether and in which order attempts at unifying succe-
derts of sequelts with atomsin the anteceden are madeaccordingto (Ini)% furthermore,
whether and in which order rules in antecedeis or succedets of sequeits are evaluated
accordingto () “)%and () +)°

The soundnessaand completenessheoremsfor this generalizedform of SLD-resolution
with respect to SCR follow the pattern of the proofs of Theorems4.1 and 4.2. Howeer,
more casedistinctions are necessarysincemore inferencesthemataare to be considered.

+) 0,

Theorem 4.3 (Soundness of generalized SLD-resolution) If a successfulSLD-de-
rivation for j with respectto anarbitrary selectionfunction is givenwith computedanswer
substitution ¢, then j ¢, is derivable in SCP. (I.e., eady computed answer substitution is
correct.)

Pro of Induction on the length of successfulSLD-derivations. If sud a derivation is of
length 1, it just consistof the empty set, and nothing is to be proved. If it is of length
n+ 1, starting with a step (Ini) &

YL fX:A" Bg
83,

then by omitting this rst step, we obtain a successfulSLD-derivation of § % with com-
puted answer substitution +. By induction hypothesis, we obtain a derivation of 8%
in SCP. By using (Ini), we obtain a derivation of § ¥&[ fX ¥& A¥a#" A¥ag, which is the
sameas8 ¥a[ fX ¥ A¥a" B¥ag, since¥sis auni er of A and B. Now % is the computed
answer substitution of the successfuSLD-derivation of length n + 1.

If the successfuSLD-derivation of length n + 1 starts with a step (App-P )%

¥ (Ini)©;

§LfX " Bg
Y) A - ¥ (App-Pr)?,
8% (X% Y¥)

then by omitting this rst step, we obtain a successfuSLD-derivation of 8% (X3 Y3)
with computed answer substitution +. By induction hypothesis,we obtain a derivation
of 8¥%[ (X%t  Y¥x) in SCP. By using (App-Pr), we obtain a derivation of 8§%a[

fX %" A¥ag, which is the sameas 8§ %[ fX ¥t B¥ag, since¥is auni er of A andB.
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Now ¥z is the computed answer substitution of the successfulSLD-derivation of length
n+ 1.
If the successfulSLD-derivation of length n + 1 starts with one of the steps() *)°or
0 +°
§LfX;(Y) A)' Rg )0 §LfX " Y) Ag
8§ X Y) fX;A  Rg 8[ fX;Y Ag
let in ead casethe goalabove the inferenceline be called § ; and that below the inference
line be called §,. Then by omitting the rst step of the SLD-derivation, we obtain a
successfulSLD-derivation of 8, with computed answer substitution +. This is also the
computed answer substitution of the successfulSLD-derivation of 8, since no mgu is
usedat applicationsof () *)%or () +)° By induction hypothesis,we obtain a derivation
of §,+in SCP, and by using() ") or () +), respectively, we obtain a derivation of § 1+
in SCP, 2

+)0,

Substitutions ¥%and p are said to agreeon a goal j, if ¥%and p becomeidentical after
deleting all bindings for variablesnot in j.

Theorem 4.4 (Strong completeness of generalized SLD-resolution) Let anarbi-
trary selectionfunction selbe given.If j ¢ is derivablein SCP, then there is a substitution
+ and a successfuBLD-derivation for j with respectto selwith computedanswer substi-
tution + sud that ¢ and % agreeon j.

Pro of by induction on the length of derivations of goalsj ¢, in SCP. If j ¢ and therefore
i is empty, then we can take the empty set as a successfulSLD-derivation and + to be
¢- Now supposethat | is nonempty and § = | nsel(j), i.e., the derivation of j ¢, in SCP
consistsof derivations of 8 ¢, and (sel(j)) ¢.. We distinguish casesaccordingto the inference
sthemaapplied in the last step of the derivation of (sel(j)) ¢.
(Ini) The selectedsequen is X; A" B and the last step hasthe form

——(Ini)

X&AL Be
where ¢, is a unier of A and B. Let * be an mgu of A and B sud that ¢ = 1; .
Then we have a derivation of §1¢,; in SCP, which is by 1 shorter than that of 8¢ 1]
fX11;AY 1 B¢10 (= j¢)- Thus by induction hypothesiswe obtain a substitution +
and a successfulSLD-derivation of 81 with computed answer substitution ¥ sud that
¢1 and ¥+ agreeon 81 . Thereforeby adding the step

§[LfX;A" Bg,
§1
at the top of this SLD-derivation, we obtain an SLD-derivation for j with computed

answer substitution 1%4,;. Since¢, and 1¢, 1 agreeon j, ¥+ and ¢ agreeon j, too.
(App-P ©) The selectedsequenis Y ° B and the last step hasthe form

(Ini) ©

Y¢ XU
X) A—<—"F(App-Po
) Yoo Au( pp-P o)
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where Ay = B¢,. By renamingvariablesin X ) A we can replacethis step by

0 OM -Po

X% A Yo A(w(AploP )
where X9° = XA = Ap = B¢, and X9 AC%is a variant of X ) A sud that
X% A%and i have no variablesin common, |1 cortains no bindings for variables in
i and ¢ no bindings for variablesin X9 A% Thusij¢ = (¢ 19 and (X% A9 =
(X% A9(¢[ 9. In particular, ¢[ Wisaunier of B and A® Let ! be an mguof B and
Al Then¢[ 0= 1, for somes;. Thuswe canwrite the inferencestepunder consideration
as

XO) AOYlC.'.1 \—XOllé'l .
Yii1 Blés
By omitting this nal step in the derivation of Y¢ B¢ and leaving the derivation of
§ ¢ unchanged, we obtain a derivation of 8¢ .[ (Y1¢1 X %¢4), which is by 1 shorter
than that of j ¢ (= j%¢1). We may assumeby induction hypothesis (with respect to
the derivation of (82 [ (Y1~ X ®))¢;) that we are already given a substitution + and an
SLD-derivation of §2 [ (Y1 X @) with computed answer substitution % sud that ¢,
and ¥+ agreeon 81 [ (Y1 X2). By adding the step

§[LfY  Bg

1 (App-Pr)°
s xa, AP

X0 AC

at the top of this SLD-derivation, we obtain an SLD-derivation for j with computed
answer substitution 1%4,. Since¢, and ¢, agreeon j, ¥4+ and ¢ agreeon j, too.
() ) The selectedsequemnis X;(Y) A) R and the last step hasthe form

Xe Yo Xeahe Re
X&(Ye) Ad) Re

By induction hypothesiswe may assumehat a successfuSLD-derivation of § [ (X ™ Y) [

fX;A" Rg is given with computed answer substitution ¥ sud that ¢ and ¥t agreeon
8[ (X Y)[ fX;A  Rg for some+ By addingthe step() ) at the top of this SLD-
derivation, we obtain an SLD-derivation of | with computed answer substitution ¥asud
that ¢ and % agreeon j.

() +) Analogously 2



Chapter 5

A Structural Framew ork for
Relevance Logic

In this chapter we only deal with rules without generality. This is becausethe certral

problemsof relevancelogic arise at the propositional level. In x 1 we presert an enlarged
framework for relevancelogic, introducing a new sort of structure for higher-lewel rules
which extendsRead'sand Slaney's notion of a \bunch" of formulae to that of a bunch
of extensionaland intensionalrules. In x 2 logical constarts of positive relevancelogic are
treated in a uniform way, and in x 3 it is discussedhow negation and absurdity can be
addedto this framework. The resulting system,whenrestricted to the standard constarts
of relevancelogic, is shovn in x 4 to be equivalent to a calculusfor relevance logic by
Read and Slaney In x 5 we sketch how S4-maldality can be added to the framework.

The structural framework we propose usesrules whose conclusionsmay themsehes be
arbitrary rules. We present it asan extensionof our formalism SC3+ (seeCh. 1 x 2 and
Table 1), which is best suited for our purpose.

x 1. Bunc hes of higher-lev el rules

In our structural framework with higher-lewel rules a variety of logical constarts could
be characterizedin a uniform way. Of course,this did not compriseall possiblelogical
constarts. On the cortrary, it could be shown that every constart which canbe character-
ized in this framework can be de ned in terms of the intuitionistic standard connectives
&, ,%and?. If wewant to characterizefurther logical constarts, we must extend our
framework in someway. The extensionwe descrike in the following allows usto treat con-
stants of relevancelogic in nearly the samemanneras\ordinary” constarts were treated
in Ch. 2.

In the following, when referring to Read and Slaneywithout further speci cation, we meanthe works
Slaney (1984, 1986), Read (1984, 1988 Ch. 4), Slaney and Martin (1988). The term \bunch" was rst
usedby Slaney

45
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Onebasicidealeadingto relevancelogic can be stated asfollows: Sometimeswe do not
only want to know whether A follows from somesubsetof X , but alsowhether A follows
from X in the sensethat all elemers of X are relevant for A.? This idea could easily
be incorporated in our structural framework by simply omitting the inferencesthemaof
thinning from SC3+. Howeer, this procedurewould be not an extensionor re nement of
our structural framework, but a restriction. We would not have more than before,but we
would obtain somethingdi®erer. The commaand the rule arrow would acquirea di®eren
meaning.Correspndingly, the logical constarts & and %, which on the logical sideexpress
the contents of the commaand the rule arrow, would mean somethingdi®eren. It is of
coursenot undesirablethat we are ableto de ne a newsort of implication (called relevant
implication and denotedby \! "), and a new sort of conjunction (called \fusion" and
denoted by \£"). But we want these constarts not in the place of ordinary conjunction
and implication, but in addition to them. With respect to conjunction and fusion this
is a common opinion in the literature on relevance logics|one always wants to have
\extensional" conjunction & in the system(seee.g. Andersonand Belnap 1975, Routley
et al. 1982). With respect to extensional versusrelevant implication there is no sud
common opinion, since relevant implication is often consideredthe \right" implication
that must replaceordinary implication. We do not speculatehereabout which implication
is \right" in somesensebut simply considerit a reasonablegoal to have a framework in
which both relevant and non-relexant operators can be de ned, and which in respect to
the non-relewant part simply contains what we had before.

We shall rely on an idea, which goesbad to Dunn (1975) (seealso Giambrone 1983)
and was deweloped by Readand Slaney(seefootnote 1) for a sequettstyle systemwhich,
asbasedon introductions and eliminations of logical constarts rather than introductions
to the right and left of the turnstile, is nearto natural deduction. The ideais simply to
extend the meansfor conmbining premisesor assumptionsby using the semicolon\;" in
addition to the commal\,”, wherethe commastandsfor non-relexant and the semicolon
for relevant conmbination. The most elegan way of handling thesecombinations is to treat
them asbinary operations, building up objects which, following Readand Slaney will be
called \bunches". In particular, in premisesof a rule or in anteceders of a sequen the
commais no longer consideredto divide the elemerts of a nite set.

The certral extensionwe undertake as comparedto the Read/Slaneyapproad is that
we do not only combine formulae und usebunchesof formulae asantecederts of sequets,
but alsode ne rulesof higherlevelsby useof bunchesaspremisessothat rulesmay occur
within bunches. Correspnding to the two combinations denoted by the commaand the
semicolonwe usea doublerule arrow \) " (asbefore)andatriple rule arrow\V ". When
we considerlogical constarts, the double arrow will be related to ordinary implication (as
before)and the triple arrow to relevant implication.

Sincebunchesare not sets,the empty setis no candidatefor an empty bunch. Instead,
we needtwo objects as empty bunches,one correspnding to the semicolon(denoted by
\g") and one correspnding to the comma (denoted by \;"). Note that in this chapter

2The secondbasic idea of relevance logic, which is the rejection of the \ex falso quodlibet" will be
treated in x 3 below.
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; is not usedasthe sign for the empty setbut asa speci ¢ object (although it functions
similarly to the empty set).
Our de nition of rules and bunchesruns as follows:

() Every formula is a rule of level O.
(i) ; and g are bunchesof level 0.
(i) Every rule of level n is a bunch of level n.

(iv) If X and Y are bunchesof levelsn; and n,, respectively, then (X;Y) and (X;Y)
are bunchesof level max(ni; ny).

(v) If X isabunch of level n; and R a rule of level n,, then (X ) R) and (X V R) are
rules of level max(nq; ny) + 1.

The metalinguistic notations and corvertions are asbefore,exceptthat \U", \V", \ X",
\Y", \Z" now stand for bunchesrather than setsof rules.

A rule of the form X V R is called intensional; one of the form X ) R extensional
Similarly, a bunch which is an intensionalrule or is of the form g or (X;Y) is calledin-
tensional;onewhich is an extensionalrule or is of the form ; or (X;Y) is calledextensional.
A rule or bunch which is just a formula A is called both extensionaland intensional® We
do not formally identify ; ) Randg V R with R, not evenif R is aformula. (Lemma5.2
will show that all theserules are equivalert.)*

Sequets areof the form X ° R whereX is abunch and R arule. The intuitiv e meaning
of (X;Y) in the anteceden of a sequen is that X or Y or both are relevant for the
succedet) whereas(X;Y) expresseghat both X and Y are relevant. Which parts of
X and Y arerelevant if X or Y is relevant, dependson the internal structures of X
and Y. Of course,this motivation is rather vague.The precisemeaningis given to those
combinations by certain inferencesthemata. Roughly speaking, we will allow for thinning
in connectionwith the comma, but not in connectionwith the semicolon.

As said at the beginning, we preser our sequetstyle systemfor relevancelogic, which
is called SCR, in a way that correspndsto SC3+. First we state those schemata which
govern the conmbination of bunchesin antecederts of sequeits and have no direct analogue
in SC3+ (exceptthinning).

X;(Y;Z) R X;(Y;Z) R
—————— (ASS(Ce) — (Assg)
X;Y):;Z R (X;Y);Z R

31t should be clear that in our proof-theoretic framework \extensional" doesnot mean anything that
hasto do with truth-functionalit y.

4In Ch. 1 x 1 weidentied A with ;) A to obtain a more elegarn formulation of SC1,SC1° and SCA4.
Sincewe here work with a systemrelated to SC3+, there is no needfor such an identi cation.



48 CHAPTER 5. RELEVANCE LOGIC

X;¥Y'R X;Y R
= (Comm) == (Comm,)
Y;X "R Y; X R

X;X TR X; X" R
————(Contr) ————(Contr;)
X R X R

X TR g:;X R
——(ld¢) ——(Idj)
X R X R

X R (Thing)

X;Y R

Thesesthematastate that for both the conmbinations with the commaand with the semi-
colonwe have assaiativit y, commutativit y and cortraction aswe have for sets.Thinning
is allowed only with respect to the comma, not with respect to the semicolon.In view of
the assaiativity schematawe canusenotations like X;Y;Z or X ;Y ;Z for buncheswhich
are built up by iterated useof only the commaor the semicolon.

The inferenceschemata governing the semicolondo not represemn the only possibleor
reasonablechoice. We have choseninference schemata according to which the comma
and the semicolononly di®erwith respect to whether thinning is allowed or not. When
enlargedwith rulesfor logical constarts, our systemleadsto the positive fragmern of the
relevancelogic R (seeAndersonand Belnap 1975). Other structural inferencesthemata
would leadto other systemsof relevancelogic (seeReadand Slaney).Sincethe treatment
of these di®eren systemsis not directly connectedto our approad of rules of higher
levels, we do not discussthem here.

We postulate as inferencesdemata governing the rule arrows:

X;Y 'R X;Y R

—() ) —(V).

X Y) R X YVR
In other words, for the doublearrow we have the sameschemataasin SC3+, for the triple
arrow we have a schemawhich is ass@iated with the semicolon.The ideabehind () ) is
the following: To establishan extensionalrule Y ) R underassumptionsX it is necessary
and suzcient to derive its conclusionfrom X or Y or both. To establishan intensional
rule Y V R under assumptions,it is necessaryand suzcient to derive its conclusionfrom
its premiseswhereboth the premisesand the assumptionsarerelevant for the conclusion.
According to our conventions, () +) denotesthe direction of () ) from above to below
and () j ) the converseone,and similarly for (V).

Sincethe arrows \) " and \V " may occur mixed within rules, it is not possiblein
generalto work only with formulae as conclusionsof rules. For example, a rule of the
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formY V (Z) A) cannotalways be replacedby an equivalert rule of the form U) A or
UV A for someU. Only rulesin which only \) " or only \V " occur can be reducedto
rules with formulae as conclusions.Therefore the results of Ch. 1 x 2 do not pertain to
the presen case> The inferencesthemata

N N O
— (Re®) X R RR (Trans)
R R X" RC

are chosenas basicinferencesthemata asin SC3+. The handling of primitiv e rules will
be descrited below. On the basisof the inferenceschematade ned sofar, we can already
prove the following results.

Lemma 5.1 The following inferencescemata are admissiblein every extensionof the
systemdeweloped so far by additional inferenceschemata.

N = . X;Y 'R ;. X) R
O ) R ) XV R
(v) ——= YR v L XLER

g (;X)VR ;7 (9;X)) R
vy ——2VR wipy —9 %) R
;GiX)) R g (g:X)VR
Pro of Considerthe following derivations:
X‘;Y‘R v )
X YVR (Thing)
X;5Y " YVR
R _ —‘(Vi)
————(Thin,) ) (X;Y) Y R

(Comm;) and (V +)
(Thin) and (Commg)
Vi)

(Contr;)

O 59 Ricommyandd) " v (x:v)v R
R XY (X;Y)V R
(X;Y); (X5Y) TR

X;Y R

5Sinceunlike Read and Slaneywe do not only usethe commaand the semicolonas binary operators
but combine this ideawith de ning extensionaland intensionalrules of higher levels, it is not necessaryfor
usto allow for the inferenceschemataabove to operate on \subbunches" of nestedbunchesin antecederts.
For example, it follows from our inferenceschematathat (X;X) can be replacedby X not only asa full
antecedert of a sequen but also as a part of a nested bunch. E.g., from ((X;X);Y);Z " A follows by
() +) and(V +) thesequen X;X ~ YV (Z) A), thushy application of (Contreg) X © YV (Z) A), and
by ) i)and(V j) weobtain (X;Y);Z" A.
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, X) R .
TR 0) P XV R
(Ide) ) X TR
(i) X R (iv) —————(Idy)
————(Id) g:G;X)" R
g;X R V) — (V)
—g‘XVR g (G:;X)VR
(v), (vi), (vii) similarly. 2

Lemma 5.2 All sequets of the following form are derivable:
() Ra ;) R (i) Ra gVR (i) XVR X) R.

Pro of (i) followsby useof () ) and(ld¢). (ii) follows by useof (V ) and (Id;). (iii) follows
by useof (V j ) and () +) from Lemmab.1 (ii). 2

Sincewe have two di®erer empty bunches; and g, we must distinguish between; ~ R
andg * R (thus\" R" is ambiguous). The meaningof; = R can be circumscribed as:\R
follows from any assumption”, whereasg =~ R means:\R follows without assumption”.
This di®erencemakes some considerationsnecessaryof how to formulate the inference
schemawhich introducesprimitiv e rules into a derivation. In SC3+ it took the form
R —— (Prim) .

, R
We could take this inferencesdiema over to the presen systemby interpreting ; asa
bunch rather than a set. Howewer, another possibility would be to choosethe schema

R ﬁ (9 -Prim) ,

which accordingto Lemmab5.1 (i) is wealker than (Prim).

It can be shown that both alternatives are equivalert in the sensethat the resulting
systemscan be embeddedinto ead other. If we interpret every primitiv e rule of the form
X' ) R of the systemwith (Prim) as X V R in the systemwith (g -Prim) and ewery
primitiv e rule of the form X V R as(;;X)V R, then from Lemma 5.1 ((iii) and (iv))
follows that in the resulting systemsthe samesequets are derivable. Conversely if we
interpret every primitiv e rule of the form X V R of the systemwith (g -Prim) asX ) R
in the systemwith (Prim) and ead primitiv erule oftheform X ) Ras(g;X)) R,then
from Lemma 5.1 ((iii) and (v)) follows that in the resulting systemsthe samesequerts
are derivable. (Primitiv e rules of the form A arein all casedranslated into themseles.)

Furthermore, if we choosethe systemwith (Prim), we can restrict ourselesto exten-
sional primitiv e rules, since intensional primitiv e rules can be expressedby extensional
ones(Lemma 5.1 (vi)). Correspondingly, if we choosethe systemwith (g -Prim), we can
restrict ourselhesto intensional primitiv e rules, since extensionalprimitiv e rules can be
expressedby intensional ones(Lemma 5.1 (vii)). For our system SCR we take (Prim)
and requirethat primitiv e rules be extensional. Table 4 preseits all inferenceschemata of
SCR.
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Table 4
Inferencesthemata of the structural systemsSCR

X;(Y;Z)" R X;(Y;Z2)" R
—————— (ASSCC) ————— (Ass)
X;Y):;Z R (X;Y);Z R
X;Y R X;¥Y R
—— (Commy) ——(Comm)
Y; X R Y; X R
X; X" R X; X 'R
———(Contr) ————(Contr;)

X R X R

X TR g;X R
e (Idy) ——(Id))

X R X R
X R (Thing)

X;Y R
— (Re°) R —— (Prim) (R extensional

"R , R primitiv e rule)

N N 0
X R RR (Trans)
X RO

X;5Y R X;¥Y R
=) ) (V)
X"Y) R X YVR

The systemSCR is obviously an extensionof the systemSC3+ in the following sense:
If we restrict ourselesto bunchesbuilt up by meansof ;, the commaand the double
arrow alone,we caninterpret bunchesas nite sets,where; isreadasthe empty set. The
inferencescemata (Assace), (Commg), (Contre) and (Ide) becomesuper°uous, and we
obtain exactly the schemata of SC3+.

In order to prove a replacemen theorem, we needthe notion of a subbunch

Every bunch is a subbund of itself.

Every subbund of X andY is a subbund of (X;Y) and (X;Y).

Every subbund of X and R is a subbund of (X ) R) and (X V R).

By Z[X] we denotea bunch in which X occursat a certain placeasa subbund. If usedin
the samecontext, Z[Y] then denotesthe result of replacingthis occurrenceof X in Z[X]
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by Y, provided this result is a bunch (e.g., a replacemen of the subbund R of X ) R
by a bunch of the form (Y; Z) is not de ned).

Furthermore, we de ne X ° Y asfollows:
X ° Y meansthat the inferencescthema
Y R
X R
is admissible,i.e., if for every R the derivability of Y) R in SCRimpliesthat of X ) R.

As a limiting casewe havethat X ° R meansthe sameas\X ) R isderivable". X .° Y
expresseshat X ° Y andyY ° X.

Theorem 5.3 (Replacemen t Theorem) If X o° Y,thenZ[X] -° Z[Y], providedthe
replacemen of X by Y in Z[X] is de ned.

Pro of by induction on the de nition of subbundes.If Z[X] is X, then the assertionis
trivial. SupposeZ[X]is (Z1[X];Z;). Then Z,[X] o° Z4[Y] by induction hypothesis.Now
supposeZ;[Y];Z,  R. Then Z4[Y] Z,;) R, henceZi[X] Z,) R, i.e., Z;1[X];Z, R.
Thus we have Z[X] ° Z[Y]. Analogously we shav Z[Y] ° Z[X]. The same holds
for the casewhere Z[X] is (Z1;Z5[X]) or (Z1[X];Z,) or (Z1;Z5[X]). SupposeZ[X] is
Z1) RIX].ThenZz;) RIX]a Z;) RYY] by induction hypothesisand (Trans), there-
foreZ[X] o° Z[Y]by (Trans).SupposeZ[X ]isZ1[X]) RC® ThenZzZi[X]" (Z:i[X]) R9Y)

RC i.e., Z1[X]) R® Z;[Y]) RO and similarly the corverse.If Z[X]is Z;[X]V R% we
proceedanalogously 2

X 2. Logical constants of positiv e relevance logic

In this sectionwe carry over the ideasof Ch. 2, restricted to the propositional case,to
our more complicated structural apparatusinvolving bunchesof higher-lewel rules.
Formulae are consideredto be either atomic formulae (the form of which can be left

Rule schemataand schemataof bunchesare then de ned as rules and bunches with
formula schemata playing the role of formulae: Every n-ary formula schemais an n-ary
rule shema.; and g aren-ary sthemataof bunches.Every n-ary rule sthemais an n-ary
schemaof abunch. If ¢ ; and ¢ , are n-ary shemataof bunches,then soare (¢ ;¢ ,) and
(¢ 1;¢5). If ¢ is an n-ary schemaof a bunch and %an n-ary rule schema,then ¢ ) %
and ¢ V %are n-ary rule shemata. Sthemata of bunchescorrespnd to the setsof rule
sthemataof Ch. 2. The notational convertions of Ch. 2 remainin force, particularly those
concerningthe notations ¢ ;[p], ¢ ;[A]; S(p); S(A) etc.
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An assertibility condition for an n-ary logical constan is an n-ary schemaof a bunch.
With ead n-ary connective S, a nonempty set

of assertibility conditions for S is assumedto be assmiated. We require (S) to be
nonempty, becausethe justi cation of the \ex falso quodlibet" as basedon an empty
set of assertibility conditions is problematic in relevance logic. In the next section, we
shall introduceintensional absurdity and negationby corresmpnding structural concepts.
Here we only discussthe positive fragmert.

It is againrequiredthat the logical constaris consideredcan be orderedin a sequence

in sud a way that for any i, [S;] only cortains logical constarts S; for j < i.
If (S)=1f¢4fpl;:::; ¢ m[plg, then the rule schemata of S-introduction are

¢4[pl) S(p)
' (S-)

¢mipl) S(p) ,
and the schemaof S-elimination is

(S(P); (¢ 1[p]) )5 (Cmlpl) 1)) T (S-B)

wherer is a schematicletter which may be instantiated by rules and not only by formulae.
(Strictly speaking, (S-E) is not a rule schemain the sensede ned, sincein rule schemata
only schematic letters for formulae and not for rules are allowed to occur|see footnote 1
of Ch. 3.)

With the exceptionof the schematic letter r for rulesin (S-E), the schematafor logical
rules look exactly asthose given in Ch. 2 x 2. This is not courterintuitiv e. The caseof
relevance logic di®ersfrom that of \ordinary" logic in that the structural framework is
more sophisticated.The generalway logical constarts are characterizedis independert of
that di®erence Of course,the assertibility conditions ¢ ;[p] of a constart S may have a
richer structure sincethey are now schemataof bunches.But this di®erenceloesnot a®ect
the generalpattern of introduction and elimination rules. If one looks at the \common
content"-motiv ation of logical rules (Theorem 2.4), there is in fact no reasonwhy in
relevancelogic the generalpattern of logical rules should di®er from the casediscussed
in Ch. 2. The condition that for all A and all R, S(A) expresseshe commonconent of

S(A)' R i® foreathi (1- i- m)¢;[A] R;

is completelyindependert of whetherwe are dealingwith bunchesor not. As caneasilybe
seenthe proof of atheoremcorrespndingto Theorem2.4 (restricted to the propositional
case)would only uselaws for ;, the commaand the doublearrow \) ".
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Howewer, if onewould like to have a rule schemafor S-elimination that usesintensional
combinations, one may take

It canbe shawvn that this shemaand (S-E) are equivalent asschematafor primitiv erules.

A replacemen theoremfor subfornmulae correspndingto Theorem?2.3 canbe provedin
the sameway asin Ch. 2, now basedon Theorem5.3. Furthermore, a separationtheorem
like Theorem 2.5 is alsoavailable in the presen case®

The standard logical constarts of positive relevancelogic which can be characterized
by our general sthemata are extensional conjunction (&), disjunction (_), extensional
implication (34), extensionaltruth (>), intensional truth (t), intensional implication or
fusion () and intensional or relevant implication (! ). Their assertibility conditions and
primitiv erulesaregivenin Table5. The constarts which arenewarethe nullary constart t
(correspndingto g ), fusion * (corresponding to the semicolon)and relevant implication
I (correspondingto the triple arrow). Sincewe hereonly dealwith positive logic, we need
the nullary extensionalconstart >, which in the non-rele\ant casewasde nable as?%? .
Sincerule schemata are themselhes schemata of bunches, p) g is now an assertibility
condition for %. In the non-releant case,assertibility conditions were always setsof rule
sthemata, sothat only fp) qg wasan assertibility condition for %. The analogueapplies
to other connecties.

There is no relevant analogueto disjunction _. This is becausedisjunction hasno im-
mediate relation to the structural framework but only to the way logical constaris are
de ned: Disjunction is the only standard constart S with (S) having more than one
elemen. In the literature on relevance logic there is normally an intensional version of
disjunction being consideredwhich is sometimescalled\ ssion" and denotedby \+" (see
Andersonand Belnap 1975,p. 344;Routley et al. 1982,p. 361). It is usually de ned as

A+B=g4¢sSA! B
or
A+B=4s(s Ats B);

wheres is a negationwhich behareslike classicalBooleannegation (and which, inciden-
tally, makesfusion + and relevant implication ! interde nable). Sud a negationwill be
consideredin the next section.In our framework there seemsto be no way of character-
izing ssion independerily, i.e. without referenceto a constart of classicalabsurdity or
negation.

As remarked in Table 5, for ! -elimination there is an equivalert version available,
which is a kind of intensional modus ponens:

(P! gp) 9g:

6As in Ch. 2, we do not presert the proof of this result here, sinceit is not directly connectedwith our
certral questionsof structural frameworks. Although somewhatlengthy, it usesthe standard methods of
normalization proofs.
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Table 5
Standard constarts of positive relevancelogic and their primitiv e rules
(Binary connectivesare written in in X notation. The letters p and q stand for p; and
P2, respectively. The letter r is a schematic letter to be instantiated by rules.)
S(p) (S) Sdematafor | rules Sdematafor E rules
p&q ff p;dgg p;q) p&q (P& ((p;a)) 1)) r
equivaler:
p&q) p
p&q) ¢
pP_q fp;ag P) P_Q (P_g(p) r)i(a) r)) r
q) pP_0d
p¥q fp) ag (P) @) p¥%q (P%g((P) @) r)) r
equivalen:
p%qgp) d
> f,g D) > =:;G) r))) r (derivable)
t fgg g) t (t;(@) r))) r (derivable)
p+q ff p;agg (p£0Q)) pxq (PG ((PA)) 1)) r
p! q fpV ag (pV 9)) p! ¢ (P! gPV @) 1)) r
equivalert:
p! ap) 9

For +-elimination, there is no versionavailable, which corresppndsto the \direct" elimi-
nation rules

p&q) p p&p) q

for extensionalconjunction.
The functional completenessf the standard constarts &, , %, >, t, £ and! s
obtained by using the following mapping of schemata of bunchesto formula schemata:

9® =®
aG) = >
gg)=t
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9((¢ 1;¢2) = g(¢ 1) & g(¢ »)
g((¢ 1;¢2)) = g(¢ 1) £9(¢ 2)
g¢ ) %=9(¢) %9%
g ) %=9¢)! 9% .

Complex formula sdhemata can then be translated as follows:

h(S(p) = 9(¢ 1[p]) _:::_9(¢ mlpl); if (S) = fCafp];:::; ¢ mlplg:

Then it can be showvn that S(p) and h(S(p)) are schematically equivalert. From this
result we obtain, by usingreplacemen of subforrulae and separativity of logical constarts,
that X ° R is derivable in a system with an arbitrary number of logical constans i®
X** R* is derivable in a systemwith only the standard connectives, wherety X * and
R* result from X and R, respectively, by replacing complex formulae accordingto the
function h.

x 3. Absurdit y and negation in relevance logic

A certral motive for relevancelogic is that one s interested in which assumptionsare
really neededif onewants to establishan assertionunder assumptions.In our framework
this idea is captured by using a way of combining assumptionsfor which thinning is
not allowed. Another basicissueof relevancelogic, inasnuch asit goesbeyond positive
logicsand dealswith absurdity and negation, is the rejection of the \ex falso quodlibet".
The reasonfor this rejection is that neither absurdity (as a primitiv e constart) nor a
contradiction is related in any \relevant" senseto arbitrary formulae.

Thereforein relevancelogic no \natural” notion of logical absurdity is available, ob-
tained asin (non-relevant) intuitionistic logic by consideringan empty set of assertibility
conditions and leading to the \ex falso quodlibet" asa primitiv e rule. In order to obtain
notions of absurdity and negation for relevance logic we proposeto enlargethe struc-
tural framework, following the ideassketchedin Ch. 3. Sincewe have already; and g as
extensionaland intensional objects expressingtruth, we introduce correspnding exten-
sionaland intensionalobjects# andf (respectively) expressingabsurdity. The modi ed
de nition of rules and bunchesis then obtained from the original one by consideringin
addition # and f asrules (and therefore bunches) of level 0, where# is an extensional
andf anintensionalrule.

Correspondingly, on the logical side we obtain two additional constarts F and f, with

(F)=f#gand (f)=ff g, i.e., with primitiv e rules accordingto the schemata

#1 F (F-I)

(F;#) r))) r; equivalertly: F) # (F-E)
and

f)f (f-1)
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(f;(F ) r)) r; equialertly: f) f : (f-E)

Extensionalnegation(\ : ") and intensionalnegation(\ s ) canthen be characterizedby

(P) #)) :p @)

G pi(p) #)) r))) r; equialertly: : p;p) # (: -B)
and

(v f)) sp (s -I)

(s p;((pV 1)) 1)) r; equivalertly: s p;p) f (s -E)

Another possibility for de ning : ands would beto usetwo sorts of structural negation
(e.g.denotedby \j " and\n"), andthen to uselogicalrulesaccordingto which : expresses
i and s expresses (seeCh. 3). We follow the approad which only usesabsurdity as
basic.

The crucial questionis which additional inferencesthemata should be given for # and
f . The simplestway is to add no inferencesdiema. The resulting systemmay be called
minimal relevane logic, since the laws we obtain for the extensionalpart (i.e. for the
formulae formulated by useof &, _, % and F) correspnd to those of minimal logic. In
particular, we can now derive ; ~ F % : A for any A. (For this derivation thinning is
essetial. Sowe cannot derive the intensionalanalogue; ~ f! s A.)

To allow for an \ex falso quodlibet” for intensional absurdity would contradict the
philosophical essehals of relevance logic. But one might perhapsuseit in connection
with #, since# is consideredextensional absurdity for which the traditional laws may
hold. This leadsto adding the inferencesthema

® 7 (EFQ,)

X" R
to the structural framework (whereasf still hasno characteristicinferenceschema). Suc
a systemmay be called\in tuitionistic relevancelogic”, sincethe typical intuitionistic law
of ex falso quodlibet holds for extensional absurdity, without any typical classicallaw
(such asclassicalreductio ad absurdum), holding in the system.

The usualway of presening relevancelogic, howewer, is to treat it in a classicalsetting,
where \classical® means\classical with respect to the intensional operations”. In our
framework, we can expressthis by postulating

X;(RV ) f
X R

(f o)

asan inferencesdema. The systemSCR, extendedby (f ) may be called a \structural
framework for classicalrelevancelogic”. We denoteit by SCR..
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In SCR; we canderive; V f * R for any rule R:

(Re®)

Vi)

(Comm;) and (V +)
(Thing) and (Id¢)
(V i) and (Commy)
f o).

v vf
Gv i) f
GV i)V
RvVf (ggvf)vf
GVFEyRvE)f
vi R

This meansthat if wedene # by ; V f , then we obtain (EFQ, ) asa derived inference
schema. Howeer, we conjecturethat onecannot derive in SCR,

(R) GVIE)) GVI) R:

If this conjectureis right, then oneobtainsan evenstrongersystemthan SCR, by requiring
in addition to the classicallaw (f ) for f and V the correspnding classicallaw for #
and) :

X;(R) #) " #
X R
Howewer, the standard systemR of relevancelogic comesclosestto SCR, with # being
denedas; V f .

#c) -

x 4. The Read-Slaney calculus for relevance logic

In our generalformalism relevance logic with arbitrary many logical operators can be
treated in sudh a way that the rules for these operators follow a uniform pattern. Rules
for the speci cconstans T, F, &, %, ,t,f, £ and! arespecialinstancesof this pattern.
Thesestandard connectives are completein that they suxce to expresseverything that
can be expressedby use of other logical constarts. Our system has been deweloped for
theoretical purposes,aiming at a generalframework for relevancelogic, with respect to
which sudt generalresults as functional completenessan be obtained. For the practical
purposeof carrying out derivationsin relevancelogic with the above standard connectiwes,
it is corveniert to usea simpler system,ewen if this meansto give up certain theoretical
principles which were essetial for the construction of our generalstructural framework.
As sud a systemwe presett aslightly modi ed version,called\RS", of calculi deweloped
by Read and Slaney (seefootnote 1). The system RS di®ersfrom our general system
(restricted to primitiv e rules for the above standard connectives)in that no apparatus of
higher-lewel rules is employed, and that logical rules are identi ed with certain speci c
inference sthemata (rather than consideringrules as separate objects to be imported
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into derivations by a schemalike (Prim)). Newertheless,in using the bunch structure at
leastfor formulae and arranging logical inferenceschemataaccordingto the introduction-
elimination pattern, the systemRS is conceptuallystill closelyrelated to our framework.
We show that ewvery sequem which canbe derivedin RS canalsobe derivedin SCR., and
corversely that ewvery sequeh which can be expressedn RS and derived in SCR;, can
also be derived in RS. This demonstratesthat our systemis in fact a generalizationfor
theoretical purposesof Read'sand Slaney'ssystems,which are very easyto handle and
are particularly well-suited for teaching purposes.

By SCR. we now understandthe systemde ned in the previoussectionwith only f as
(intensional) structural absurdity (since# is de nable as; V f ) and only introduction
and elimination rules for the standard connectivesT, &, %, ,t,f, £ and! (sincewe
do not have # as primitiv e, we leave out F).

RS is a system whoseformulae are built up from the samestandard connecties as
SCR.. RS-bundesare de ned asfollows:

Every formula is an RS-bund. If X and Y are RS-bundes,then so are (X;Y) and
(X;Y).

RS-subbuntes are de ned as follows: Every RS-bund is an RS-subbunt of itself.
Every RS-subbunt of X or Y is an RS-subbunt of (X;Y) and (X;Y). As notation for
an RS-bund in which an RS-subbund occursat a certain placewe useZ[X].

In RS-bundes, the roles of ;, g and f are taken over by the formulae T, t and
f, respectively. Although from the theoretical viewpoint this meansthat the structural
and the logical levels are confounded,this procedure shortensderivations considerably
Applications of the trivial introduction and elimination rulesfor T, t and f can simply
be dropped.

In RS, rules as parts of bunchesare not de ned. The notion of a bunch of rules can
be avoided when dealing with the standard connectivesrather than with arbitrary n-ary
operators. The price paid for this is that for extensionaland intensional implication the
standardized elimination rules can no longer be formulated, but only their equivalert
versionsof extensionaland intensional modus ponens.

An RS-sequenhis of the form X ° A where X is an RS-bund and A a formula. The
formalism RS hasthe inferencesthemata preserted in Table 6, whereX |, Y is usedas
an abbreviation for

UX]T A

Uyl A
and X = Y standsfor X , YandY , X.

Obviously, eath RS-sequen X ~ A is alsoa sequen in the senseof SCR..

Theorem 5.4 If X ° A is derivablein RS, then X ~ A is derivablein SCR..
Pro of We shaw that all inferenceschemataof RS are admissiblein SCR.. Consider rst
the sthematafor the manipulation of RS-subbunbes,which have the generalform:
UX] A
Uiyl A
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Table 6
Inferenceschemata of RS

Manipulation of RS-subbunbes

X5 (Y;2) = (X;Y),Z X;(Y;2)=(X;Y), Z
X;¥Y =Y X X;¥Y=Y; X

X; X =X X; X=X

T; X =X ;) X=X

X . XY

Sdemarfor introducing assumptions Classicalabsurdity schema

s a s AL Ty

XA

Introduction and elimination schemata

XA Y B X A&B X A&B
X;Y A&B XA X' B
XA Y B X A+B Y[A;B]' C

X;Y AxB Y[X] C

XA X B X"A_B Y[A]' C Y[B] C
X A _B X A _B Y[X] C

X;A™ B X" A¥%B Y A
X A¥%B X;Y" B

X;A" B X Al B Y A
X Al B X;¥Y B

By applying () ) and (V ), we can construct derivations

UX]" A Y R

U[Y] ‘A
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in SCR; for a certain rule R, i.e., we can\unpack” the RS-subbuntiesX andY from the
\surrounding” RS-bund U[ ]. Now the inferencestep

X R

Y R
is available in SCR,, if we usethat in SCR; we canderive T .° ; andt -° Q.
The schema(Assum) of RS is a special caseof the schema(Re®) of SCR.. Sincein SCR.
we have A! f .° AV F, (f.) canbe showvn to be admissiblein SCR. by useof (f ).

Concerningthe introduction and elimination schemata, we consideras examplesz*-intro-
duction and %-elimination. For *-introduction, take the following derivation in SCR.:

(x-) — (Prim)
; (A;B)) AzB
() i) and (Contry)
A;B" AtB
. - vV +)
+
XA A BV A'B(Trans)
X "BV AiB
X;B A+B Vi)
: —— (Comm;) and (V +)
Y B B"XV AtB
(Trans)

Y XV AB
X;Y AzB

(V i) and (Comny) .

For x-elimination we do not write down the derivation in SCR; but just sketch how we
haveto proceed.From Y[A;B]  C weobtain, by applying () +) and(V +), ; " (A;B))

R for a certain R. Furthermore, from the rule of *-elimination in SCR; in the form
(A+B;((A;B)) R))) R andfrom X > A+B weobtain (A;B)) R X) R, henceby
(Trans); ~ X ) R. Applicationsof () j ) and (V i) thenyield Y[X] C. 2

The corverseto this theorem should be formulated as follows: For all RS-bundes X
and formulae A, if X ° A canbe derivedin RSthen X ° A canbe derivedin SCR.. This
meansthat SCR; is \consenative" in a certain sensein regard to RS, i.e., it doesnot
permit us to derive more asfar as matters are concernedwhich can be expressedn RS.

We rst de ne atranslation ° of bunchesinto RS-bundes.Herethe mapping g is taken
from x 2 of this chapter, but understood asa mapping from bunchesto formulae, and not
only from sdhemata of bunchesto formula schemata.

R® = g(R) for rulesR

=T
fe=t
g°=f

(X:Y)7= (X% Y9)
(X:Y)"= (X7Y7) .

Obviously, X ® is always an RS-bund. It is easyto seethat X ® is X, if X is an RS-bund.
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Theorem 5.5 If X ° R isderivablein SCR;, then X®" R” is derivable in RS.

Pro of We show that if
X1 R1 i Xn Ry
X R

is an inferenceschemaof SCR;, then
XTI R] i X5 Rp
XD‘ RIJ

is admissiblein RS. For the inferencestemata which only manipulate the structure of
antecedens aswell asfor (Assum) this is obvious. Concerning(Trans), we can easilyshov
the admissibility of

X R" ::: R®T R®™
X oI ROu
in RS by rst applying ! -introduction to the right upper sequeth and then using! -

elimination. SinceX*;(RV f )®* f ® is the sameas X°;(R®! )" f, we immediately
obtain the assertionfor (f (). For () ) and (V) we must shav that

XD;YD‘ RL‘! XU;YD‘ Rﬂ
S and _—
Xo Y YR" X y®l R®
are admissiblein RS, which follows by using the inferencestemata for 3% and ! . It

remainsto shaw that for ead primitiv e rule R of SCR, the sequeh ; © R” canbe derived
in RS. We consideras examples! -introduction and _-elimination. For ! -introduction
we must derive in RS:

(Al B)%(A! B);
which is trivial. For _-elimination we must derive in RS:
. (A_B)&A %C)&(B 3%C)) 3% C ;

which can easily be achieved by using &-, ¥+, _-elimination and %-introduction. 2

X 5. S4-modalit y

In systemsof natural deduction, necessi (2) in the senseof S4 is characterizedby an
introduction rule, which allows oneto passover from A to 2 A, provided all assumptions
on which A dependsare modalized (seee.g. Prawitz 1965,Ch. VI). In its simplestform,
\mo dalized" meansthat all assumptionsstart with 2. Obviously, what oneis using here
is a newtype of rule which is di®eren from those formulated with the help of the double
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arrow and the triple arrow. To incorporate it into our structural framework, we must en-
largeour de nition of arule and add structural inferenceschematacharacterizingthis new
type of a rule. Theseinferencesthemata must re°ect somehav the idea of modalization
of assumptions.

We start with the sequen calculusfor relevancelogic SCR. and add to the de nition
of rules and bunchesthe following clause:

If R is arule, then sois o R:

The operator \ " is to expressnecessy on the structural level. Its indended meaning
is that to establisha rule of the form @ R under certain assumptionsit is sutcient to
establishR, provided all assumptionsare modalized. Sinceassumptionshave the structure
of a bunch, we must de ne what it meansfor a bunch to be modalized:

Every rule of the form @ R is modalized.

The empty bunches; and g are modalized.
If X andY are modalized,then soare (X;Y) and (X;Y).

Note that the absurdity bunchesf and (if presen) # are not called modalized, nor are
the rulesX V R or X ) R for modalized X and R. This situation would be di®eren if
we wanted to reconstruct S5rather than S4.

The characteristic inferencesthematafor @ are the following:

X‘ R (a+) provided X is modalized
X oR
X oR
— (=) .
X R

On the logical level, we can characterize the logical constart 2 by the following rule
sthemata:

ap) 2p (2-1)

(2p;(mp) 1)) r; equivalertly: 2p) op: (2-E)

The resulting system correspndsto R?, which is nowadays consideredto conbine fea-
tures of relevance with those of necessi in a more appropriate way than Anderson &

Belnap's (1975) systemE of entailment (seeRead 1988). The functional completenesof
the standard connectives,which now include 2, is provedasin Ch. 5x 2 with 2 expressing
o]

If we restrict oursehesto the non-relexant fragmert of this framework (i.e., disregard-
ing the triple arrow, the semicolon,g and f , and using in addition ? as a constart
with the empty set of assertibility conditionsand ? ) r aselimination rule), we obtain
intuitionistic S47

’Similar to Dosen's (1980, 1985) idea of sequets of higher levels, one could consider a sequence
ag;@q;8,; 0 of structural modal operators. For ead natural number n and any rule R, &, R would then



be de ned asa rule, whereby g, is identi ed with R. We could then de ne n-modalized bunchesfor every
natural number n as follows:

A rule o, R for m , n is n-modalized.

; and J are n-modalized for any n.

If X and Y are n-modalized, then soare (X;Y) and (X;Y).

(In particular, if X is n-modalized, it is m-modalized for every m | n.)

As inference schemata governing &, we could postulate:

X o, R . . .
———(9n ) provided X is (n + 1)-modalized
X Op+1 R
X o, R
‘7n+ (un i )

X o, R

This would lead to an in nit y of modal constarts of S4type in the object language.(Here ©; with the
inference schemata (29 +) and (2gi ) would correspond to & with the inference schemata (= +) and

(=i))



Chapter 6

Judgemen ts of Higher Levels Iin
Martin-LA of's Logical Theory

Martin-LAf's intutionistic type theory is an approad which is being widely discussed
in proof theory and (even more so) in theoretical computer science.As a framework for
constructive mathematicsit is a far-reading theory. Via the interpretation of propositions
astypesof their proofs(an ideawhich originated in Howard 1980),it alsocortains atheory
of pure logic, which deviatesfrom standard treatments of intuitionistic logic in certain
respects. Its certral feature is the introduction of \ A is a proposition" as a new form of
judgemert in addition to \ A istrue". This correspndsot \ A isatype” in addition to \ais
an elemen of type A" in typetheory.! The logical theory canbe deweloped independerily
of the propositions-as-ypes approad, as carried out in Martin-LAf (1983, 1985a) and
Smith (1984).

When the structural featuresof Martin-LAf's logical systemare spelledout, it turns out
that they t very well into the range of ideaswe are dealing with here. More precisely
underlying Martin-LAf's logical theory is a certain kind of structural framework that
governsthe reasoningwith \judgements" in his senseand that can easily be extendedto
include \judgements of higher levels". These judgemers of higher levels correspnd to
what we have beforecalled\rules of higherlevels".? The most characteristic feature of this
structural framework is its \presuppositional” nature: In many casesassumptionscanonly
be introducedprovided certain other judgemerts have beenproved. By useof higher-leel
judgemers generalsthematafor \primitiv e judgemens” (also called\axioms") for n-ary
logical constaris can be given which generalize(and standardize) the logical axioms or
inferenceschemata given by Martin-LAf. They correspnd to the schemata for primitiv e
rules for logical constarts of Ch. 2.

We conceltrate on propositional logic, sincethe main philosophicalideasthat distin-
guish Martin-LAf's framework from that presened in Ch. 1 already appearin the propo-
sitional case.This conceltration alsoenablesus to put asidethe foundational questions
of type theory which would comein if we had to deal with certain typesas domains of

1For a presenation of type theory seeMartin-LAf (1975, 1982,1984) and Beeson(1985, Ch. XI).
2Judgemeris of secondlevel are usedin Martin-L/bf (1980).
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quarti ers. Furthermore, we do not combine the features of Martin-LAf's system with
those of relevancelogic, although this would be possiblein principle, i.e. we presen the
systemas a conceptualre nemert of the (extensional) framework dewelopedin Ch. 1. As
a starting point, which is to be modi ed, we usethe formalism SC2+, which is a system
with rules as conclusionsof rules. For the dewelopmen of Martin-LAf's systemit is not
crucial to work in sud a framework (as it wasin the caseof relevancelogic). Howeer,
sincewe shall quite often useexpressiondike X ) R, it is more corveniert to treat them
asthey stand and not as abbreviations.

When we speak of Martin-LAf's system, we do not mean any particular formalism
Martin-LAf has given himself. Rather, we meanthe idea of a certain systemthat we are
trying to reconstruct.

x 1. Judgements and their presupp ositions

As remarkedin the introduction, Martin-LAf's logic and type theory belongto an approad
to proof theory which considersdormal proofsasrepresemations of argumerts by which we
acquireand comnunicate knowledge.Like our precedinginvestigations,sud an approat
often tacitly assumesthat formulae stand for propositions in a straightforward sense,
sothat a derivation of a formula can be interpreted as a demonstration of the truth of
a correspnding proposition. Martin-LAf's certral claim is that this view is too simple-
minded, sinceit takesfor granted that \prop osition" is a meaningfulconceptindependert
of whether a systemfor formal reasoninghas beenconstructed.

According to Martin-LAf, not everything that lookslike a proposition is in fact a propo-
sition, and whetherit is a proposition may still depend on whether someother proposition
has beenestablishedastrue. This is to say,

() whether somethingis a proposition is itself a matter of argumert, and

(i) argumerts for something'sbeing a proposition cannot always be kept apart from
argumerts concerningtruth.

Thesis(i) seemdo berather uncortroversial|there may obviously be discussionsabout
whether somethingmakes senseas a proposition or not. Thesis (i), howewer, is strongly
challenging.If argumens concerningbeing a proposition and being true are intertwined,
then the usual structure of argumenation is a®ected.The ertities we are arguing for in
one and the samecortext are no longer of one kind, but of two kinds. Martin-LAf calls
them \forms of judgemeris” A prop (\ A is a proposition”) and A true (\ A is true"). Here
\ A prop' and\ A true" arenot metalinguistic assertionsalout A. Rather, the quali cations
\true" and\ prop' denotedi®eren ways of forming assertiblecornents.

Since\ A is a proposition" meansthat it makessenseto ask whether A is true, this
implies that questionsconcerning senseand meaningfulness and questionsconaerning
truth areto be discussedn the samelevel If we arguethat A is a proposition (which is a
presupposition for A's beingtrue), we remain within the sameconext in which we try to
establishthe truth of A. Instead of having two levels of argumenation (\Sinnebene" vs.
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\Geltungsebene" in traditional German terminology), we have one level with two forms
of judgemerts.

One consequencef dealing with questionsof truth and questionsof meaningfulness
in the sameframework is the following: In Martin-LAf's fully developed system includ-
ing type theory, it is possibleto formally concludefrom the well-known paradaes (like
Russell's)that certain assertionsare not meaningful,i.e. that certain expressionsare not
propositions. These conclusionsare results within the system. Therefore, the paradokes
are avoidedin a natural way, without the needfor restricting the systemfrom outside by
purely syntactic criteria, asdonee.g.in rami ed type theory.

When trying to codify Martin-LAf's philosophicalapproad in a formal framework we
proceed as follows. We can no longer start from a de nite range of formulae (usually
inductively de ned by a set of formations rules) and then give inferenceschemataor rules
for the derivations of formulae (or rules of higher levels built up from formulae). Rather,
we must start with closedexpressionA and introducea systemof inferenceschematafor
judgemers of the form A prop and A true (and more complex judgemerns). Of course,
theseclosedexpressionsgnay formally be called \form ulae". Howewer, sincethey cannot,
as in usual presertation of logical formalisms, be intuitiv ely conceived as standing for
propositions, it is more appropriate to keep \closed expression”as the standard term.
(Whether an expressionis closedor not is a matter of syntax or, as Martin-LAf would say,
of a\theory of expressions".)The judgemerns\ A prop’ and\ A true", beingcomposedof a
closedexpressionsnd an indicator of a form of judgemen, are not themsehesconsidered
closedexpressionssothat an iteration like\ A prop prop’ is not allowed.

Formally, judgemers of higher levels and sequeits are de ned as follows. Supposea
basicrangeof closedexpressionss given, metalinguistically denotedby A, B, C, D (with
and without indices). Then A prop and A true are judgemerts (also called \ categorical
judgements). If X isa nite sequencefjudgemeris andR is ajudgemen, then (X ) R)
is a judgemert (also called\ hypothetical judgement). R is called the conclusionand the
elemerts of X are called the premisesof (X ) R). Judgemens are iderti ed with one-
elemen sequencesfjudgemers. A sequen is of the form X ° R with a nite sequencef
judgemerns X asthe anteceden and a judgemen R asthe succeden Contrary to Ch. 1,
wherewe had setsto the left of the rule arrow and of the turnstile, and to Ch. 5, where
we had bunchesbuilt up by binary operations, we here work with nite sequencessince
the order of their elemers will be important.

In the following, we useR (sometimesprimed and with indices) as syrtactic variables
for judgemerns, and X, Y, Z (with and without indices) as syntactic variablesfor nite
sequence®f judgemerts. By hi we denote the empty sequenceof judgemeris (which is
considereda limiting caseof a nite sequence)Outer bradckets in the notation of hypo-
thetical judgemens can be omitted. We useX ) Y asan abbreviation for the sequence

and X ° hi stand for the empty sequencéii. Throughout we usethe commaboth to divide
the elemerts of a sequenceand to denotethe concatenationof sequencesk-or example,

X:Y:R;Z:R°
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denotesthe sequence

R%:::;RY

With ead judgemen R and ea nite sequencef judgemeris X we ass@iate a nite
sequenceof judgemerts asits presuppsition, denotedby (R) and (X), respectively.
Intuitiv ely, (R) or (X) is to be understood as what hasto be proved for R to be a
meaningful judgemen or for X to be a meaningful sequenceof judgemens. (Formally,
\meaningfulness"will bede ned viathe -operation.) The de nition of re°ectsthe idea
that presuppositions concerningmeaningfulnessare to be treated within our structural
systemitself. According to what was said before, it should be clearthat (A prop) = hi
and (A true) = A prop. It makes always senseto assertA prop (even if this assertion
turns out incorrect), i.e., A prop hasno presupposition. But one may discussthe correct-
nessof A true only if A is a proposition, SOA prop is a presupposition for A true.

The simplest way of de ning the presuppositions for hypothetical judgemeris or se-
guencesof judgemers would be to considerthem to be meaningfulif all the categorical
judgemerts occurring in them are meaningful,i.e. to de ne: (hi) = hi, (Ry;:::;Rp) =

(R (Rn), (X) R)= (X), (R).Howewr, by sud ade nition we would im-
mediately give up much expressie power. According to Martin-LAf, the meaningfulness
of the elemens of a sequenceof judgemers neednot be establishedindependenly for
ead elemen, but may be establishedstep by step. (Here it comesin that we work with
“nite sequencesather than setsof judgemerts.) This \sequertial" procedureis di®eremn
from the \parallel" one sincenow the presuppositions of one elemen of a sequencemay
depend on earlier elemerts.

not arise before R; has been established,that of R; not before R; and R, have been
established,and soon.

This motivation leadsto the following de nition of the presuppositions of a judgemern
or of a sequenceof judgemerts:

(A prop) = hi
(A true) = A prop
(hi) = hi

(X) Ry = (X);(X) (R))
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(X;R)= (X);(X) (R)).
For example,
((A true; B true)) C true) = A prop; (A true) B prop); (A true; B true)) C prop:

A judgemen R or a sequencef judgemerns X is called meaningful, if its presupposition
can be derived, i.e. if hi® R or hi~ X, respectively, can be derived in the systembeing
deweloped.

We have usedthe term \judgement" to denotesomethingthat neednot be meaningful.
From the philosophical point of view it would be more appropriate to use a term like
\candidate of judgemerns" for what we have now called \jJudgement” and to resene
the term \judgement" for somethingthat is meaningful. The motivation for our choice of
terminology wasonly to have a short word for what hasthe syntactic form of a judgemer.

Furthermore, we have not presened here Martin-LAf's philosophical ideas about the
precisesensein which A prop is a presupposition for A true. Theseideasare basedon
principles concerningveri cation and knowledgewhich are connectedto an epistemology
of transcendemal idealism (seeMartin-LAf 1985a,b).To a great extert our systemcan be
intuitiv ely motivated and formally deweloped by just relying on the fact that judgemeris
R have other judgemerns or sequences (R) thereof as their presuppositions. This may
make Martin-LAf's logical systemaccessibléo peoplewho do not sharehis epistemological
claims3

X 2. The structural framew ork with judgemen ts of
higher levels

Our structural inferencesthemataresult from that of SC2+ by taking the speci ¢ features
of Martin-LAf's approad into accourt. Theseare in particular (i) that antecedeits of se-
guerts and premisesof hypothetical judgemens are sequencesather than sets,and (i)
that judgemers or sequence®f judgemerts are meaningfulonly if their presuppositions
have beenestablished.Due to (i), a schemaof cortraction is added.A sthema of permu-
tation, which onewould also expect in this cortext, is admissible.Due to (ii), at sewral
placesadditional upper sequems must be required in the inferencesdhematato ensure
that new judgemerns introduced into a derivation are meaningful. We assumea set of
primitiv e judgemerns to be given. Theseprimitiv e judgemerns, which correspnd to prim-
itiv e rules in the previous chapters, are also called \axioms". How primitiv e judgemens
for logical constaris look like, is discussedn the next section.

The systemSCML (\sequert calculusfor Martin-LAf's logicaltheory") hasthe following
inferencesdhemata:

X;R;Y;R;Z" RO X;5Y'R X' (2) _ .
(Contr) (Thin)

X;R;Y;Z " RO X;Z;Y" R

31t is planned to deal with these semartical and epistemologicalquestionsat another place.
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X _®) (Re®) R xR (Prim) (R Axiom)
X;R™ R X R
proviso for applications of (Re®) and (Prim): X must be hiif (R) ishi
XY X Y) R(App) XY R() .

X R X"Y) R
SinceX © (Z) and X ° (R) are sequence®f sequets rather than of sets,the upper
sequetts of an inferenceshould now be consideredto form a sequenceObviously, this
is no essetial di®erenceto the procedurein Ch. 1, sincederivations of upper sequets
can always be re-ordered.Correspondingly, when we say that a sequenceof sequets is
derivable in SCML, this meansthe sameas saing that ewery elemen of this sequen is
derivable. The empty sequenceni of sequets is always consideredderivable.

We motivate the schemata of SCML in relation to those of SC2+ by using a mean-
ingfulnessproperty for sequetts. A sequeh X ° R is called meaningful if hi® (X;R)
is derivable in SCML. We want to obtain as a result that only meaningful sequets are
derivable (seebelow Theorem6.2).

(Contr) We only allow for cortraction to the left and not to the right, i.e., we do not
have

X:'R:Y:R:;Z RO
X:Y:R:Z " R®

(Contry) .

The upper sequen of this shhemamay be meaningful only becausefor someelemen R;
of Y, the sequenh X;R;Y;  (R;) is derivable, whereY is Y1;R1;Y,, i.e., (R1) may
depend on R as one of the previous elemens of the anteceden. If X;Y;" (R,) is not
derivable, this meaningfulnesss not carried over to the lower sequen

In viewof () +) andits corverse,which is admissible the Z in the schema(Contr) canbe
omitted. In sequem calculi with sequencess antecedens one usually has a permutation
sthemalike

X:Ri;R2 Y ' R
X:RR1;Y R

at one'sdisposal. This sthemais not admissiblein SCML, for reasonsanalogousto those
speakingagainst(Contr,): The meaningfulnes®f the upper sequem requiresthe derivabil-
ity of X;R;™  (R»), i.e., (R,) may dependonRq, andif X © (R5) is not derivable, this
meaningfulnesss not carried over to the lower sequef Howewer, by adding X © (R))
asan upper sequei, we obtain the schema

X;Ri;R2;Y "R X (Ry)
X:R:R1;Y R

(Perm) ,

which can be shavn to be admissiblein SCML: From its upper sequemts we obtain
X;R2;R1;R2;Y " R by (Thin), and from that X;R,;R;1;Y ~ R by (Contr).
(Thin) If asequencef judgemerts Z isto beinsertedinto the anteceden of a sequet, it
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must be guararteedthat meaningfulnesss not violated. Thereforeit is requiredby means
of the right upper sequen that the presuppositionsof Z be ful Tled, provided thosejudge-
merts which stand left to the placewhere Z is to be inserted are established.lt can be
shavn that (Thin) is equivalert to the schemawhich hasonly a single judgemen R° at
the place of the sequenceof judgemerts Z.

(Re®) The judgement R canonly be introducedas an assumptionif it makessensej.e.
if its presuppositions have beenestablished.Sincethese presuppositions may themsehes
have beenestablishedunder assumptions,we permit assumptionsX in the antecederts,
i.e., we do not only considerthe special case

hi* (R)

R'R

of (Re®). It is the purposeof the proviso to avoid somethinglike

X;A prop” A prop

as a special casesof the inferencesdiema, no matter whether X is meaningful or not.
This problem arisesfrom the fact that X ~ hi is de ned to be hi.

(Prim) Hereanalogouscommertis asfor (Re°) apply.

(App) and () +) Thesestemataexactly correspnd to what we had in SC2+.

Lemma 6.1 Forall X andY:
0 X;y)a  (X);(X) (Y)) isderivablein SCML.
(i) If X (Y) isderivablein SCML, then sois X;Y " Y.
Pro of

(i) We proceedby induction on the length of the sequenceY. If Y is hi, nothing is to
prove. If Y is a judgemen R, the assertionholds by de nition. If Y is of the form
Z:R, then

(X3Y) = (X;2);((X;2))  (R);
and
X) (V)a X) (2)((X;2)) (R)
is derivable. By induction hypothesiswe have that

(X;z)a (X); (X! (2)

is derivable, which immediately yields the assertion.
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We useagaininduction on the length of Y. If Y is hi, nothing is to prove.If Y is a
judgemern R, then the assertionfollows by (Re®). If Y is of the form Z; R, then from
X" (Z;R) weobtain X ° (Z) and X;Z " (R), henceby induction hypothesis
X;Z" Z,by (Thin) X;Z;R" Z, and by (Re°) X;Z;R" R. Thus we have derived
X;5YT Y. 2

The following Theorem formally establisheswhat in the commers on the structural
sthemata was referred to as a desirable feature of our system. We write (X) asan
abbreviation for ( (X)).

Theorem 6.2 (i) Forall X: hi’ (X) is derivable in SCML.

(ii)

If X R isderivablein SCML, then soishi® (X;R).

Pro of

(i) If X is hi, the assertionis trivial. If X is a categoricaljudgemern, then  (X) = hi

(ii)

by de nition. If X isajudgemen oftheformY ) R,then (X ) R)= (X;R).
Thus it sutcesto show that hi- (Y;R) is derivable, provided hi" (Y) and
hi® (R) are derivable. Now we have

(Y;R)= ( (V)i (Y) (R))

() (v)) () (R))
(V)€ () € (V)i (Y)  (R)) :

By hypothesishi” (Y) is derivable. Therefore (Y)™ (Y) is derivable by Lem-

ma6.1(ii). Sincehi” (R) is derivable by hypothesis,we obtain (Y) " (R) by

(Thin)  (using hi~ (Y)) and (Y)Y~ (R) again by (Thin) (using
YY) (Y)).

We proceedby induction on the length of derivations. If this length is 1, then (Re®)

or (Prim) are usedwithout upper sequets. Then (R) = hi, andhi® (R;R) and
hi® (R) are empty sequencedf this length is greaterthan 1, we distinguish cases
accordingto the inferenceusedin the last step, supposing the assertionholds for

the upper sequets of this inference.We usethe samesyntactic variablesasin the
presenation of the inferencesthemata above.

(Contr) If hi* (X;R;Y;R;Z;R9 is derivable, then by Lemma 6.1 (i) so is
hi> (X;R;Y) and X;R;Y " (R;Z;RY. From the latter sequeh we obtain

X;R;Y;R" (Z;RY, from which X;R;Y " (Z;R9 follows by (Contr). Together
with hi®  (X;R;Y) this meanshi® (X;R;Y;Z;R9.

(Thin) If hi® (X;Y;R) is derivable, then by Lemma6.1 (i) sois hi® (X) and
X" (Y;R). From the latter sequem, using X = (Z), we obtain by (Thin)

X;Z" (Y;R). Since X (Z) and hi~ (X) yield hi® (X;Z), we obtain

hi~ (X;Z;Y;R).
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(Prim) and (Re°) Fromhi® (X; (R)) weobtain hi® (X) and thus, together
with X © (R), hi" (X;R). FromX =~ (R) weobtain by (Thin) alsoX;R" (R),
sothat we have hi® (X;R;R).

(App) Fromhi® (X;Y;R)weobtain by Lemma6.1(i) hi- (X)andX =~ (Y;R),
thusX " Y) (R). Togetherwith X ) Y, (App) yieldsX = (R). Hencewe have
derivedhi®  (X;R).

() +) trivial. 2

Part (i) of this theoremimplies that a sequem which statesthat somethingis meaningful
is itself always meaningful. Part (i) says that in SCML only meaningful sequens are
derivable. Note that this theorem holds with respect to any set of primitiv e judgemerts,
i.e., it expresses property of the structural apparatus.

x 3. Axioms for logical constants

Our procedureis similar to that of Ch. 2. We considerthe closedexpressionsA occurring
in categoricaljudgemeris A propand A true to be built up from atomic closedexpressions
by useof n-ary logical constaris S which are given as a sequence

of atomic closedexpressionsFor example,

py true) S(pz;p2) prop

is a binary judgemen schema, if S is a binary logical constart. An assertibility condition
for an n-ary logical constart S is a nite sequencet[ p] of n-ary judgemert schemata,
satisfying the following requiremert:

(m) All judgemern schematain ¢[ p] are built up from judgemen schemata of the
form \®true"’, i.e.,\::: prop" doesnot occurin ¢[ p].

The operation is de ned for judgemen sdhemata and assertibility conditions in the
sameway as for judgemeris and sequence®f judgemerns. With ead S in the sequence
of constarts a nite set

of assertibility conditions is assumedo be ass@iated. If S is §;, only logical constarts S;
forj < i areallowedto occurin (S). Asin Ch. 2 (but unlike the situation in relevance
logic, seeCh. 5), we allow for (S) to be empty.

Condition (=) is crucial. If we allowed for \::: prop' to occur in assertibility conditions
for logical constarts, we would be able to construct a system-irternal de nition of the
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categoryof propositions, i.e. we could de ne a unary constart P suc that for ead closed
expressionA we can derive A propa P (A) true. From that we would obtain a system-
internal de nition of the category of true propositions,i.e., we could de ne a unary con-
stant T such that for all closedexpression®\ the sequets (A prop; A true) = T(A) trueand
(A prop; T(A) true) = A true canbederived (we simply haveto take T(A) to be P(A) & A).
Sud an internal truth-de nition would make Martin-LAf's system, when enlargedwith
type theory, inconsistern, asshowvn by Martin-LAf (1983) and Aczel (1980).

Suppose (S) = f¢4pl;:::;¢ m[plg. Then we de ne (S) to be the sequence

(Theorem 6.3 below will show that it is irrelevant which speci ¢ order is chosen.) (S) is
de ned to be hi if (S) is empty. If A is Az;:::; AL, let  (S)[A] be (¢ 4[A]);
20 (¢ m[AD. In Martin-LAf's systemthe axioms for logical constarts cortain in ad-
dition to introduction and elimination axioms formation axioms which guarartee that
the conclusionsof the introduction axioms are meaningful, provided their premisesare
meaningful. The sthemaof an S-formation axiom is the following:

(S)) S(p) prop (S-F)

The premisesof the S-formation axiomspertain to the S-introduction and S-elimination
axioms. Their schemataare the following:

(S); ¢ 1[p]) S(p) true
. (S-1)

(S);¢mlpl) S(p) true

( (S);(S(p) true)  (r)); S(p) truey(¢ 1[p]) r);
(@ mlpl) ) or
Herer is a schematic letter for arbitrary judgemers. If r is instantiated by the judge-
mernt R, then (r) is to be replacedby (R). The following theorem shows that all
formation, introduction and elimination axioms are meaningful. Its proof shavs how this
result is achieved by the additional premises (S) of (S-1) and (S-E) and the premise
S(p) true) (r) of (S-E) togetherwith (S-F). Furthermore, the order of the elemens of
(S) is not important nor is the order of the premisesof the form ¢ [p]) r in (S-E).
Therefore, alsoin the cortext of Martin-LAf's logic it is justied to consider (S) to be
a set of assertibility conditions.

(S-E)

4Unfortunately, Martin-LAf does not explicitly point to this problem when introducing logical con-
stants and dealing with the form of truth conditions of logically complex expressions,doing so only at
a later stage.In the context of type theory this problem does not arise, since the forms of judgemert
corresponding to A prop and A true, viz. A type and a 2 A, respectively, are syntactically constructed in
a di®erernt way. Sinceunlikea 2 A, the judgemert A type doesnot carry a construction term with itself,
it cannot be usedin the premisesof introduction rules of type-theoretical operators.

SIn particular, Aczel could shaw that it is just this possibility of an internal truth-de nition which
makes the system of Frege's\Grundgesetze der Arithmetik" (1893) inconsistert when this system is
reconstructedin a similar setting.
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Theorem 6.3 (i) If R is aninstanceof (S-F), (S-1) or (S-E), then hi® (R) is deriv-
ablein SCML.

(i) Let R be an instanceof (S-F), (S-1) or (S-E). Let R°result from R by permuting
elemerts of (S)[A] within the premiseof R, and, in the caseof (S-E), of permuting
premisesof the form ¢ ;(A)) R; of R. Then R a’ RCis derivablein SCML.

Pro of

() Let R be an S-formation axiom (S)[A]) S(A) prop. Then (R) = ( (¢ 1[A]);
i1 (€ q[A]). The assertionfollows by useof Theorem6.2 (i).
Let R be an S-introduction axiom (S)[A];¢i[A]) S(A) true. Then by Lem-
ma 6.1 (i),

(R)="( (SMAD:( (S)A])  (¢i[A]) S(A) true)):

Sincehi® ( (S)[A]) and (S)[A] (¢ i[A]) arederivable,we must only shawv that
(S)[A]; ¢ i[A]" S(A) prop is derivable, which follows by (S-F) and (Thin).
Let R be an S-elimination axiom

( (S)AL(S(A) true)  (R9);S(A) true; (¢ 1[A]) RI;:::5(¢ m[A]) RY) RO

We know that hi~ ( (S)[A]) aswell as (S)[A] S(A) prop (by S-formation)
and (S)[A]" (¢ ;[A]) (for all i, 1 - i - m) are derivable, and since we have
S(A) true) (RY asapremiseof R, wecanderive (S)[A]; S(A) true”™ (¢ ;[A])
R9Y. Hencewe can concludethat hi* R is derivable.

(i) Since we can derive hi~ ( (S)[A]), we can use the admissibility of (Perm) in
SCML to concludethat the elemerts of (S)[A] can be exdhangedin R. Con-
cerning premisesof the form ¢ ;[A]) R; in S-elimination axioms,we use (S)[A],
S(A) true” (¢ [A]) R;) asobtainedin (i). 2

If our only axioms are formation, introduction and elimination axioms for logical con-
stants, then accordingto this theoremthe upper sequets of (Prim) canalways be derived,
sothat we may always start a derivation with hi® R for an axiom R.

The assertibility conditions and axioms for the standard connectives &, , %, ? are
preserted in Table 7.

The logical system basedon formation, introduction and elimination axioms for the
standard connectives yields intuitionistic propositional logic in the following sense.For

standard connectivesthe following holds: ®&(p;;:::;p,) is a valid formula of intuitionistic
propositional logic i® py prop;:::;p, prop = ®&py;:::;pn) true is schematically derivable
in SCML (i.e., derivable by using the schematic letters p;;:::;p, asatomic expressions)

Functional completenesss similar to Ch. 2 x 3 demonstratedby usinga translation g of
assertibility conditions into logically compound expressionswhich only usethe standard
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Table 7
Assertibility conditions and axiomsfor the standard propositional connectivesin
Martin-LAf's logical system

(The letters p and g stand for p; and p,, respectively. The schematic letter r is to be
instantiated by arbitrary judgemerts.)

(&) = f(ptrue;qtrue)g = p prop; (p true) q prop)

p prop; (p true) qprop)) p& g prop (&F)
(&);ptrueqtrue) pé&qprop (&)
(&);(p&qtrue)  (r));(p&qtrue); ((ptrug;qtrue)) r)) r (&-E)

equivalent: (&) ;p& qtrue) ptrue
(&);p&gtrue) qtrue

(_) = fptrue qtrueg (_) = p prop; g prop
P prop; g prop) p_ g prop (_-F)
(U);ptrue) p_ qgtrue -

(_):qtrue) p_ gtrue

(L):(p_qtrue) (r));(p_qtrue);(ptrue) r);(qtrue) r)) r (_-E)
(¥2) = fptrue) qtrueg (¥2) = p prop; (p true) q prop)

p prop; (p true) g prop)) p ¥aq prop (¥+F)
(%), (ptrue) qprop)) p%aqtrue (%1)
(¥%9);(p¥aqtrue) (r));(p%aqtrue);((ptrue) qtrue)) r)) r (¥%+E)

equivalert:  (%4);p % q true; p true) qtrue
(?) = (?) = hi
hi) ? prop (? -F)

no ? -introduction axiom

(? true) (r));? true) r (? -E)
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connecties:

g(®true) = ®
g(hi) =?%4?

9(¢) %= 9(¢) ¥9(%:

It caneasilybe shovnthat (¢) * g(¢) propis schematically derivable® and that for any
assertibility condition ¢[ p],

(eo) if hi®  (¢[ A)]) is derivablethen sois (¢[ A]) a* g( (¢[ A])) true.

Then we de ne

h(S(p) = 9(¢ a[p]) _:::_ 9 m[p]) i (S) 6 ;
h(S(p) = ? it (S)=:.

Following the methods descrited in Ch. 2 x 3 it can be shown that for all A, if
hi = (S)[A] is derivable, then we can derive S(A) true a~ h(S(A)) true and hence

replaceS by an expressionwhich only cortains the standard connectives’

An assertion like (ax0) cannot be proved for arbitrary X instead of instances¢[ A]
assertibility conditions ¢[ p]. If in sud an X a judgemen A prop occurs at someplace,
g(X) (or a correspnding translation operating on sequence®f judgemerns rather than
judgemen schemata) is not de ned, since,as remarked above, we do not have a logical
constart which expresse# prop. The fact that in Martin-LAf's logical theory judgemerts
of higher levelscannot always be translated into categoricaljudgemers givesthe concept
of iterated hypothetical judgemers a signi cancethat goesmuch beyond questionsof a
uniform treatment of logical reasoning.

5The corverseit not valid. For example, we cannot schematically derive p& q prop” p prop. This is
due to the fact that inversesto the formation axioms are not available in SCML, i.e., we do not have
S(p)) (S) asa axiom schema.

7Sincewe assumethat hi®  (S)[A] is derivable we have no schematicelimination of S. Thus the result
is slightly wealker than the corresponding results of the previous chapters. The reasonis again that we
have no inversesof formation rules.
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