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In tro duction

The aim of this study is to extend Gentzen's notion of structure by proposing a general
theory of reasoningwith rules. Its background is a certain tradition of proof theory whose
basic tenet is that investigating formal reasoningand therefore proofs is essentially a
philosophicalrather than mathematical venture, even when technical methods are used.

Underlying this approach is the idea that logic as a philosophicaldiscipline with foun-
dational claims is primarily a theory of logical inference. According to this view, the basic
task of logic is to study how propositions are established (possibly from other proposi-
tions asassumptions)on purely formal grounds.Logical proofs receive an epistemological
interpretation: They are thought to represent a basic activit y by meansof which hu-
mansacquireknowledge.Proofs are correct not by virtue of an external notion of logical
consequence,but becauseeach single inferencestep is directly evident by virtue of the
meaningsof the logical constants involved in it. Thus, whether or not a proposition is a
logical consequenceof other propositions is a result of inferencesteps.

The epistemologicalunderstanding of \pro of" was standard in the philosophical tra-
dition from Aristotle and Euclid to Frege. In 20th century logic, in particular within
Hilbert-style proof theory, it shifted to the idea of formal proofs or derivations. A formal
proof can be consideredan arrangement of symbols generatedby a ¯xed set of primitiv e
rules. Theserules indicate which strings of symbols onemay begin with and which steps
one may use to move from the symbols already generatedto other ones.Consequently,
Hilbert consideredproof theory a newbranch of mathematics,called \metamathematics"
(seeHilbert 1923).

Within proof theory, this formalist position wasimplicitly challengedby Gentzen'swork,
in particular by his \In vestigations into Logical Deduction" (Gentzen 1935a).Although
Gentzen understood himself as working within Hilbert's program of justifying classical
mathematics by meansof consistencyproofs (seeGentzen 1938), his way of developing
systemsfor formalizing mathematics has implications which transcendthis program. In
particular, Gentzen did not merely considerhis calculusof natural deduction as a useful
tool of metamathematics,but alsorelied on considerationsconcerningthe meaningsof the
logicalconstants (Gentzen1935a,p. 187-188).Heclaimedthat natural deduction|with its
characteristicsystematicsof introduction andelimination rules|re°ected \real" reasoning
(ibid.). In doing so, Gentzen met the central requirement of an epistemologicalreading
of proofs: that every inferencestep givesus a certain amount of \insight". This tradition
was continued by Prawitz (1965), who formulated the systematicsof Gentzen's rules of
natural deduction in the form of an \in version principle" related to Lorenzen's(1955)
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vi INTR ODUCTION

similar principle of the samename. The traditional philosophical senseof \pro of" was
then explicitly re-establishedin proof theory by Prawitz (1973,1974),who also pointed
out the relationship betweenproof theory and the theory of meaningin Dummett's sense
(seeDummett 1975,Prawitz 1977,1981,1987,and Tennant 1987).About the sametime
Martin-LÄof started developinghis intuitionistic theory of types(seeMartin-LÄof 1975)asa
foundational theory of constructive mathematicsbasedon epistemologicaland semantical
considerations.

This philosophical conceptionof proof theory does not imply that we may no longer
work in the context of formal systemsif wewant to claim philosophicalsigni¯cancefor our
results. It meansonly that we must make the inferencerules and inferenceschemata of
our formal systemsintuitiv ely plausible in such a way that derivations in a formal system
can be consideredcodi¯cations of arguments. In many casesit is even preferableto ¯rst
consider formal systemsrather than to immediately passon to \real" reasoning,since
formal systemsrequire certain standardsof precisionwhich otherwisecannot always be
reached.1

When formal proofs are presented in a sequent-style framework, not all inferenceswill
refer to the logical form of expressions,i.e. to the way expressionsare composedfrom
subexpressionsby meansof logical constants. Inferencesof this kind were called \struc-
tural" by Gentzen (1935a).Examplesare thinning or contraction, which can be written
as follows by using X for ¯nite lists of formulae, A and B for formulae and the turnstile
\ ` " as the sequent sign:

X ` A
B; X ` A

B; B ; X ` A .
B ; X ` A2

To motivate our extensionof Gentzen'snotion of structure weconsiderthe following three
inferencesteps,which may bepart of a sequent calculusof intuitionistic propositional logic
(as in Gentzen 1935b):

(¤1)
X ; A ` B

(¾-I)
X ` A ¾ B

(¤2)
X ` A X ` B (&-I)

X ` A & B

(¤3)
X ` A _ B X ; A ` C X ; B ` C

(_-E)
X ` C

Normally thesestepswould be regardedas instancesof three speci¯c inference schemata:
the ¯rst as an instanceof ¾-introduction, the secondof &-introduction, and the third of

1It should be mentioned in this context that central epistemological and semantical principles of
Prawitz's and Martin-LÄof's philosophical theories result from re-interpreting technical notions of the
theory of natural deduction systems.

2Only sequents with one formula in the succedent are taken into consideration here.
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_-elimination. Sincethese inferenceschemata refer to particular logical constants, they
are usually called logical inferenceschemata,as opposedto structural ones.

Our proposal is to consider(¤1), (¤2) and (¤3) as instancesof one general inference
schemawhich governs the application of rules. Such a schemacan be written as

(¤¤)
X ; Y1 ` A1 : : : X ; Yn ` An(Y1 ) A1); : : : ; (Yn ) An ) ) D ,

X ` D

where (Y1 ) A1); : : : ; (Yn ) An ) ) D is the rule to be applied. In the caseof (¤1) it has
the form (A ) B) ) A ¾ B, in the caseof (¤2) the form A; B ) A & B and in case(¤3)
the form (A _ B; (A ) C); (B ) C)) ) C. In general, the intended meaning of the rule
(Y1 ) A1); : : : ; (Yn ) An ) ) D, which is madeexplicit by (¤¤), is the following: If for each
i (1 · i · n) we have establishedA i under the assumptionsYi and X , then we may pass
over to D (under the sameassumptionsX ).

In our proposal we strictly distinguish between rules on the one hand, which are a
certain sort of syntactic objectswritten linearly by usingthe rule arrow \ ) ", and inference
schemataon the other, which are written two-dimensionallyby using an inferenceline
and from which derivation trees can be constructed. This meansthat we refrain from
identifying rules with speci¯c inferenceschemata and instead considerthe application of
rules as something proceedingaccording to certain general inferenceschemata such as
(¤¤). Sincethesegeneralinferenceschemata do not refer to the internal (logical) form of
formulae,they may becalledstructural andput in parallel to thinning or contraction. Thus
in our systems,all inferenceschemataarestructural inferenceschemata.Sincethe speci¯c
content of a givensystemis represented by certain primitiv erules,wemay changea system
by altering its primitiv e rules, whereby the inference schemataremain ¯xed. For example,
supposethe disjunction-free fragment of intuitionistic logic is given. Then a full system
of intuitionistic logic could be obtained without altering any inferenceschemaby simply
adding the primitiv e rules A ) A _ B, B ) A _ B and (A _ B; (A ) C); (B ) C)) ) C.
This meansin particular that if we can prove somethingthat reliesonly on the inference
schemata given, it holds for all systemswhich vary only in the choiceof primitiv e rules.

Of course,it is not possibleto formulate a generalconceptof \rule" and corresponding
generalinferenceschematafor rule application which cover everything logicconsidersto be
an inference.Nonetheless,certain notions of ruleswith corresponding structural inference
schemata can be developed that allow us to treat certain branchesof logic in a uniform
manner. In particular, we shall discusssystemsof ¯rst-order logic with an arbitrary num-
ber of logical operators(Chs. 1 to 3), atomic inferencesystemsusedin logic programming
(Ch. 4), systemsof relevancelogic (Ch. 5) and logical systemsof the kind proposedby
Martin-LÄof (Ch. 6). Thus we speak of \structural frameworks" permitting the treatment
of certain types of logical and non-logical systems.More precisely, we understand by a
structural frameworka conceptof \rule" alongwith a setof inferenceschematathat de¯ne
how rules are handledwithin derivations. We shall show how di®erent ideasabout formal
reasoningmay lead to di®erent underlying structural conceptions.

Once we have introduced rules as special objects which are treated in derivations ac-
cordingto certain structural inferenceschemata,there is no reasonwhy weshouldconsider
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only primitive rulesof inference.In addition to primitiv e rules,which aresoto speakgiven
from \without", we may allow for rules as assumptionswhich occcur in sequents to the
left of the turnstile. Sinceeven formulae can be consideredlimiting casesof rules (viz. of
rules which permit oneto establishthe formula itself), the result is a systemin which all
elements of a sequent are rules. This leadsto a generalizedconceptof a rule: If a rule can
occur in the antecedent of a sequent, it should alsobe allowed to occur as the premiseof
another rule. The latter rule is then of greater complexity than rules in the usual sense.
By iterating rule formation in this way, we obtain a generalconceptof higher-level rules.
Correspondingly, structural schematacanbe developed which govern reasoningwith such
rules in a plausibleway.

Rules of higher levels extend the available meansof expressionin a signi¯cant way.
This hasparticular relevancefor the de¯nition of primitiv e rules for logical constants. If a
logical constant is characterizedby introduction and elimination rules,and the premisesof
its introduction rules are consideredsystemsof rules of potentially higher levels, then we
obtain a generalpattern for logical rules which yields a uniform perspective on a variety
of logical systems.3 The range of logical constants which is covered in this way depends
on the distinctions which are available at the structural level, i.e. on the possibilities for
formulating di®erent premisesof introduction rules. For example, if a kind of negation
is available at the structural level, then a corresponding logical constant of negation
can be de¯ned; and if a rule arrow which structurally expressesa certain \relevant"
connection is at one's disposal, then a logical constant for relevant implication can be
given introduction and elimination rules.This comescloseto Do·sen'sthesis,claimedwith
respect to a structural apparatus somewhatdi®erent from ours, that logical constants
serve as \punctuation marks" expressing\structural featuresof deduction" in the object
language(Do·sen1988,seealso1986b).4

Frameworkswith rulesof higher levelsarenot only important for the de¯nition of logical
constants. They are also a useful extensionof calculi for atomic formulae. In particular,
they lead to a natural extensionof de¯nite Horn clauseprograms and therefore of the
programminglanguagePROLOG, the theory of which canbedevelopedwithin a theory of
atomic systems.Although such an extensioncan alsobe described in purely logical terms
(by replacing the rule arrow \ ) " by implication \ ¾" and the comma by conjunction
\&"), the proof-theoretic approach basedon higher-level rules is both technically more
elegant and intuitiv ely more plausible.

Although the term \structural" was introducedby Gentzen in the context of sequent-
style calculi, it also makes sensefor systemsof natural deduction. For example, if we
regard a derivation of A that depends on a set of assumptionsX as a derivation of A

3This is of particular interest for the implementation of logical systemson a computer, since it re-
lieves one of the necessity of considering each particular system as a unit y of its own for which speci¯c
programming e®ortswould have to be expended.The most recent approach to a universal framework for
the de¯nition of logical (including type-theoretical) systemsis the Edinburgh LF (\logical framework"),
into which someof the ideas presented here concerning the general form of elimination rules have been
incorporated (seeHarper, Honsell and Plotkin 1987).

4In this investigation, however, we do not want to make general claims about delimiting logical con-
stants from non-logical ones,sincethis is a subject of its own.
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from any supersetof X (seePrawitz 1965),we are implicitly using a structural principle
which corresponds to thinning in sequent-style systems.This is even more obvious when
we extend the notion of structure to include inferenceschemata for rule application. In
natural deduction style, the inferenceschema(¤¤) would read as

[Y1]
...

A1 : : :

[Yn ]
...

An(Y1 ) A1); : : : ; (Yn ) An ) ) D ,
D

where the squarebrackets surrounding the Yi indicate that these assumptionsmay be
discharged.5 Nevertheless,we shall work only with sequent-style systemsin the following,
sincein sequents, which always display the assumptionsunder which an assertionis made,
structural featuresare more explicit.6 This is particularly important for the application
of higher-level rules in logic programming, in the theory of relevancelogic and in Martin-
LÄof's theory, which are central subjects of this study. For all of thesetopics it is essential
that the structural assumptionsare preciselystated.

Of course, introducing higher-level rules and the corresponding inference schemata
which govern their useis not the only way of extendingGentzen's ideaof structural infer-
ences.Another approach is to iterate sequent formation, thus yielding sequents of higher
levels, whereby antecedents and succedents themselves contain sequents. This proposal,
which has beenset forth by Do·sen(1980), leadsboth to a natural proof-theoretic treat-
ment of modal logics(Do·sen1985,1986a)and to a very plausiblephilosophicalapproach
to the problem of the logicality of \logical" constants (seeDo·sen1988).7

Another direction in which our structural frameworks could be extended is a deeper
treatment of negation.In the context of the present investigation,all negationsconsidered
are de¯ned or are de¯nable by constants expressingabsurdity. Using von Kutschera's
(1969) terminology, this meansthat negation is always understood in an \indirect" way
as \leading to something that is absurd". An interesting alternative is von Kutschera's
\direct" negation, which could be obtained by additionally introducing the concept of
refutation rules relating to the denials of sentences.A theory of this type of negation
wasdeveloped by von Kutschera (1969,1985)in a framework which, as far as its positive
propositional fragment is concerned(i.e. the fragment without the denial operator and
without quanti¯ers, seevon Kutschera 1968), is closely related to ours. Von Kutschera
usesthe iteration of an arrow \ ! " which is considerednot asa logical constant but asa
structural sign in our sense.This arrow functions both as the sequent sign (the turnstile
\ ` " in our notation) and as the rule arrow (our \ ) "). Although von Kutschera usesa
slightly di®erent justi¯cation for his system,referring to the idea of an in¯nite hierarchy

5For a theory of higher-level rules in natural deduction systemsseeSchroeder-Heister (1981, 1984a,
1984b).

6A sequent-style formulation of Schroeder-Heister(1984a)hasalready beenproposedby Avron (1986).
7The combination of both approaches|namely sequents of higher levels together with rules of higher

levels|is the subject of a joint project now being undertaken by Kosta Do·senand myself.
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of calculi, the formalism at which he ¯nally arrivesis similar to our systemSC3+ de¯ned
in Ch. 1 x 2.

A further limitation in our approach that might be removed in subsequent work is its
restriction to sequent calculi whosesequents haveonly oneelement in the succedent. With
respect to our conceptof higher-level rules, this restriction meansthat we consideronly
rules with single conclusions.A framework with multiple-conclusion rules that is based
on the idea of a structural analogueto logical disjunction might lead to a more adequate
treatment of systemsof classical logic.8 In our structural framework, classical logic is
dealt with by proposinga structural analogueto classical\reductio ad absurdum". With
multiple-conclusionsequents and rules, classicallogic could be obtained in a more direct
way. However, it would then not be a trivial task to provide structural disjunction with
an intuitiv ely plausiblemeaning.

Finally, in an evenmoreabstract setting than our structural frameworks, onecould dis-
cusswhether there is somegenericnotion of \rule" which encompassesvarious structural
notions of rules, especially the two typesof rules we are going to de¯ne (viz. extensional
and intensional ones,the latter in connection with relevance logic). Such an investiga-
tion, which would unify several structural frameworks in a \superstructure", would corre-
spond to Belnap's\display logic" (Belnap 1982),which developsgenericnotions of binary
structural combinations (corresponding to the comma), structural negation, and nullary
structural constants (representing truth or falsity). Di®erent structural requirements for
thesegenericcombinations lead to di®erent families of structural combinations, which in
turn lead to di®erent families of logical constants (such as Boolean, modal or relevant
constants).

As should be clear from theseintroductory remarks,our principal aim is a theoretical
one. That is, we do not claim that our sequent calculi, which provide a generalpicture
of how rules are handled in derivations, are best suited for carrying out derivations for a
speci¯c system.On the contrary, when working with a limited number of primitiv e rules,
it may be more convenient to identify rules (as is usual) with the inferencesor inference
schemata accordingto which they are applied. For us it is essential that reasoningwith
ruleshasstructural featureswhich can be|but do not always haveto be|made explicit.9

The guiding ideagoverning our investigationsis to give formal reasoninga uniform rep-
resentation by enriching its structural aspects. In Chapter 1 we develop several sequent-
style formalisms for reasoningwith higher-level rules and prove their equivalence.We
alsointroducerules with generality, which can expresseigenvariable conditions. In Chap-
ter 2 this framework is used to characterize logical constants by meansof introduction
and elimination rules which follow a generalpattern. In order to include quanti¯ers in
our approach, logical constants are consideredoperators with predicate terms as argu-
ments. In other words, variable-binding is connectedwith ¸ -abstraction and not with

8The term \m ultiple-conclusion logic" is due to Shoesmith and Smiley (1978).
9This alsoholds for other extensionsof Gentzen's structural apparatus mentioned above. For example,

for actually carrying out derivations in the modal logic S4, one would not normally useBelnap's display
logic or Do·sen's second-level sequents, although these conceptsgive us much insight into the structure
underlying S4 and are very useful for meta-theoretical investigations of this system.
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quanti¯cation. The standard constants of intuitionistic logic play a special role sincethey
su±ce to explicitly de¯ne all other logical constants whosecharacteristic rules follow our
generalpattern. Chapter 3 discusseshow logics other than the intuitionistic one can be
treated by introducing structural analoguesto absurdity and negation.In addition to the
proof-theoretic characterization of logical constants in Chapters 2 and 3, the framework
developed in Chapter 1 allowsus to de¯ne an extensionof logic programming,which is the
topic of Chapter 4. Here logic programsare regardednot merely as setsof de¯nite Horn
clauses(which are rules of levels 0 and 1), but as setsof arbitrary higher-level rules for
atomic formulae. Using purely proof-theoretic methods, the basic theoremsof soundness
and completenessof SLD-resolution can be carried over to our more generalframework.
Chapter 5 contains a theory of relevance logic, which, if we distinguish between exten-
sional and intensional rules, ¯ts in very well with our approach to higher-level rules. This
distinction generalizesideasby Read(1984),Slaney(1984)and others,who admitted two
binary structural operations (an extensionaland an intensional one) for combining the
antecedents of sequents. In the resulting framework logical constants canbe characterized
in the sameuniform mannerasbefore,but they now also include the standard constants
of relevancelogic, in particular relevant implication and relevant conjunction (\fusion").
It canbe shown that our system,whenrestricted to the standard connectivesof relevance
logic, is equivalent to a very elegant formalism by Readand Slaney. Finally, in Chapter 6
we deal with Martin-LÄof's logical theory, expanding it to include judgements of higher
levels (which is a better term in this context than \rules of higher levels"). We con¯ne
ourselves to the basic principles of this system, consideringit independently of its em-
bedding in type theory. Martin-LÄof's logical systemis of particular philosophicalinterest
becauseof its \presuppositional" nature: It doesnot allow us to even assumethat some-
thing is true if we have not shown beforethat it is a proposition. As a consequenceof this
feature, the contents of higher-level judgements cannot be expressedby logically complex
propositions in all cases.This distinguishesthe approach from all frameworks considered
in the precedingchapters.





Chapter 1

Structural Inference Schemata for
Higher-Lev el Rules

In this chapter we present di®erent possibilities of how to treat higher-level rules in a
sequent-style framework. We¯rst dealwith ruleswhich arenot quanti¯ed and then extend
our approach to rules in which generality can be expressed.

x 1. Iterating the rule arro w

Supposesomenotion of \form ula" is given. (In the propositional case,no further speci¯-
cation is necessary.) Rulesof level n are then de¯ned as follows:

Each formula is a rule of level 0. If X is a nonempty ¯nite set of rules of maximum
level n and A is a formula, then (X ) A) is a rule of level n + 1. ; ) A is an abbreviation
for A (and thus a rule of level 0). The elements of X are called the premisesand A the
conclusion of (X ) A).

We useA, B , C and D assyntactic variablesfor formulae,R and R0 for rules,and U, V,
W, X , Y and Z for ¯nite setsof rules,whereall of them canbe primed or have indices.In
the notation of rules, outer parenthesesare normally omitted. Furthermore, set brackets
surrounding premisesof rules are left out, i.e., R1; : : : ; Rn ) A is to be understood as
f R1; : : : ; Rng) A. The identi¯cation of ; ) A with A is both technically convenient and
agreeswith the intended meaningof a formula A when taken as a rule. It allows us to
write the generalform of a rule as

(X 1 ) B1); : : : ; (X n ) Bn ) ) A ;

including the casewhereoneof the premisesis just B i or even wherethe rule is nothing
but the formula A (without any premises).

We assumein the following that a set of rules is distinguished as the set of primitive
rules. In many cases(e.g. in the caseof logical rules), this set will be given by a ¯nite set
of rule schemata. However, the formulation of a structural framework is independent of
which rules are consideredprimitiv e and how they are speci¯ed. It is the central idea of

1



2 CHAPTER 1. STRUCTURAL INFERENCE SCHEMATA

structural frameworks in our sensethat the handling of rules is described in an abstract
way, whatever their content may be.

The intendedmeaningof a higher-level rule, which is to be formally capturedby certain
structural inferenceschemata, can be stated as follows. A rule of level 0, i.e., a formula
A, allows us to assertA. A rule of level 1, i.e., a rule of the form B1; : : : ; Bn ) A allows
us to passover to A, provided all B i (1 · i · n) have already been proved. A rule of
level greater than 1 of the form (X 1 ) B1); : : : ; (X n ) Bn ) ) A allows us to passover to
A, provided for each i (1 · i · n), B i has been proved from X i . Here X i may itself
contain higher-level rules,sothat we have a systemwith rulesboth asprimitiv e rulesand
as assumptions.

Another way of explaining the meaningof a rule, which is perhapsclearer,is to tell (1)
how to apply and (2) how to establisha rule. A rule A of level 0 is applied by assertingA,
and establishedby proving A. A rule X ) A is applied by passingover to A provided the
rules in X have beenestablished,and it is establishedby proving A wherethe rules in X
may beappliedasassumptions.Additional assumptionsmay bepresent, upon which rules
to be establisheddepend and which in rule applicationsare carried over from premisesto
conclusions.

We have usedthe term \pro ve" in an informal sense,applying it to statements made
under assumptions(as in natural deduction). The term \deriv e" will be used only for-
mally in connectionwith sequents. As discussedin the introduction, we expressthe idea
of something'sbeing proved or provable from assumptionsby derivations in a sequent
calculus.A sequent is an expressionof the form

X ` R ;

whereX is called the antecedent and R the succedent. A restricted sequent is of the form

X ` A ;

i.e., a sequent with only a formula allowed as succedent. The ¯rst formalism described
in the following usesrestricted sequents, all others use sequents. If we work with re-
stricted sequents, a terminology like \ X ` Y ) A" is neverthelessallowed. In that case,
it is considereda metalinguistic abbreviation for X [ Y ` A. Concerningthe antecedent
of a sequent, we write as usual X ; Y ` R for X [ Y ` R and X ; R ` R0 for X [ f Rg` R0,
etc. Furthermore, we useR a` R0 as an abbreviation for f R ` R0; R0` Rg, and X ` Y as
an abbreviation for f X ` R1; : : : ; X ` Rng, if Y is f R1; : : : ; Rng, and for the empty set, if
Y is empty. In this way, X ` Y is alsode¯ned for systemswith restricted sequents, since
X ` R is de¯ned for such systems.

Let SC be any of the sequent calculi de¯ned in the following. Then a derivation in
SC is a tree of sequents (or restricted sequents, if applicable) which is constructed from
inferences of the form

X 1 ` R1 : : : X n ` Rn

X ` R
:



x 1. Iterating the rule arrow 3

(The speci¯cation \in SC" is, as usual, omitted when it is clear from the context which
systemis meant.) A derivation is also called a derivation of its lowermost sequent. The
inferencesallowed are given by the set of inference schemataof SC. The sequents above
an inferenceline are called upper sequents, the sequent below the line lower sequent of
this inference.This terminology alsoappliesto inferenceschemata.The upper sequents of
an inferenceor inferenceschemaare consideredto form a set, which meansin particular
that the order of branchesin a derivation is not important. Nevertheless,sincethe upper
sequents are given in a certain order when stating an inferenceschema, we can refer to
the right or left upper sequent of an inferenceschemaor of its application in a derivation.

If for each i (1 · i · n), D i is a derivation of X i ` Ri , then the set fD 1; : : : ; Dng is
called a derivation of the set f X 1 ` R1; : : : ; X n ` Rng. As a limiting casethe empty set
is considereda derivation of the empty set. The length of a derivation is the number of
inferencestepsusedin it. A sequent X ` R is calledderivablein SC if there is a derivation
in SC of X ` R. A set of sequents is calledderivable if each element of the set is derivable.
The empty set of sequents is always consideredderivable.

An inference schemais called admissiblein SC, if its lower sequent is derivable in SC,
provided its upper sequents are derivable in SC. Two inferenceschemata I and I 0 are
calledequivalent in SC if I is admissiblein SCenlargedwith I 0, and I 0 is admissiblein SC
enlargedwith I . Two systemsSC and SC0 are called equivalent if each inferenceschema
of SC is admissiblein SC0 and vice versa.Obviously, this meansthe sameas

X ` R is derivable in SC i® X ` R is derivable in SC0;

so that equivalenceof systemsis an equivalencerelation.
Furthermore, we de¯ne derivabilit y and equivalencenotions for rules with respect to a

system SC with a ¯xed set of primitiv e rules. A rule R is called derivable in SC if the
sequent ; ` R is derivable. Rules R and R0 are called equivalent if R a` R0 is derivable.
Finite setsof rules X and X 0 are called equivalent if X a` X 0 is derivable. Rules R and
R0 are called equivalent as primitive rules if the following holds: R0 is derivable, if R is
addedto the setof primitiv e rules,and R is derivable, if R0 is addedto the setof primitiv e
rules. Sets X and X 0 are called equivalent as sets of primitive rules if each element of
X 0 is derivable when X is added to the set of primitiv e rules, and each element of X is
derivable when X 0 is addedto the set of primitiv e rules.

In the following we describe four structural formalisms for the reasoningwith higher
level rules, called SC1(with a variant SC10), SC2,SC3and SC4,which are proved to be
equivalent. Table 1 at the end of this sectiongivesa synopsisof their inferenceschemata.
The underlying set of primitiv e rules is assumedto be ¯xed for all calculi.

Formalism 1 (SC1)

This formalism works with restricted sequents. It has only two inferenceschemata, one
for the application of assumptionsrules and one for the application of primitiv e rules:

X ` Y (App-A)
X ; (Y ) A) ` A
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X ` Y
Y ) A (App-P) (provided Y ) A is a primitiv e rule).

X ` A
From here on we mention primitiv e rules to the left of the inferenceline at which they
\enter" a derivation. Note that according to our abbreviations, (App-A) and (App-P)
include

(Ini)
X ; A ` A

and

A (Axiom) ,
X ` A

respectively, asa special cases.If ; ) A and A had beendistinguishedasrules, thesetwo
inferenceschemata would have to be added to the calculus, and ; ) A a` A could be
formally derived. Each branch of a derivation in SC1must start with an inferenceof the
form (Ini) or (Axiom). Since the set X in the antecedent of the lower sequent of such
an inferencecan be arbitrarily augmented by a set Y without Y being a®ectedby later
applications of (App-A) and (App-P), the inferenceschemaof thinning

X ` A (Thin)
X ; Y ` A

is admissiblein SC1.
A variant of SC1,calledSC10, workswith (unrestricted) sequents. Its inferenceschemata

are those of SC1 (where upper sequents of the form X ` Y ) A are now understood as
they stand and not as abbreviations for X ; Y ` A), and in addition

X ; Y ` A
() +)

X ` Y ) A
:

Lemma 1.1 SC1 and SC10 are equivalent, i.e., X ` R is derivable in SC1 i® X ` R is
derivable in SC10 (where in SC10 X ` R is usedasan abbreviation if R is not a formula).

Pro of A derivation of X ` R in SC1 is obtained from a derivation of X ` R in SC10 by
simply omitting all applicationsof () +). Conversely, given a derivation of X ` R in SC1,
we have to insert applications of () +) at all placeswhere the abbreviatory reading of
U ` Z ) B as U; Z ` B in upper sequents of inferenceschemata is used.This gives us a
derivation of X ; Y ` A in SC10 if R is Y ) A. Application of () +) then yieldsa derivation
of X ` R. 2

Lemma 1.2 The following inferenceschemata are admissiblein SC10:

(Re°)
R ` R

R (Prim) (R primitiv e rule)
; ` R
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X ` R (Thin)
X ; Y ` R

X ` R Y; R ` R0

(Trans0)
X ; Y ` R0

X ` Y ) A () ¡ ) .
X ; Y ` A

Pro of (Thin) is admissiblein SC10 sinceit is admissiblein SC1.
() ¡ ) is admissible,since() +) is the only inferenceschemaof SC10 allowing to intro-
ducethe rule arrow \ ) " to the right of the turnstile.
(Re°) We useinduction on the level of R. If R is a formula, R ` R follows by (App-A).
If R has the form Y ) A, we know by induction hypothesisand (Thin) that Y ` Y can
be derived. By (App-A) we obtain Y; (Y ) A) ` A, and by () +) R ` R.
(Prim) SupposeR is of the form Y ) A. Then we obtain Y ` Y by (Re°) and (Thin),
thus Y ` A by (App-P) and ; ` Y ) A by () +).
(T rans) We use induction on the pair hlevel of R; length of derivations of Y; R ` R0i . If
the derivation of Y; R ` R0 is of the form

A (A primitiv e rule) ;
Z ` A

then X ; Y ` R0 is X ; Y ` A and can be obtained by the a step of the samekind. If it is of
the form

,
Z; A ` A

and R is in Z , then X ; Y ` R0 is U; A ` A for someU and can be obtained by a step of the
samekind. If R is A, then X ` R is X ` A, from which X ; Y ` R0 is obtained by (Thin).
Supposethe length of the derivation of Y; R ` R0 is greater than 1. If (App-P) or () +)
is applied in the last step, we passto their upper sequents, usethe induction hypothesis
(with the left upper sequent X ` R of (Trans0) being unchanged),and apply the step in
questionagain. If a step of (App-A) of the form

U ` Z
U; (Z ) B) ` B

is used to derive the right upper sequent of (Trans0), and R is in U, we proceedin the
sameway. If R is Z ) B , then we obtain from the left upper sequent of (Trans0) X ; Z ` B
by () ¡ ). Each rule in Z is of lower level than R. Hencefrom U ` Z and X ; Z ` B we
obtain by iterated application of the induction hypothesisX ; U ` B , which is the sameas
X ; Y ` R0. 2 1

1Avron (1986) investigateda systemwith the inferenceschemata (App-A) (but restricted to nonempty
Y), (Thin) and

(I) .
A ` A
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Formalism 2 (SC2)

The intuitiv e idea behind the inference schemata (App-A) and (App-P) was that by
applying the rule Y ) A we may passover from Y to A. If Y ) A is not a primitiv e rule,
it is added to the set of assumptions.The idea underlying SC2 is that a rule must ¯rst
be stated beforeit can be applied. As all subsequent formalisms,SC2uses(unrestricted)
sequents. Its inferenceschemata are:

(Re°)
R ` R

R (Prim) (R primitiv e rule)
; ` R

X ` R (Thin)
X ; Y ` R

X ` Y X ` Y ) A (App)
X ` A

X ; Y ` A
() +) .

X ` Y ) A

Theorem 1.3 SC10 and SC2are equivalent.

Pro of We ¯rst show that all inferenceschemata of SC10 are admissiblein SC2: Appli-
cations of (App-A) or (App-P) with Y empty can be replacedby applications of (Re°)
or (Prim), respectively, in SC2, followed by (Thin). Applications of (App-A) with Y
nonempty can be replacedby the following derivation in SC2:

X ` Y (Thin)
X ; (Y ) A) ` Y

(Re°)
Y ) A ` Y ) A (Thin)

X ; (Y ) A) ` Y ) A
(App) .

X ; (Y ) A) ` A

Applications of (App-P) with Y nonempty can be replacedby the following derivation in
SC2:

X ` Y

(Prim)
; ` Y ) A (Thin)
X ` Y ) A (App) .

X ` A

(These three schemata are exactly as strong as our (App-A) with Y allowed to be empty.) Instead of
using oneschema like (App-P) for the application of primitiv e rules, Avron added for each primitiv e rule
Y ) A the inferenceschema

X ` Y .
X ` A

Although this is conceptually di®erent from our approach, derivations in Avron's systemand derivations
in SC1 can easily be translated into each other. (Actually , they are identical if in Avron's system(Thin)
is dropped and (I) is replacedby (Ini).) Avron also demonstratesthat X ` A is derivable in his systemif
A can be proved from X in the natural deduction system of Schroeder-Heister(1984a).
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The schema() +) is itself an inferenceschemaof both SC10 and SC2.For the converse
direction, we only have to show that (App) is admissiblein SC10. The rest follows from
Lemma 1.2 and the fact that () +) is an inferenceschema of SC10. Concerning(App),
we observe that () ¡ ) is admissiblein SC10 (Lemma 1.2). Thereforethe admissibility of
(App) can be reducedto that of (Trans0) in SC10 (Lemma 1.2). 2

Formalism 3 (SC3)

SC3 is just a slight modi¯cation of SC2. As inferenceschemata we take (Re°), (Prim),
(Thin) and () +) as before,but replace(App) by

X ` R R ` R0
(Trans)

X ` R0

and add

X ` Y ) A () ¡ ) .
X ; Y ` A

The schema() ¡ ) must be addedsinceit is no longeradmissiblewhen(App) is replaced
by (Trans). (Trans) may look strange,sinceit doesnot seemto incorporate the idea of
the application of assumptionrules, which is central to our approach. However, (Trans)
is obviously equivalent to

X ` Y X ; Y ` A
X ` A

(one simply does several steps in one). Like (App) the latter schema now expressesthe
idea of rule application, the only di®erencebeing that the rule Y ) A is not explicitly
stated in the succedent of the right upper sequent, but implicitly with its premisesin the
antecedent.

Theorem 1.4 SC2and SC3are equivalent.

Pro of By Lemma1.2,all inferenceschemataof SC3areadmissiblein SC10, (Trans) being
a special caseof (Trans0). Therefore,by Theorem1.3, they are admissiblein SC2.For the
conversedirection we only have to show that (App) is admissiblein SC3.Due to () +)
and () ¡ ), this is reducedto applications of (Trans). 2

Formalism 4 (SC4)

This formalism usesan inferenceschemathat introducesthe rule arrow to the left of the
turnstile. It wasproposedby HallnÄas(1986)asa most convenient systemfor the treatment
of logic programming with higher-level rules. SC4has the following inferenceschemata:

(Ini)
X ; A ` A

X ` Y
Y ) A (App-P) (Y ) A primitiv e rule)

X ` A



8 CHAPTER 1. STRUCTURAL INFERENCE SCHEMATA

X ` Y X ; A ` R
() ` )

X ; (Y ) A) ` R

X ; Y ` A
() +) .

X ` Y ) A

Obviously, () +) and () ` ) correspond to the introduction rules for implication to the
right and left of the turnstile in \symmetric" sequent calculi (seeGentzen 1935a).The
schema (Ini) is not a limiting caseof () ` ), whereasin SC1 and SC10 (to which SC4
is related by its schema (App-P)), it was a special caseof (App-A). Thus it must be
formulated as a separateinferenceschema.

Theorem 1.5 SC10 and SC4are equivalent.

Pro of The inferenceschema(App-A) is admissiblein SC4,sincefor empty Y applications
of (App-A) can be replacedby applications of (Ini) and for nonempty Y by the following
derivation:

X ` Y
(Ini)

X ; A ` A
() ` ) .

X ; (Y ) A) ` A

To show that () ` ) is admissiblein SC10, we apply (App-A) to the left upper sequent of
() ` ), yielding X ; (Y ) A) ` A, and usethe admissibility of (Thin) and (Trans0) in SC10

(Lemma 1.2). (Ini) is a special caseof (App-A). 2

For computational purposes,by which we here mean backward reasoning,the systems
SC2and SC3are not appropriate, sincecertain information is lost in the lower sequents
of (App) and (Trans) which is present in the upper sequents.

Table 1 presents the inferenceschemataof the sequent calculi de¯ned. From hereon, a
doubleline is usedto represent two schemata,onereaddownwardsand onereadupwards.
The label to the right inde¯nitely refers to both schemata. The downward schema is
speci¯cally referred to by adding a \+" to this label, the upward schema by adding a
\ ¡ ".

x 2. Rules with rules as conclusions

Rules are formed by iteration of the rule arrow \ ) " to the left, i.e. they have the form
X ) A for a ¯nite set of rules X . Philosophically, it would make good senseif we also
allowed for rules to occur to the right of the rule arrow. Such rules have the generalform
X ) R, where R may itself be of the form Y ) R0. A rule X ) R would enableus to
establishR, if we have establishedX . Theseextendedruleswill be called\r-rules" (where
\r" is to remind one of \righ t iteration"), as distinguished from rules simpliciter. In the
structural framework for relevancelogic (seeCh. 5 below) rules with rules asconclusions
will becomethe standard form of rules. The conceptof an r-rule is de¯ned as follows:

Each formula is an r-rule of level 0. If X is a nonempty ¯nite set of r-rules of maximum
level m and R an r-rule of level n, then (X ) R) is an r-rule of level max(m; n) + 1. ; ) R
is consideredan abbreviation for R.
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Table 1
Inferenceschemata of the structural systemsSC1to SC4

(Rules mentioned to the left of an inferenceline are assumedto be primitiv e.)

SC1

X ` Y (App-A)
X ; (Y ) A) ` A

X ` Y
Y ) A (App-P)

X ` A

SC10

X ` Y (App-A)
X ; (Y ) A) ` A

X ` Y
Y ) A (App-P)

X ` A

X ; Y ` A
() +)

X ` Y ) A

SC2

(Re°)
R ` R

R (Prim)
; ` R

X ` R (Thin)
X ; Y ` R

X ` Y X ` Y ) A (App)
X ` A

X ; Y ` A
() +)

X ` Y ) A

SC2+ (seex 2) has the letter \ R" instead of \ A" in (App) and () +)

SC3

(Re°)
R ` R

R (Prim)
; ` R

X ` R (Thin)
X ; Y ` R

X ` Y R ` R0
(Trans)

X ` R0

X ; Y ` Y
() )

X ` Y ) A

SC3+ (seex 2) has the letter \ R" instead of \ A" in (App) and () +).

SC4

(Ini)
X ; A ` A

X ` Y
Y ) A (App-P)

X ` A

X ` Y X ; A ` R
() ` )

X ; (Y ) A) ` R

X ; Y ` A
() +)

X ` Y ) A
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All notational conventions of the previoussectionextend to the present case,the syn-
tactic variablesfor rules and setsof rules now alsocomprisingr-rules and setsof r-rules.
As a codi¯cation of the reasoningwith r-rules we present the following modi¯cation of
SC3,called SC3+:

(Re°)
R ` R

R (Prim) (R primitiv e rule)
; ` R

X ` R (Thin)
X ; Y ` R

X ` R R ` R0
(Trans)

X ` R0

X ; Y ` R
() ) .

X ` Y ) R

In () ) wehave the syntactic variable \ R" for rulesinsteadof \ A" for formulae.Otherwise
the inferenceschemata of SC3 and SC3+ are literally the same.But, of course,there is
a di®erencein the interpretation of the syntactic variableswhich in SC3+ refer to r-rules
and setsthereof.

Sinceevery rule is an r-rule, every derivation in SC3is a derivation in SC3+, provided
the primitiv e rules of SC3 are primitiv e rules of SC3+. Therefore SC3+ is at least as
strong as SC3. We shall show that SC3+ can be embeddedin SC3, so that it does not
properly extend SC3.

We de¯ne a transformation s which translatesr-rules and ¯nite setsof r-rules into rules
and ¯nite setsof rules in a natural way.

s(A) = A
s(Y ) R) = (s(Y); X ) ) A; if s(R) = X ) A
s(; ) = ;
s(f R1; : : : ; Rng) = f s(R1); : : : ; (Rn )g.

By induction on the level of r-rules R it can be shown that s(R) is always de¯ned and
is a rule. The secondclausein this de¯nition can be rephrasedas

s(Y1 ) (Y2 ) : : : ) (Yn ) A) : : :)) = (s(Y1); : : : ; s(Yn )) ) A :

Lemma 1.6 Let X and Y be ¯nite setsof r-rules and R be an r-rule. Then the pair of
inferenceschemata

s(X ); s(Y) ` s(R)

s(X ) ` s(Y ) R)

is admissiblein SC3.

Pro of If s(R) is of the form Z ) A, then the upper sequent is of the form
s(X ); s(Y) ` Z ) A and the lower sequent of the form s(X ) ` (s(Y); Z ) ) A. The assertion
then follows by useof () ). 2

Lemma 1.7 Let R be an r-rule. Then R a` s(R) is derivable in SC3+.
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Pro of by induction on the level of R. If R is a formula A, the assertionis trivial. Suppose
R is of the form Y ) R0 for nonempty Y. Then we have the following derivation in SC3+:

(Re°)
R ` R () )

R; Y ` R0

.

.

.

.

.

induction hypothesiswith respect to Y and R0, (Trans) and () )

R; s(Y) ` s(R0)
() ); s(R0) supposedto be of the form X ) A

R; s(Y); X ` A
() ) .

R ` s(R)

The sequent s(R) ` R is derived similarly by reading this derivation upwards, with the R
to the left of the turnstile replacedby s(R). 2

Theorem 1.8 (Embedding of SC3+ in SC3) Supposea set of r-rules is given as the set
of primitiv e r-rules for SC3+. Let for each such primitiv e r-rule R0 the rule s(R0) be a
primitiv e rule for SC3.Then for any r-rule R and ¯nite setof r-rules X , the sequent X ` R
is derivable in SC3+ i® s(X ) ` s(R) is derivable in SC3.

Pro of Suppose a derivation of X ` R is SC3+ is given. Applications of the inference
schemata (Re°), (Prim), (Thin) and (Trans) immediately becomeapplications of the
corresponding inferenceschemata of SC3 when r-rules and sets thereof are transformed
by s. For applications of () ) we use Lemma 1.6. Conversely, supposea derivation of
s(X ) ` s(R) in SC3is given. We replaceeach step

s(R) (Prim)
; ` s(R)

by the following stepsin SC3+:

R (Prim)
; ` R

Lemma 1.7
R ` s(R)

(Trans) ,
; ` s(R)

and leave all other stepsunchanged.The result is a derivation of s(X ) ` s(R) in SC3+.
By using Lemma 1.7, (Trans) and () ) we obtain a derivation of X ` R in SC3+. 2

Theseresults show that it is justi¯ed to considerr-rules of the form X ) R to be abbre-
viations for rules s(X ) R) and to work with SC3 rather than SC3+. This is no longer
possiblein systemswhich usemore complicatedassumptionstructures than just setsto
the left of the turnstile. The structural framework for relevancelogic discussedin Ch. 5
will serve as an example.It will be formulated as a strongly modi¯ed versionof SC3+.
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For the other sequent calculi discussedin the previous section, versions for r-rules
are available, too. We here only mention SC2+, since it will be the starting point for
our formulation of Martin-LÄof's logic in Ch. 6. The system SC2+ results from SC2 by
replacing the syntactic variable \ A" by \ R":

(Re°)
R ` R

R (Prim) (R primitiv e rule)
; ` R

X ` R (Thin)
X ; Y ` R

X ` Y X ` Y ) R (App)
X ` R

X ; Y ` R
() +) .

X ` Y ) R

Corresponding to Theorem 1.8, SC2+ can be embedded in SC2: It is easy to seethat
SC2+ and SC3+ are equivalent. Since we also know that SC2 and SC3 are equivalent
(Theorem 1.4), the assertionis a consequenceof Theorem1.8.

x 3. Rules with generalit y

In this sectionwe extend the formalism of x 3 by ruleswhich expressgenerality. Following
the practice of many proof-theoretic investigations,we distinguish free and bound vari-
ablesby di®erent kinds of symbols. We supposethat in¯nitely many free variables and
in¯nitely many bound variablesare at our disposal and that terms are de¯ned so as to
include free variables,but not bound variables.Here variablesand terms are understood
in the senseof ¯rst-order logic, i.e., as individual variablesand individual terms. It may
be mentioned, however, that our approach can in principle be carried over to higher-order
logic. We usea, b, c as syntactic symbols for free variables,x, y, z for bound variables,t
for terms, a, b, c for (possiblyempty) ¯nite sequencesof distinct freevariables,x, y, z for
(possibly empty) ¯nite sequencesof distinct bound variables,and t for (possibly empty)
¯nite sequencesof (not necessarilydistinct) terms.

We assumethat formulae are de¯ned in such a way that bound variables only occur
in the scope of a variable-binding operator and that bound variables are separatedin
the following sense:If in the scope of a variable-binding operator Q1x a variable-binding
operator Q2y occurs (where Q2 may be the same operator as Q1), then x and y are
disjoint. As before,A, B , C are syntactic symbols for formulae.

If a is a1; : : : ; an , t is t1; : : : ; tn and E is an arbitrary expression,then E [a=t] denotes
the result of simultaneously substituting all ai in E by t i (1 · i · n). E [a=x] is de¯ned
similarly. The substitution operation is of strongestprecedence,i.e., it always applies to
the smallestsyntactic unit to its left. When writing [a=t] or [a=x] we always asumethat
a and x or a and t, respectively, are of the samelength. If a and t are empty, then E [a=t]
is E. Of the concept of \form ula" we require that it be closedunder substitution, i.e.,
A[a=t] is a formula for each formula A.
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To expressgenerality in ruleswe usethe pre¯x ) x for arbitrary nonempty x, calledthe
generality operator. Ruleswith generality are then de¯ned by adding the following clause
to the inductive de¯nition of rules of higher levels:

If R is a rule of level n, which doesnot start with the generality operator, and if a and
x are nonempty, and no element of x occursin R, then ) x R [a=x] is a rule of level n + 1.
(Note that accordingto our conventions, in ) x R [a=x] the substitution [a=x] applies to
R and not to ) x R.) ) x R is identi¯ed with R, if x is empty.

This de¯nition treats the generality operator as a variable-binding operator, and the
above restriction for formulae(bound variablesonly occur in the scope of variable-binding
operatorsand areseparated)arecarriedover to rules.Wedo not allow for rulesof the form
) x() y R [a=y])[b=x]. Instead of ) x(X [a=x] ) A [a=x]) we alsowrite X [a=x]) x A [a=x].
However, it should be clear that we strictly distinguish the generality of a rule from
the rule arrow as expressinghypothetical dependence.This is di®erent from our natural
deduction style presentation in Schroeder-Heister(1984b) as well as from Martin-LÄof's
treatment of \h ypothetico-general" judgements (Martin-LÄof 1985a),where generality is
only treated in connectionwith hypothetical dependence.

The intended meaningof a rule ) x R [a=x] can be stated by telling how to apply and
how to establish it (possibly under assumptions).To apply ) x R [a=x] meansto apply
R [a=t] for an arbitrary t. In other words, the rule ) x R [a=x] may be usedas if it were
any of its instancesR [a=x]. To establish) x R [a=x] meansto prove R schematically, i.e.,
to prove R [a=b] for someb whoseelements do not occur in the assumptionsunder which
) x R [a=x] is established.

The generality operators within the premisesof a rule may be consideredto express
eigenvariable conditions: Described in natural deduction style, a rule of the form

((X 1 [a1=x1] ) x1
A1 [a1=x1]); : : : ; (X n [an=xn ] ) xn

An [an=xn ])) ) A

allows us to passover to A, if for each i (1 · i · n), A i hasbeenproved from X i in such
a way that the elements of ai do not occur in assumptionson which A i dependsexcept
X i .

When working with restricted sequents, we useX ` ) x R [a=x] as an abbreviation for
X ` R [a=b], whereb is chosenin a unique way such that no element of b occurs in X . If
R is of the form Y ) A, this meansX ; Y [a=b] ` A [a=b].

Before we describe which schemata for generality are to be added to the di®erent
formalisms,we must explain the relation betweenassumptionrules and primitiv e rules,
which is somewhatdi®erent in the present case.If we can derive the sequent X ` R in
oneof our formalisms,we want to be able to alsoderive X [a=t] ` R [a=t]. Rules taken as
assumptionsare not problematic in that respect sincethey occur somewherewithin X ,
the freevariablesa in theserulesbeingsubstituted by t. Primitiv e rules,however, aresoto
speak\applied from outside", i.e. substitution in the sequent to be deriveddoesnot a®ect
them. Thereforewe have two possibilities: (1) We require that the set of primitiv e rules
be closedunder substitution, i.e., if R is a primitiv e rule then sois R [a=t]. Primitiv e rules
are then usedin a derivation as they stand. If we needan instanceR [a=t] of a primitiv e
rule R in a derivation, we just usethis R [a=t] asa primitiv e rule of its own. (2) Formation
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of substitution instancesR [a=t] of primitiv e rules R is not a closurecondition for the set
of primitiv e rules, but a step performed when using primitiv e rules in a derivation. We
shall follow the secondalternative.

Furthermore,weassumethat primitiv erulesareof the form Y ) A, i.e. they do not start
with a generality operator (but may contain generality operators within Y). Otherwise
we would have to introduceinferenceschemata which allow to specializea primitiv e rule
of the form ) x R [a=x] to R [a=t]. This specialization is alreadycontained in our inference
schemata,whenR is taken asa primitiv e rule. Intuitiv ely, the freevariablesof a primitiv e
rule must be understood as generalized.

The sequent calculi SC1,SC10, SC2,SC3and SC4areto bealteredasfollows,whengen-
erality in rules is added.The resulting systemsarecalledSC1Q,SC10Q, SC2Q,SC3Qand
SC4Q,wherethe \Q" should remind oneof \quanti¯ed". When the notation ) x R [a=x]
is used,it is always assumedthat R doesnot start with a generality operator.

SC1Q

The inferenceschema(App-P) is replacedby

X ` Y [a=t]
Y ) A (App-P¤) (Y ) A primitiv e rule)

X ` A [a=t]

and the inferenceschema
X ; R [a=t] ` A

(Geǹ )
X ; ) x R [a=x] ` A

is addedto SC1.(App-P¤) expressesthe ideathat oneappliesa primitiv e rule by applying
any of its instances,and (Geǹ ) corresponds to the idea that to apply ) x R [a=x] as an
assumptionrule meansto apply any of its special casesR [a=t].

SC10Q

As SC1Qthis systemhas (App-P¤) as an inferenceschema. It usesa version of (Geǹ )
with rules in the succedent:

X ; R [a=t] ` R0

(Geǹ ) .
X ; ) x R [a=x] ` R0

Furthermore, the inferenceschema

X ` R (` Gen) (provided no element of a occurs in X )
X ` ) x R [a=x]

is added. The relationship between the inference schemata (Geǹ ) and (` Gen) and
Gentzen's schemata for the universal quanti¯er being introduced to the right and left
of the turnstile (Gentzen 1935a)is obvious.

Lemma 1.9 If X ` R is derivable in SC10Q, then so is X [a=t] ` R [a=t].
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Pro of by induction on the length of derivations. If an inferenceschema di®erent from
(` Gen) is applied in the last step, the assertionfollows by a straightforward application
of the induction hypothesis.If (` Gen) is applied in the last step in the following form:

X ` R0
,

X ` ) x R0[b=x]

then by using the induction hypothesiswe obtain a derivation of X ` R0[b=c] for c disjoint
with a and no element of c occurring in X or in t. Again by induction hypothesisweobtain
a derivation of X [a=t] ` R0[b=c][a=t], henceby (` Gen)oneof X [a=t] ` ) x R0[b=c][a=t][c=x],
which is the sameas X [a=t] ` ) x R0[b=x][a=t]. 2

Lemma 1.10 The inferenceschemata mentioned in Lemma 1.2 as well as

R (Prim¤) (R primitiv e rule)
; ` R [a=t]

and

X ` ) x R [a=x]
(Spec)

X ` R [a=t]

are admissiblein SC10Q.

Pro of (Thin) SupposeX ` R is derivable in SC10Q. We want to show that X ; Y ` R is
derivable. Let a contain all free variablesof Y, and let b be of the samelength as a, but
without freevariablesoccurring in the derivation of X ` R. Then by adding Y [a=b] to the
antecedent of each sequent in the derivation, we obtain a derivation of X ; Y [a=b] ` R. By
Lemma 1.9 we obtain a derivation of X ; Y ` R, substituting b by a.
() ¡ ) As in the proof of Lemma 1.2.
(Sp ec) Since(` Gen) is the only inferenceschemawhich allowsto introducethe generality
operator to the right of the turnstile, its converseis admissible.Then (Spec) follows by
Lemma 1.9.
(Re°) In addition to the argument in the proof of Lemma1.2,wemust show that if R ` R
is derivable, then sois ) x R [a=x] ` ) x R [a=x]. This followsby application of (Geǹ ) and
(` Gen).
(Prim ¤) (which includes(Prim)): By (Re°) and (Thin) we know that Y [a=t] ` Y [a=t], if
R is Y ) A. By application of (App-P¤) we obtain Y [a=t] ` A [a=t], hence; ` R [a=t] by
() +).
(T rans) In addition to the argument in the proof of Lemma1.2we must considerthe case
where(Trans0) is usedwith its right upper sequent Y; R ` R0beingderivedby using(Geǹ )
in the last step,whereR is ) x R1 [a=x]. Then wehavea derivation of Y; R1 [a=t] ` R0which
is shorter than that of Y; R ` R0. From the left upper sequent of (Trans0), which is of the
form X ` ) x R1 [a=x], we obtain X ` R1 [a=t] by (Spec). Application of the induction
hypothesisgivesus the assertion. 2
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A variant R0 of a rule R is the result of renaming bound variables in R in such a way
that di®erent occurrencesof a bound variable x in R are transformed into di®erent oc-
currencesof a bound variable y in R0 (wherey may be identical with x), and occurrences
of di®erent bound variablesx1 and x2 in R are transformed into occurrencesof di®erent
bound variablesy1 and y2 in R0. R is considereda variant of itself. X and X 0 are called
variants of each other if for each R in X there is a variant R0 of R such that R0 is in X 0,
and for each R0 in X 0 there is a variant R of R0 such that R is in X .

Lemma 1.11 If for all formulae A and A0 which are variants of each other A a` A0 is
derivable in SC10Q, then for all rules R and R0 which are variants of each other R a` R0

is derivable in SC10Q.

Pro of by induction on the level of R. If R is a formula, the assertionholdsby hypothesis.
If R is of the form X ) B, then R0 is of the form X 0) B 0 such that X 0 and X as well
as B and B 0 are variants of each other. By induction hypothesis and (Thin) (Lemma
1.10), X a` X 0 and B a` B 0 are derivable. By (App-A) we obtain X ; (X 0) B 0) ` B 0

and X 0; (X ) B) ` B , and by (Thin), (Trans), () +) and () ¡ ) (Lemma 1.10)we obtain
R a` R0. If R is of the form ) xR1[a=x], then R0 is of the form ) y R0

1 [a=y] whereR1 and
R0

1 are variants of each other (here x and y may be identical). By induction hypothesis,
R1 a` R0

1 is derivable, thereforeby (Geǹ ) and (` Gen) alsoR a` R0. 2

Structural subformulae(in short: s-subformulae)of rulesarede¯ned asfollows:Each for-
mula is an s-subformula of itself. Each s-subformula of an element of X is an s-subformula
of X . A is an s-subformula of X ) A. Each s-subformula of R is an s-subformula of
) x R [a=x].

We do not speak of subformulae (simpliciter), sincethis term should be reserved when
the internal components of logically complex formulae are considered,and not only the
formula components of rules. Since) x R [a=x] is the sameas ) x R [a=b][b=x] for b not
containing freevariablesof R; A [a=b] is an s-subformula of ) x R [a=x] if A is one.Accord-
ing to our inductive de¯nition of s-subformulae on the structure of rules, an s-subformula
A of R is always related to certain placesin the formation tree of R, although not A but
only someexpressionA [a=x] actually appearsin R. Thereforeit makessenseto speak of
an occurrence of an s-subformula A in R, which is consideredas the pair consistingof A
and a place in the formation tree of R. We say that such an occurrenceis replaced by B
if the formation of R is repeatedby using B at this placeinstead of A.

Theorem 1.12 (Replacemen t theorem) Let R be a rule in which A occursat certain
placesasan s-subformula. Let R0 result from R by replacing theseoccurrencesof A in R
by A0. If A a` A0 is derivable in SC10Q, then so is R a` R0.

Pro of by induction on the level of R. If R is a formula, the assertionholdsby hypothesis.
If R is of the form X ) B, then R0 is of the form X 0) B 0 such that X 0 and B 0 result
from X and B, respectively, by replacing certain occurrencesof A by A0. By induction
hypothesisand (Thin) (Lemma 1.10), X a` X 0 and B a` B 0 are derivable. By (App-A)
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we obtain X ; (X 0) B 0) ` B 0 and X 0; (X ) B) ` B , and by (Thin), (Trans), () +) and
() ¡ ) (Lemma 1.10) we obtain R a` R0. If R is of the form ) x R1 [a=x], then R0 is of
the form ) x R0

1 [a=x] whereR1 results from R0
1 by replacingcertain occurrencesof A by

A0. By induction hypothesis,R1 a` R0
1 is derivable, thereforeby (Geǹ ) and (` Gen) also

R a` R0. (This proof is parallel to that of Lemma 1.11.) 2

SC2Q and SC3Q

(Prim) is replacedby

R (Prim¤) (R primitiv e rule)
; ` R [a=t]

and the inferenceschema(` Gen) as well as

X ` ) x R [a=x]
(Spec) ,

X ` R [a=t]

is added.

SC4Q

The alterations and additions are the sameas with SC10, i.e., (App-P) is replacedby
(App-P¤), and (Geǹ ) and (` Gen) are added.

Theorem 1.13 The formalismsSC1Q,SC10Q, SC2Q,SC3Qand SC4Qare equivalent.

Pro of The equivalenceof SC1Q and SC10Q is proved as in Lemma 1.1, with (` Gen)
being treated parallel to () +). For the equivalenceof SC10Q and SC2Q the proof of
Theorem 1.3 can be taken over, with Lemma 1.11 now playing the role of Lemma 1.2.
Furthermore, (App-P¤) and (Prim¤) must replace(App-P) and (Prim), respectively. Sim-
ilarly, Theorems 1.4 and 1.5 can be adopted for the equivalenceof SC2Q, SC3Q and
SC4Q. 2

Table 2 presents those inferenceschemata of the di®erent systemswhich are speci¯c for
generality.
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Table 2
Inferenceschemata of the structural systemswith generality

(Rules to the left of an inferenceline are assumedto be primitiv e. Inferenceschemata
which arenot speci¯c for generality arenot repeatedhere|their labelsreferto Table1.)

SC1Q

(App-A)
X ` Y [a=t]

Y ) A (App-P¤)
X ` A [a=t]

X ; R [a=t] ` A0

(Geǹ )
X ; ) x R [a=x] ` A0

SC10Q
(App-A)

() +)

X ` Y [a=t]
Y ) A (App-P¤)

X ` A [a=t]

X ; R [a=t] ` R0

(Geǹ )
X ; ) x R [a=x] ` R0

X ` R (` Gen)
X ` ) x R [a=x]

(provided no element of a occurs in X )

SC2Q

(Re°)

(Thin)
R (Prim¤)

; ` R [a=t]
X ` ) x R [a=x]

(Spec)
X ` R [a=t]

(App)

() +)

X ` R (` Gen)
X ` ) x R [a=x]

(provided no element of a occurs in X )

SC3Q

(Re°)

(Thin)
R (Prim¤)

; ` R [a=t]

X ` ) x R [a=x]
(Spec)

X ` R [a=t]

(Trans)

() )

X ` R (` Gen)
X ` ) x R [a=x]

(provided no element of a occurs in X )

SC4Q

(Ini)

() ` )

X ` Y [a=t]
Y ) A (App-P¤)

X ` A [a=t]

X ; R [a=t] ` R0

(Geǹ )
X ; ) x R [a=x] ` R0

() +)
X ` R (` Gen)

X ` ) x R [a=x]
(provided no element of a occurs in X )



Chapter 2

Higher-Lev el Rules for Logical
Constan ts

Logical constants of propositional logic were treated in a natural deduction context in
Schroeder-Heister(1981,1984a).Here we shall deal with the generalcasewhich includes
both propositional constants and quanti¯ers. Logical constants in this generalsensewere
the topic of Schroeder-Heister(1984b), but within a conceptually di®erent framework.
Whereasin that paper quanti¯ers were consideredvariable-binding operators, they will
now be treated as operators having predicate terms as arguments. A predicate term is
either a primitiv e predicate or obtained by use of ¸ -abstraction from a formula. This
way of proceedingis both technically and intuitiv ely more perspicuous.Technically, the
problemsof variable-binding (such as renamingof bound variablesetc.) are concentrated
on the ¸ -operator and takenaway from the variety of logical constants. Intuitiv ely, Frege's
convincing analysis of quanti¯ers as second-orderpredicatesof concepts(seee.g. Frege
1893) seemsto us to be better represented by connectingvariable-binding with concept
formation than with quanti¯er application.

In x 1 we specify our languagewith logical constants and ¸ -abstraction, x 2 presents
primitiv e rulesfor logical constants of arbitrary type,and x 3 relatesthem to the standard
connectives of intuitionistic logic and proves their (functional) completeness.Since the
completenessproblemis treated in the papersmentioned above,and, for the propositional
case,alsoin von Kutschera(1968),Zucker and Tragesser(1978)and Prawitz (1979/1982),
we do not spell out all proofs in detail.

x 1. Predicate terms and logical constan ts

We specify our languagemore preciselythan was necessaryin the previous chapter. By
an arity we understanda natural number. By a type we understanda tuple hk1; : : : ; kn i
of arities, including the empty tuple hi as a limiting case.Let arbitrarily many primi-
tive predicates, each with an associated arity, and arbitrarily many logical constants, each
with an associated type be given. Logical constants are syntactically denotedby S (some-
times primed and with indices). Let free and bound variables and terms be given as in

19
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Ch. 1 x 3, the samenotational conventions being in force. Then formulae and predicate
terms1 (where formulae are 0-ary predicate terms) are de¯ned as follows.

Each n-ary primitiv e predicate is an n-ary predicate term. For each n-ary predicate
term T, T(t1; : : : ; tn ) is a formula (in short: T(t), if t is t1; : : : ; tn ). (This is to include the
casen = 0, in which T itself is a formula.)
If A is a formula, x is of length n, and no element of x occurs in A, then ¸x A [a=x] is an
n-ary predicateterm. (According to our conventions, the substitution [a=x] is understood
with respect to A and not with respect to ¸x A.)
If T1; : : : ; Tn are predicate terms of arities k1; : : : ; kn , respectively, and S is of type
hk1; : : : ; kn i , then S(T1; : : : ; Tn ) is a formula.

We useT asa syntactic variable for predicateterms, T for ¯nite sequencesof predicate
terms and A for ¯nite sequencesof formulae (all syntactic variables may be primed or
have indices).Thereforea formula starting wih a logical constant can be written asS(T).
A logical constant S of type hk1; : : : ; kn i such that ki = 0 for all i (1 · i · k), is also
calleda k-ary propositional connective. A formula starting with a propositional connective
can be written as S(A). Ruleswith generality are de¯ned as in Ch. 1 x 3.

For ¸ -abstraction the law of ¸ -conversion is supposedto hold. Therefore we take all
rules of the following form as primitiv e rules:

(¸x A [a=t])(t) ) A [a=t]

A [a=t] ) (¸x A [a=t])(t) ;
(¸ )

provided a, x and t are of the samelength and no element of x occurs in A.
If T is a predicateterm of the form ¸x A [a=x], then A is calledan immediate subformula

of T. The subformulaeof a formula A are A itself, the subformulae of immediate subfor-
mulae of T if A is T(t), and the subformulae of immediate subformulae of T1; : : : ; Tn , if
A is S(T1; : : : ; Tn ). As in the caseof s-subformulae of a rule, it makessenseto speak of
occurrences of subformulae in a formula A.

For the characterization of logical constants we needspeci¯c notions of formula sche-
mata and rule schemata.Whereasin the caseof inferenceschemataand in (¸ ) we simply
usedour syntactic variablesto expressa schematic reading,in the caseof logical constants
it is convenient to haverule schemataasformal objects,sincewewant to speakabout them
in a uniform manner. For that purposewe introduce additional symbols p1; p2; p3; : : : ;
called schematic letters. A rule schemaof type hk1; : : : ; kn i is then de¯ned as formed
like a rule, in which the schematic letters p1; : : : ; pn may occur as if they were primitiv e
predicatesof arities k1; : : : ; kn , respectively, but in which no \genuine" primitiv epredicates
andno termsexceptfreevariablesareallowedto occur. If a rule schemaof typehk1; : : : ; kn i
doesnot contain a rule arrow or a generality operator, it is alsocalled a formula schema
of type hk1; : : : ; kn i .

Intuitiv ely, the only \content" which may bepresent in rule schematais givenby logical
constants. All speci¯c \content" which may be due to primitiv e predicates, primitiv e
function symbols or individual constants is excluded.

1The expression\predicate term" is taken from Prawitz (1965, Ch. VI).
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For example,p1 ) p2 is a rule schema of type h0; 0i (but also e.g. of type h0; 0; ni for
any n), and ) yS1(¸xS 2(p2(x; y); p3(x))) is a rule schema of type hn; 2; 1i for any n, if
S2 is of type h0; 0i and S1 of type h1i . The schematic letters p1, p2 are not letters whose
arity is ¯xed once and for all as is the casewith primitiv e predicates.In other words,
two rule schematamay be rule schemataof di®erent types,though they contain the same
schematic letters p1; : : : ; pn . But as soon as a type hk1; : : : ; kn i is ¯xed for a rule schema,
the arity of pi (1 · i · n) is ¯xed as well.

If a type hk1; : : : ; kn i is given and p is p1; : : : ; pn , then formula schemata are denoted
by ®[p] or simply ®, rule schemata by %[p] or simply %and ¯nite sets of rule schemata
(of the sametype) by ¢[ p] or simply ¢ (sometimesprimed or with indices). Variants of
formula and rule schemata are explained in the sameway as for formulae and rules. If
T is a sequenceT1; : : : ; Tn of predicate terms of arities k1; : : : ; kn , respectively, then %[T]
results from %[p] by ¯rst passingover to a variant of %[p] containing no bound variables
which alsooccur in T, and then replacingpi by Ti for all i (1 · i · n). Obviously, if %[p]
is a rule schema,then %[T] is a rule, called an instance of %[p].

Two rule schemata%1[p] and %2[p] of the sametype are called schematically equivalent,
if %1[p] a` %2[p] can be derived by using the schematic letters p1; : : : ; pn as if they were
primitiv e predicates.If %1[p] and %2[p] are schematically equivalent, then %1[T] a` %2[T]
for all appropriate T, provided it holds that R1 a` R2 is derivable for all R1 and R2 which
are variants of each other (seeLemma 2.2 below). (We just have to take an appropriate
variant T0 of T such that no bound variablesof T0 occur in the derivation of %1[p] a` %2[p],
replacep by T0 in this derivation throughout, and then apply Lemma 1.11to the result.)
Two rule schemata %1 and %2 are called equivalent (simpliciter), if for each instanceR of
%1 there is a set X of instancesof %2 such that X ` R is derivable and conversely with
%1 and %2 interchanged.Two sets of rule schemata ¢ 1 and ¢ 2 are called equivalent, if
for each instanceR of a rule schemain ¢ 1 there is a set X of instancesof rule schemata
in ¢ 2 such that X ` R is derivable and conversely with ¢ 1 and ¢ 2 interchanged.Two
rule schemata %1 and %2 are called equivalent as schematafor primitive rules if for each
instance R of %1; ; ` R is derivable after adding the instancesof %2 as primitiv e rules,
and conversely with %1 and %2 interchanged.Two sets of rule schemata ¢ 1 and ¢ 2 are
called equivalent as setsof schemata for primitiv e rules if for each instance R of a rule
schema in ¢ 1, ; ` R is derivable after adding the instancesof ¢ 2 as primitiv e rules, and
conversely with ¢ 1 and ¢ 2 interchanged.Obviously, if ¢ 1 and ¢ 2 are equivalent, then
they are equivalent as schemata for primitiv e rules, but not necessarilyvice versa.

x 2. Primitiv e rules for logical constan ts

The basicidea underlying our proof-theoretic characterization of logical constants is that
with a complex formula certain conditions are associated from which it can be inferred
via introduction rules. Corresponding elimination rules state that everything that can be
inferred from the premisesof each of the introduction rulescanbe inferred from their con-
clusion. They guarantee that the conclusionof the introduction rules hasno lesscontent
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than have the possiblepremiseswhen taken together. The conditions associated with a
logical constant are called \assertibilit y conditions", following a terminology proposedby
Dummett (e.g.1977,Ch. 7). However, the issuesof justifying introduction and elimination
rules for logical constants within a theory of meaning like Dummett's will be discussed
elsewhere.Furthermore, we shall not discussnotions of validit y which give a semantics to
logical constants in terms of proofs(seePrawitz 1973,1974,1985,Schroeder-Heister1983,
1985), or conceptsof uniquenessfor logical constants (seeDo·senand Schroeder-Heister
1985,1987).

Let S be a logical constant of type hk1; : : : ; kn i . An assertibility condition for S is a
¯nite set ¢[ p] of rule schemataof type hk1; : : : ; kn i , wherep is p1; : : : ; pn . We assumethat
with each logical constant S a ¯nite set

�

(S) of assertibility conditionsfor S is associated,
i.e.,

�

(S) is either empty or

�

(S) = f ¢ 1[p]; : : : ; ¢ m [p]g

for m ¸ 1. The sets
�

(S) for the logical constants must ful¯l the following requirement:
All logical constants available in the languageconsideredcan be orderedin a sequence

S1; S2; S3; : : : ; Si ; : : :

in such a way that for every i ,
�

(Si ) contains no logical constants Sj for j ¸ i . In other
words: Logical constants are given assertibility conditions step by step. The assertibility
conditions for a logical constant may only refer to logical constants for which assertibility
conditions have already beengiven.

Let S be of type hk1; : : : ; kn i . Let p be p1; : : : ; pn . Let in the following T always stand
for T1; : : : ; Tn , such that each Ti is ki -ary (1 · i · n). Then the set of rule schemata of
S-intr oduction is empty, if

�

(S) is empty, and consistsof

¢ 1[p] ) S(p)

.

.

.

¢ m [p] ) S(p)

(S-I)

if
�

(S) = f ¢ 1[p]; : : : ; ¢ m [p]g. An S-introduction rule is an instance of a schema of S-
introduction. The rule schemaof S-elimination is of type hk1; : : : ; kn ; 0i , sinceit contains
in addition to p a schematic letter pn+1 to be instantiated by formulae:

(S(p); (¢ 1[p][a1=x1] ) x1
pn+1 ); : : : ; (¢ m [p][am =xm ] ) xm

pn+1 )) ) pn+1 (S-E)

Here for each i (1 · i · m), ai contains all free variables occurring in ¢ i [p] and x i is
chosenin such a way that the substitution of ai by x i is de¯ned. If

�

(S) is empty, this
schemareducesto

S(p) ) pn+1
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as a limiting case.An S-elimination rule is an instanceof the schemaof S-elimination.2

We now assumethat the systemconsideredcontains the rules of ¸ -conversion(¸ ) and
introduction and elimination rules for each logical constant as its primitiv e rules. It may
be basedon any of our structural frameworks with generality.

Lemma 2.1 If for each i (1 · i · m), ¢ i (T) a` ¢ i (T0) is derivable, then so is
S(T) a` S(T0).

Pro of We useSC3Q.By using (S-E), we can derive

(S(T); (¢ 1(T)[a1=x1] ) x1
S(T0); : : : ; (¢ m (T)[am =xm ] ) xm

S(T0)) ` S(T0) ;

and by using ¢ i (T) a` ¢ i (T0) and (Trans), we obtain

(S(T); (¢ 1(T0)[a1=x1] ) x1
S(T0); : : : ; (¢ m (T0)[am=xm ] ) xm

S(T0)) ` S(T0) :

Then by (S-I), (` Gen) and (Trans), S(T) ` S(T 0) can be derived. The derivation of
S(T0) ` S(T) is symmetric to the oneof S(T) ` S(T 0). 2

The rank of a formula is de¯ned as follows:

rk(A) = 0, if A starts with a primitiv e predicate.
rk(( ¸x A [a=x])(t)) = rk(A)[a=t] + 1.
rk(S(T)) = max(f rk(A) : A is an s-subformula of ¢ i (T) for somei (1 · i · m)g) + 1

Lemma 2.2 If R and R0 are variants of each other, then R a` R0 is derivable.

Pro of Becauseof Lemma 1.11 we only have to show the assertionfor formulae A and
A0. We use induction on the rank of A. If A contains no bound variable, nothing is to
show. If A is of the form (¸x A [a=x])(t), then A0 is of the form (¸y A0[a=y])( t) where
B 0 is a variant of B . By using ¸ -conversion (¸ ) and the induction hypothesis,we obtain
the assertion. If A is S(T), then A0 is S(T0), and for each i (1 · i · m), ¢ i (T) and
¢ i (T0) di®erwith respect to certain s-subformulaewhich are variants of each other. Since
theses-subformulae are of lower rank than A, by applying the induction hypothesisand
Lemma1.11we obtain that ¢ i (T) a` ¢ i (T0) is derivable. Then by Lemma2.1 we obtain
the assertion. 2

Theorem 2.3 SupposeB occurs in A at certain placesas a subformula, and A0 results
from A by replacingtheseoccurrencesof B by B 0. If B a` B 0derivable,then sois A a` A0.

2Obviously, theseschemata are much simpler than thosepresented in Schroeder-Heister(1984b). This
is not only due to the use of ¸ -abstraction, but also to the use of di®erent symbols for free and bound
variables. In particular, no restriction on the possiblesubstitutes of pn +1 has to be required.



24 CHAPTER 2. HIGHER-LEVEL RULES FOR LOGICAL CONSTANTS

Pro of By induction on the rank of A. If A is of the form (¸x C [a=x])(t), then we use
¸ -conversion(¸ ) and apply the induction hypothesis.If A is S(T), then A0 is S(T0), and
B occurs at certain placesin s-subformulae of rules in ¢ i (T) (1 · i · m). These s-
subformulae are of lower rank than A, so that we can apply the induction hypothesisto
them. By Theorem1.12weobtain that for all i (1 · i · m), ¢ i (T) a` ¢ i (T0) is derivable.
The assertionfollows by Lemma 2.1. 2

The intuition behind the schematafor introduction and elimination rules wasthat a logi-
cally compound formula somehow expressesthe content of certain assertibility conditions.
This can be mademore preciseby formally de¯ning a notion of \common content". Let
the common content of ¯nite setsX 1; : : : ; X m of rules with respect to a ¯nite sequence
of free variablesa be the set of all rules R such that for all t and for all i (1 · i · m),
X i [a=t] ` R is derivable (where, as a limiting case,m = 0 is allowed). Let the content of
a formula A be the set of all rules such that A ` R is derivable.3 Now suppose

�

(S) is as
above. Let a contain all free variablesoccurring in

�

(S).

Theorem 2.4 Let a calculus be given, whoseprimitiv e rules contain (¸ ). Then the S-
introduction and S-elimination rules are derivable i® for all T, the content of S(T) is
exactly the commoncontent of ¢ 1[T]; : : : ; ¢ m [T] with respect to a.

Pro of

(i) Suppose the S-introduction and S-elimination rules are derivable. If S(T) ` R is
derivable, then so is ¢ i (T)[a=t] ` R for each i (1 · i · m) and all t by (S-I). If
¢ i (T)[a=t] ` R is derivable for each i (1 · i · m) and all t, then ¢ i (T)[a=t] ` R
is derivable for someb whoseelements do not occur in R. Then S(T) ` R can be
derived by using (S-E).

(ii) Supposethe content of S(T) is the commoncontent of ¢ 1[T]; : : : ; ¢ m [T] with respect
to a. SinceS(T) itself is in the content of S(T), ¢ i (T)[a=t] ` S(T) is derivable for
each i (1 · i · m), i.e., the S-introduction rules are derivable. Since

¢ i (T)[a=t]; (¢ i (T)[ai =xi ] ) x i
A) ` A

is derivable for each i (1 · i · m) and each t, if ai contains all free variables of
¢ i (p)), the rule

((¢ 1(T)[a1=x1] ) x1
A); : : : ; (¢ m (T)[am =xm ] ) xm

A)) ) A

is in the commoncontent of ¢ 1(T); : : : ; ¢ m (T) with respect to a. Thereforeit is in
the content of S(T), which implies the derivabilit y of the S-elimination rules. 2

3Unlike in our informal expositions, \content" is hereunderstood in a well-de¯ned formal sense,which
resembles Tarski's notion of content (seee.g. Tarski 1930).
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Sincethe S-introduction and S-elimination rules are derivable in a systemin which they
are primitiv e rules, we have asa corollary that in our logical systemsthe content of S(T)
is always the commoncontent of ¢ 1[T]; : : : ; ¢ m [T] with respect to a.

Our systematicsof introduction and elimination rulesallowsusto provea normalization
theorem in the senseof Prawitz (1965) in very general terms, when treated within a
structural formalism like SC1Q (which is very near to natural deduction formulations).
This is carriedout in detail for the propositional casein Schroeder-Heister(1981,1982).It
can be extendedto all logical constants. Here we only mention without proof a corollary
of this result. A logical constant S0 is calledan immediate predecessorof S, if S0 occursin

�

(S). S0 is calleda predecessorof S if S0 is S or an immediatepredecessorof a predecessor
of S.

Theorem 2.5 (Separation of logical constan ts) If X ` R is derivable,then there is a
derivation of X ` R in which only logical constants, which are predecessorsof logical con-
stants in X ` R, occur. (This meansin particular that only introduction and elimination
rules for predecessorsof logical constants occurring in X ` R are used.) 2

If we only considerconstants of propositional logic the situation becomesmuch easier.
We describe this special case,sincewe shall refer to it later. Constants of propositional
logic areof type h0; : : : ; 0i , sothat schematic letters p1; p2; : : : exclusively stand for formu-
lae. An n-ary formula schemaor rule schema is now de¯ned as follows: Every schematic
letter pi (1 · i · n) is an n-ary formula schema. If S is an k-ary logical constant and
®1; : : : ; ®k are n-ary formula schemata, then S(®1; : : : ; ®k) is an n-ary formula schema.
Each formula schemais a rule schema.If ¢ is a nonempty ¯nite setof n-ary rule schemata
and ® is an n-ary formula schema,then ¢ ) ® is an n-ary rule schema.

The introduction schematafor n-ary connectivesare literally the sameasbefore,except
that the ¢ i [p] are now understood asn-ary rule schematain the sensejust de¯ned. In the
elimination schemathe generality operators can be omitted so that it takesthe form

(S(p); (¢ 1[p] ) pn+1 ); : : : ; (¢ m [p] ) pn+1 )) ) pn+1 :

In the \common content"-motiv ation the referenceto free variables and terms can be
omitted. This meansthat the S-introduction and S-elimination rules are derivable i® for
all A, the content of S(A) is always the commoncontent of ¢ 1[A]; : : : ; ¢ m [A].

x 3. The standard constan ts of in tuitionistic logic and
their completeness

Our uniform pattern for introduction and elimination schematacontains the introduction
and elimination schematafor the standard constants &, _, ¾, ? , 8 and 9 of intuitionistic
logic as limiting cases.Table 3 presents for each of these constants type, assertibility
conditions and introduction and elimination schemata. Binary connectives are written
in their usual in¯x notation. The quanti¯ers 8 and 9 are no longer treated as variable-
binding operatorsbut asconstants with unary predicateterms asarguments. E.g., 8xP (x)
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and 9xP (x) (in the usual notation) become8(¸xP (x)) and 9(¸xP (x)). Furthermore, the
schematic letters p1, p2 and p3 are replacedby p, q and r , respectively.

Table 3
Standard constants of intuitionistic logic and their primitiv e rules

(Binary connectivesare written in in¯x notation. The letters p, q and r stand for p1,
p2 and p3, respectively.)

S Type of S
�

(S) Schemata for I rules Schemata for E rules

& h0; 0i ff p;qgg p;q) p& q (p& q; (f p;qg) r )) ) r

equivalent:
p& q) p
p& q) q

_ h0; 0i ff pg; f qgg p) p _ q (p _ q; (p) r ); (q) r )) ) r

q) p _ q

¾ h0; 0i ff p) qgg (p) q) ) p ¾ q (p ¾ q; ((p) q) ) r )) ) r

equivalent:
p ¾ q; p) q

? hi ; missing ? ) p

8 h1i ff) xp(x)gg ) xp(x) ) 8(p) (8(p); () xp(x) ) q)) ) q

equivalent as schema
for primitiv e rules:
8(p) ) p(a)

9 h1i ff p(a)gg p(a) ) 9(p) (9(p); (p(x)) xq)) ) q

In the caseof &, ¾ and 8, the elimination schemata required by our uniform pattern
di®er from what one would expect. However, rule schemata which are more usual are
equivalent to them (at least as schemata for primitiv e rules). As an example,we prove
the equivalenceof

(8(p); () xp(x) ) q)) ) q (8-E)

and

8(p) ) p(a) (8-E0)
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asschematafor primitiv erulesin the structural calculusSC3Q:Let T bea unary predicate
term. Then ; ` ) xT(x) ) T(a) canbederivedby using(Spec).By using(Trans)weobtain

(8(T); () xT(x) ) T(a))) ) T(a) ` 8(T) ) T(a) :

Using (Prim¤) for the instance of 8-E with T substituted for p and T(a) for q, then
with () ) and (Trans) we get ; ` 8(T) ) T(a). Conversely, using (Prim¤) for the in-
stanceof 8-E0 with T substituted for p we obtain ; ` 8(T) ) T(a), hence,by () ¡ ) and
(` Gen), 8(T) ` ) xT(x). Since) xT(x); () xT(x) ) A) ` A can be derived by using (Re°)
and () ¡ ), we obtain by (Trans) and () +): ; ` (8(T); () xT(x) ) A)) ) A.

Becauseof ¸ -conversionand Theorem2.3, the instancesof (8-E0) can be written as

8(¸xA [a=x]) ) A ;

which looks more common. (Note that the instantiation of the free variable a in A to
someterm t is a matter of the structural schemata (App-P¤) or (Prim¤), not a matter of
the formulation of the primitiv e rule.)

Negationcan be de¯ned by using absurdity ? :
�

(: ) = ff p) ?gg. Schematafor intro-
duction and elimination rules are

(p) ? ) ) : p (: -I)

and

(: p;(p) ? ) ) q) ) q

(or equivalently: : p;p) q) :
(: -E)

A constant > of type hi expressingtruth could be de¯ned by
�

(> ) = ; . Its only
introduction rule would be

> ; (> -I)

and the schemafor elimination rules would be

> ; p) p : (> -E)

Obviously the > -elimination rules are derivable. In the present context, > is de¯nable by
?¾? . In other contexts, however, a constant like > may play an independent role (see
Ch. 5 on relevancelogic).

The standard intuitionistic constants described in Table 3 are complete in the sense
that they su±ce to de¯ne every other constant that has introduction and elimination
rules which follow our generalpattern. We call this completeness\functional complete-
ness", since it reminds one of the well-known functional completenessof certain setsof
connectivesin classicalpropositional logic. Onemust be aware, however, that logical con-
stants in our senseare not understood as truth functions. We only give a sketch of how
to prove this functional completeness.
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Let a type for rule schemata be ¯xed. We use 8x%[a=x] as an abbreviation for
8(¸x 1 : : : 8(¸x n (%[a=x])) : : :), if x is x1; : : : ; xn . If a and x are empty, 8x%[a=x] is just
%. The analogousconvention holds for 9. We ¯rst de¯ne a translation g of rule schemata
and setsof rule schemata into formula schemata as follows:

g(®) = ®
g(f %1; : : : ; %ng) = g(%1) & : : : & g(%n)
g(; ) = ?¾?
g(¢ ) ®) = g(¢) ¾ g(®)
g() x%[a=x]) = 8x(g(%)[a=x]).

Roughlyspeaking,the commais translatedby conjunction, the empty setby the formula
?¾? expressingtruth, the rule arrow by implication and the generality operator by the
universalquanti¯er. It can then be shown that ¢ and g(¢) are schematically equivalent,
and that for the derivation of ¢ a` g(¢) only introduction and elimination rules for &,
¾, 8 and ? areneeded.Now wede¯ne a translation h of \non-standard" logical constants:

h(S(p)) = 9x1(g(¢ 1[p])[a1=x1]) _ : : : _ 9xm (g(¢ m [p])[am =xm ]), if
�

(S) = f ¢ 1[p]; : : : ;
¢ m [p]g and for each i (1 · i · m); ai contains all free variables of ¢ i [p]
(and thereforeof g(¢ i [p])), and no element of x i occurs in ¢ i [p]

h(S(p)) = ? if
�

(S) = ; .

It is easyto seethat h(p& q) = p& q, h(p _ q) = p _ q, h(p ¾ q) = p ¾ q; h(? ) = ? ,
h(8(p)) = 8xp(x), h(9(p)) = 9xp(x). In other words, the standard propositional connec-
tiv esare literally translated into themselves,and the standard quanti¯ers are translated
into somethingthat is the samemodulo ¸ -conversion.Each other constant S is translated
into a formula schemawhich contains no logical constants except the standard constants
and constants occurring in

�

(S). Roughly speaking, by h each assertibility condition is
¯rst translated via g, then its freevariablesare understood existentially quanti¯ed (since
they only occur in the premisesof the corresponding introduction rules), and di®erent
assertibility conditions are connecteddisjunctively (since they represent alternatives for
the introduction of S). It can then be shown by using only primitiv e rules for S and for
the standard constants that S(p) and h(S(p)) are schematically equivalent.

By repeating this procedurefor the non-standardlogical constants in h(S(p)), and by
using Theorem2.3, we arrive at a formula schema®(p) which only contains the standard
constants and which is schematically equivalent to S(p).4 Hencewe obtain, by repeatedly
using Theorem 2.3, the following result: X ` R is derivable in the systemwith arbitrary
many logical constants i® X ± ` R± is derivable for certain X ± and R± which are obtained
from X and R by successively replacingS(T) by ®(T) for all non-standardconstants in X
and R. Sincethe standard logical constants have no immediatepredecessors,Theorem2.5
implies that X ± ` R± is derivable by only using primitiv e rules for the standard logical

4More precisely, we need an analogueof Theorem 2.3 which works on the level of formula schemata
rather than formulae. However, this is immediately obtained from Theorem 2.3 by treating schematic
letters as primitiv e predicates.
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constants. Therefore,the reasoningwith higher-level rules and arbitrary logical constants
can be embeddedinto intuitionistic logic with the standard constants.5

5Of course,intuitionistic logic itself can be formulated without using higher-level rules. This result is
no argument against considering higher-level rules and uniform intro duction and elimination schemata
for logical constants. On the contrary , it gives us considerable insight into the expressive strength of
intuitionistic logic, which we would not have obtained without the apparatus of higher-level rules.





Chapter 3

Structural Absurdit y and Negation

Absurdity ? was characterizedas a logical constant which hasno introduction rule, and
the \ex falso quodlibet"

? ) p

as its elimination schema. It functions as a limiting case,obtained by assumingthat ?
hasno assertibility condition at all, i.e.,

�

(? ) is empty. This must be distinguishedfrom
the caseof the constant > , whoseonly assertibility condition is the empty set, i.e., for
which

�

(> ) = ; .
There may be doubts of whether the reasoningwhich justi¯es ? as a limiting caseis

plausible. What one essentially does in this justi¯cation is to pass from the idea that
logical constants are characterizedthrough certain introduction rules to the idea that the
absence of such introduction rules is alsoa way of characterizing them. Correspondingly,
the schema of ? -elimination is obtained by omitting from the generalschema for elimi-
nation rules all premiseswhich refer to assertibility conditions (and thus to premisesof
introduction rules), so that ? is the only premisewhich remains.

From the viewpoint of the \common content"-motiv ation, onepassesfrom the general
idea that for a 0-ary connective S the content of S is the commoncontent of certain sets
¢ 1; : : : ; ¢ m , to m = 0 asa limiting case,i.e. to the commoncontent of the elements of an
empty set. Formally this may be consideredan intersectionover an empty set (related to
a basicdomain of rules), having the set of all rules as its result. However, this argument
relieson the ex falsoquodlibet in the metalanguage:It usesthat the condition \for all X
(if X 2 ; then X ` R is derivable)" is ful¯lled by all rulesR. Onemight arguethat in our
metalanguagewe should not useproblematic principles such asex falsoquodlibet, which
are for examplenot acceptedin relevancelogic.

Therefore, even if one wants to have something like ex falso quodlibet in the object
language,onemay prefer to simply postulate it without any justi¯cation or with a com-
pletely di®erent justi¯cation, rather than to rely on its justi¯cation as a limiting caseof
an elimination rule without any introduction rule being given. We do not arguehere for
this position but just describe how it can be spelled out.

31
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The best strategy seemsto us to extend the structural framework, and not to destroy
the systematicsof introduction and elimination rules for logical constants by additional
primitiv e rules. This meansthat we de¯ne a structural constant for absurdity and postu-
late an inferenceschema,which on the structural level correspondsto ex falsoquodlibet.
Denoting this structural absurdity by \#", rules are de¯ned as follows:

Each formula is a rule. The structural constant # is a rule. If X is a ¯nite set of rules
and A a formula, then X ) A and X ) # are rules. (We only consider rules without
generality since the problems of generality are independent of the problems discussed
here.)

In our formulation of inferenceschemata for SC1 to SC4 (seeTable 1, Ch. 1 x 1), the
syntactic variable \ A" now standsboth for formulaeand for #. As a newinferenceschema
we add

X ` #
(EFQ) .

X ` R

When de¯ning logical constants we can introducea constant F of logical absurdity as
corresponding to structural absurdity #, by choosingf # g to be the assertibility condition
for F:

�

(F) = ff # gg. (We usethe symbol \ F" to distinguish this conceptuallynew kind
of absurdity from ? , for which

�

(? ) = ; .) F has the introduction rule

# ) F (F-I)

and as schemafor elimination rules

F; (# ) r ) ) r; equivalently: F ) # (F-E)

wherer is now a schematic variable which may instantiated by formulae or by #. 1 These
trivial logical rules for F only serve to connect logical absurdity to structural absurdity
for which we have (EFQ) as an inferenceschema.

In a corresponding way we can characterizeminimal and classicallogic. Minimal logic
is obtained by just omitting the structural inferenceschema(EFQ), i.e., in minimal logic
structural absurdity # and logical absurdity F are available with (F-I) and (F-E) as
primitiv e rules, but no speci¯c schema that governs structural absurdity is postulated.
Classical logic is obtained by adding a schemalike

X ; (A ) #) ` #
(# c) .

X ` A
1Structural absurdity # is de¯ned as a constant that may be used in the construction of rules (lik e

the rule arrow) but that is not a formula. Therefore the letters p1; : : : ; pn in an assertibility condition
¢( p1; : : : ; pn ) must not be instantiated by #. When wehereallow for the speci¯c letter r to be instantiated
by #, we are implicitly using an extendedconceptof rule schema,in which in addition to schematic letters
for formulae (or predicate terms in the generalcase),schematic letters for other entities like # may also
occur. However, since these additional letters are only used in schemata for elimination rules, whereas
for assertibility conditions (and thus for schemata for intro duction rules) nothing is changed,it would be
confusing to give a new de¯nition of rule schema.
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The schema

X ; (R ) #) ` #
(# 0

c)
X ` R

with R instead of A is not more generalthan (# c): Supposewe have derived the sequent
X ; (R ) #) ` # and R is of the form Y ) B. Then the sequent Y; (Y ) B); (B ) #) ` #
can be derived, therefore Y; (B ) #) ` R ) # and, together with X ; (R ) #) ` #, we
obtain X ; Y; (B ) #) ` #. By application of (# c) weobtain X ; Y ` B and thereforeX ` R.
If onereducesnegation: to absurdity F by de¯ning

�

(: ) = ff p) Fgg, then oneobtains
the standard laws of classicalpropositional logic.

A way of directly de¯ning negationinsteadof reducingit to F is to enlargethe structural
framework in a similar way as we did with #. We de¯ne a structural negation which
intuitiv ely might be thought of as the denial of a formula and denote it by \ ¡ ". 2 Then
rules are de¯ned as follows.

Each formula A is a rule. If A is a formula, then ¡ A is a rule. If X is a ¯nite set of
rules and A a formula, then X ) A and X ) ¡ A are rules.

The letter \ A" in our inferenceschemata for SC1-SC4must now be interpreted as
standingboth for formulaeand for rulesof the form ¡ B. The following inferenceschemata
governing structural negationare of particular interest:

X ; B ` C X ; B ` ¡ C
(RA)

X ` ¡ B

X ` B X ` ¡ B
(ECQ)

X ` C

X ; ¡ B ` C X ; ¡ B ` ¡ C
(RA c) .

X ` B

Here B and C stand for formulae, not for rules of the form ¡ A.
Inferenceschema(RA) leadsto minimal logic, (RA) together with (ECQ) to intuition-

istic logic and (RA) together with (RA c) to classicallogic. The primitiv e rules for logical
negationare in all casesthe same,namely

¡ p) : p (: -I)

and

(: p;(¡ p) r )) ) r; equivalently: : p) ¡ p (: -E)

2This idea goes back to von Kutschera (1969), who usesthe sign \ s " as distinguished from logical
negation \ : ". We shall use\ s " as a secondkind of logical negation in relevancelogic (seeCh. 5).
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wherep is a schematic letter for formulae and r is a schematic letter both for formulae A
and rules of the form ¡ A (seefootnote 1).

Instead of only considering structural negation of formulae, we may also introduce
structural negationof rules. The de¯nition of rules would then be the following:

Each formula is a rule. If R is a rule which is not of the form ¡ R1, then ¡ R is a rule.
If X is a ¯nite set of rules and R is a rule, then X ) R is a rule.

This procedurerequiresa system like SC2+ or SC3+ (seeCh. 1 x 2), where rules of
higher levelsmay be conclusionsof rules. Structural schemata for the structural negation
of rules, which correspond to thosefor the structural negationof formulae, are then

X ; R ` R0 X ; R ` ¡ R0

(RA 0)
X ` s R

X ` R X ` ¡ R
(ECQ0)

X ` R0

X ; ¡ R ` R0 X ; ¡ R ` ¡ R0

(RA c) .
X ` R

If ¡ R is de¯ned as f (R ) C); (R ) ¡ C)g for a ¯xed formula C, then these inference
schemata can be shown to be equivalent to (RA), (ECQ) and (RA c), respectively. For
(ECQ0) this is obvious, for (RA 0) and (RA 0

c) this is proved by arguments similar to that
for the equivalenceof (# c) and (# 0

c). Thereforewe have not obtained a proper extension
of the previousapproach.

Somethingreally new is achieved if the structural negation ¡ R of a rule R is not, as
before,understood as \ R leadsto a contradiction", but as \the premisesof R can be es-
tablishedwhereasthe conclusionof R canbe refuted". This readingof structural negation
was called \direct" by von Kutschera (1969). In von Kutschera (1985) a corresponding
\direct logic" is developed in detail, including both proof theory and valuation seman-
tics. Reconstructedin our framework, direct structural negation is characterizedby the
inferenceschemata

X ` Y X ` ¡ R

X ` ¡ (Y ) R)

(seevon Kutschera1985,p. 35). The rules for logical constants basedon such a structural
framework do not only contain introduction and elimination rules in our sensebut also
rules governing the structural negation of logically compound formulae, i.e. refutation
rules.Direct logic resemblesin someway to systemsdevelopedby Fitch (1952)and Nelson
(1949) (seePrawitz 1965,Appendix B).



Chapter 4

Logic Programming with
Higher-Lev el Rules

The theory of logic programming is a theory of backward reasoningfor inferencesystems
for atomic formulae. In the standard caseof de¯nite Horn clauseprogramming, which
underlies the programming languagePROLOG, only rules of levels 0 and 1 (in our ter-
minology) are consideredas primitiv e. We shall describe a generalizationwhich permits
higher-level rules in logic programsand thus extendstheir meansof expression.The basic
soundnessand completenesstheorems for SLD-resolution can also be extended to our
generalcase.To make our presentation self-contained, we state somepreliminaries con-
cerning the object languageand concerningsubstitution and uni¯cation in x 1, following
in most points Lloyd's (1984) textbook. In x 2 basic issuesof the theory of programming
with de¯nite Horn clausesaredeveloped in purely proof-theoretic terms and not, asusual,
by meansof Herbrand interpretations. Using a generalizationof this method, a theory of
higher-level logic programming is outlined in x 3.

x 1. Preliminaries

In this chapter no bound variablesare mentioned. When we speakof variables, we always
meanfree variables in the senseof Ch. 1 x 3. We usea languagewith variables,function
symbols and predicatesymbols, where0-placefunction symbols are individual constants
and 0-placepredicatesymbols are propositional constants.

Terms are variables and expressionsof the form f (t1; : : : ; tn ), where f is an n-place
function symbol and t1; : : : ; tn are terms (in particular, individual constants are terms).

Atomic formulae, in short atoms, areexpressionsof the form P(t1; : : : ; tn ), whereP is an
n-placepredicate symbol and t1; : : : ; tn are terms (in particular, propositional constants
are atoms).

Complex formulae neednot be de¯ned, sincewe shall interpret clausesas rules rather
than logically compound expressions.In this and the next section, we use A, B , C for
atoms and X , Y, Z for ¯nite sets of atoms. The equality sign \=" is a metalinguistic
symbol usedto expressthe identit y of setsor of symbols (depending on the context).
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Substitutionsare treated as formal objects and are metalinguistically denotedby lower
caseGreek letters. They can be de¯ned as setsof pairs f a1=t1; : : : ; an=tng such that the
ai 's are all distinct and ai =ti for each i (1 · i · n). A pair a=t in a substitution is calleda
binding for a. If E is an atom, term or rule (rules areconsideredin the next section),and ¾
is f a1=t1; : : : ; an=tng, then E¾is E[a1; : : : ; an=t1; : : : ; tn ], i.e., the result of simultaneously
substituting all t i for the corresponding ai in E (1 · i · n). Substitutions in sets of
expressionsare de¯ned elementwise.The composition ¾µ of substitutions ¾and µ can be
de¯ned asan associative operation in such a way that for any expressionor set thereof, for
which substitution is de¯ned, E(¾µ) = (E¾)µ. The union ¾[ µ of substitutions is de¯ned
as the usual set union, provided t1 = t2 if a=t1 is in ¾and a=t2 is in µ.

If E1 and E2 are atoms or terms, then ¾is called a uni¯er of E1 and E2 if E1¾= E2¾.
A uni¯er ¾of E1 and E2 is called a most general uni¯er , in short: mgu, if for any other
uni¯er µ of E1 and E2 there is a substitution ± such that µ = ¾± (roughly speaking,µ is
a specialization of ¾).

There is a uni¯c ation algorithm which, given any two atoms or terms E1 and E2,
constructsan mgu of E1 and E2, if E1 and E2 are uni¯able, and reports failure otherwise.
This uni¯cation algorithm is the basisof the resolution method developed by Robinson
(1965), on which the evaluation of queriesin logic programming systemsis based.

x 2. A pro of-theoretic view of de¯nite Horn clause
programs

In this sectionwe reconstruct the standard theory of de¯nite Horn clauseprogramsin our
proof-theoretic context. First we give the following de¯nition:

Each atom is a de¯nite Horn clause. If A is an atom and X a ¯nite set of atoms, then
A Ã X is a de¯nite Horn clause.A is calledthe head and X the body of A Ã X . A de¯nite
Horn clauseprogram is a ¯nite set of de¯nite Horn clauses.

Usually, de¯nite Horn clausesare consideredlogically compound formulae: A clauseof
the form A is interpreted asthe formula 8(A) and a clauseof the form A Ã f B1; : : : ; Bng as
the formula 8((B1 & : : : & Bn ) ¾ A), where8 followed by a formula denotesthe universal
closureof this formula. A program then turns out to be a ¯nite set of formulae of ¯rst-
order logic, and queries in a logic programming system are consideredto be questions
concerninglogical consequencesof a program (seeLloyd 1984,Ch. 1).

However, the fragment of ¯rst-order logic that is actually neededcontains not morethan
what can be encoded in terms of rules. (This is formally proved in HallnÄas & Schroeder-
Heister 1987.)Thereforewe proposeto considerde¯nite Horn clausesto be rules of levels
0 or 1, writing X ) A insteadof A Ã X , and a de¯nite Horn clauseprogramto be the set
of primitiv e rulesof a formal system.Sincewe do not deal in this sectionwith higher-level
rules nor with assumptions,it would not make much senseto work in a sequent-style
framework, since all sequents would be of the form ; ` A. It is su±cient to considera
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calculuswhosederivations are treesof atoms and whoseonly inferenceschemais that of
application of primitiv e rules:

X ¾
X ) A (P¤) (X ) A primitiv e rule) .

A¾

(This covers

A
A¾

as a limiting case,since ; ) A is identi¯ed with A.) According to (P¤), variables in
a primitiv e rule are understood as expressinggenerality. For technical reasonswe even
allow for X ) A to be a variant of a primitiv e rule. A variant is here understood as
the result of renaming variables in such a way that di®erent occurrencesof a variable a
are transformed into di®erent occurrencesof a variable a0, and occurrencesof di®erent
variablesa and b are transformed into occurrencesof di®erent variablesa0 and b0.1 This
yields no proper generalizationof our systembut will later on dispenseus from explicitly
consideringrenamingsubstitutions.

We now suppose that a program, viewed as a set of primitiv e rules, is ¯xed. The
corresponding calculusbasedon the inferenceschema(P¤) is calledCP. (The \C" should
remind one of \calculus" and the \P" of \PR OLOG".) An atom A is called derivable in
CP, if there is a derivation of A using only (P¤). A set consistingof derivations of each
element of a set of atoms X is called a derivation of X . The length of a derivation of X
is the sum of the lengths of the derivations of the elements of X . A set of atoms X is
called derivable in CP if there is a derivation of X in CP. It is obvious that if A or X is
derivable in CP, then so is A¾ or X ¾, respectively, for any ¾.

A set X of atoms is alsocalled a goal. A query askswhether for a certain goal there is
a substitution ¾such that X ¾is derivable in CP, and if so, for which ¾this holds. Each
¾, for which this holds, is called a correct answersubstitution for X (with respect to the
program presupposed).2 A usual representation of queriesis

?-X :

A logic programming system should either reply to this query that there is no correct
answer substitution, or return a most generalset of correct answer substitutions for X .
(Here a set of correct answer substitutions is called most generalif every correct answer
substitution µ can be written as ¾± for some¾in this set.)

The standardmethod for computing answer substitutions, givena programand a query,
is SLD-resolution.We supposethat a selection function sel is given, which from any goal

1This de¯nition of a variant is di®erent from that in Ch. 1 x 3, where variants were the result of
renamingbound variables.However, sincewedo not dealherewith bound variables,no confusioncanarise.
Conceptually, there is no essential di®erencesince variables in program rules are treated as expressing
generality.

2Unlike Lloyd (1984), we do not assumethat the bindings in correct answer substitutions for X are
restricted to variables actually occurring in X .
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X selectsan element sel(X ). An SLD-derivation with respect to a selectionfunction sel
(and with respect to the program presupposed)is a sequenceof goalswhich is generated
by the inferenceschema

Y _[ f Bg
X ) A ¾ (P¤)0 ,

Y¾[ X ¾

where X ) A is a variant of a primitiv e rule, B = sel(Y _[ f Bg) and ¾ is an mgu of B
and A. (When we write \ X _[ Y" rather than \ X [ Y", this is to expressthat X and Y
are assumedto be disjoint.) Here ¾ is called the mgu used at the application of (P¤)0.
The step (P¤)0 can be rephrasedas follows: Given a goal Z , we selectan element B of
Z according to the selectionfunction sel, where Y = Z n f Bg. Then we try to unify B
with the headA of a rule X ) A which is either primitiv e or a variant of a primitiv e rule,
replacethe selectedelement B in Z by the premisesX of this rule, and substitute the
result by ¾. Given an order in which to try primitiv e rules, this can be performed by a
machine by primarily using the uni¯cation algorithm. (The problemsof search strategies
connectedwith the order of primitiv e rules cannot be discussedhere;seeLloyd 1984,10.)

An SLD-derivation for X is an SLD-derivation which starts with X , and a successful
SLD-derivation for X is an SLD-derivation for X which ends with the empty set. If
¾1; : : : ; ¾n is the sequenceof mgu's of a successfulSLD-derivation for X , ¾i being used
in the i -th step from the top (1 · i · n), then the composition ¾1¾2 : : : ¾n is called the
computed answersubstitution of this SLD-derivation for X .

Now we canprove the soundnessand completenessof the theory of de¯nite Horn clause
programsin a straightforward way, by only using proof-theoretic methods.

Theorem 4.1 (Soundness of SLD-resolution) If a successfulSLD-derivation for Z
with respect to an arbitrary selectionfunction is givenwith computedanswer substitution
¿, then Z¿ is derivable in CP. (I.e., each computedanswer substitution is correct.)

Pro of Induction on the length of successfulSLD-derivations. If their length is 1, they
just consist of the empty set, and nothing is to be proved. If they are of length n + 1,
starting with a step

Y _[ f Bg
X ) A ¾ (P¤)0 ,

Y¾[ X ¾

then by omitting this ¯rst step, we obtain a successfulSLD-derivation of Y¾[ X ¾ of
length n with computed answer substitution ±. By induction hypothesis, we obtain a
derivation of Y¾±[ X ¾± in CP. Therefore,by using the inferenceschema(P¤) (applying
X ) A to X ¾±), we obtain a derivation of Y¾±[ f A¾±g in CP which is the sameas
Y¾±[ f B¾±g, since¾is a uni¯er of A and B. Now ¾± is the computedanswer substitution
of the successfulSLD-derivation of length n + 1. 2

We say that ¾and µ agree on Z , if ¾and µ becomeidentical after deleting all bindings
for variablesnot in Z .
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Theorem 4.2 (Strong completeness of SLD-resolution) Let an arbitrary selection
function selbegiven.If Z¿ is derivablein CP, then there is a substitution ±anda successful
SLD-derivation for Z with respect to sel with computedanswer substitution ¾such that
¿ and ¾± agreeon Z . (I.e., each correct answer substitution for X is a specialization of a
computedanswer substitution for X , when restricted to the variablesoccurring in X .)

Pro of by induction on the length of derivations of setsZ¿ in CP. If Z¿ and thereforeZ
is empty, then we can take the empty set as a successfulSLD-derivation and ± to be ¿.
Now supposethat Z is nonempty, B = sel(Z ) and Y = Z nf Bg, i.e., the derivation of Z¿
in CP consistsof derivations of Y¿ and B¿. We considerthe derivation of B¿. Suppose
this derivation proceedsin the last step accordingto schema(P¤), i.e.

X µ
X ) A

Aµ

whereAµ = B¿. By renamingvariablesin X ) A we can replacethis step by

X 0µ0

X 0) A0

A0µ0

where X 0µ0 = X µ, A0µ0 = Aµ = B¿, and X 0) A0 is a variant of X ) A such that
X 0) A0 and Z have no variables in common, µ0 contains no bindings for variables in
Z and ¿ no bindings for variables in X 0) A0. Thus Z¿ = Z(¿[ µ0) and (X 0) A0)µ0 =
(X 0) A0)(¿[ µ0). In particular, ¿[ µ0 is a uni¯er of B and A0. Let ¹ be an mgu of B and
A0. Then ¿[ µ0 = ¹¿1 for some¿1. Thuswecanwrite the inferencestepunderconsideration
as

X 0¹¿1
X 0) A0 .

B ¹¿1

By omitting this ¯nal step in the derivation of B¿ and leaving the derivation of Y¿
unchanged,we obtain a derivation of Y¹¿1 [ X 0¹¿1, which is by 1 shorter than that of
Z¿(= Z¹¿1). We may assumeby induction hypothesis (with respect to the derivation
of (Y¹ [ X 0¹ )¿1) that we are already given a substitution ± and an SLD-derivation of
Y¹ [ X 0¹ with computedanswer substitution ¾1 such that ¿1 and ¾1± agreeon Y¹ [ X 0¹ .
By adding the step

Y _[ f Bg
X 0) A0 ¹ (P¤)0

Y¹ [ X 0¹

at the top of this SLD-derivation, we obtain an SLD-derivation for Z with computed
answer substitution ¹¾1. Since¿ and ¹¿1 agreeon Z , ¹¾1± and ¿ agreeon Z , too. 2

This theoremis called \strong" completenesstheorem,becauseit is independent of the
choicethe selectionfunction.
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x 3. Higher-lev el rules in programs

The extensionof de¯nite Horn clauselogicdescribedin the following useshigher-level rules
over atoms.We do not considergenerality in ruleshere,sothat our approach corresponds
to the propositional caseof Ch. 1 x 1. We will baseit on SC4 as the most appropriate
system for backward reasoning.However, primitiv e rules are implicitly understood as
generalized,so that we shall use (App-P¤) rather than (App-P) as the schema for the
application of primitiv e rules. Therefore, as in the previous section, our propositional
framework is not \pure".

A full treatment of logic programming with higher-level rules including generality re-
quires an extensionof the algorithmic aspects, especially of the uni¯cation algorithm. It
would thereforeexceedthe scope of this chapter, whosepurposeis mainly to illustrate the
application of a structural framework with higher-level rules to theoriesof reasoningwith
atomic formulae. The generaltheory, which also contains an extensionof logic program-
ming in which clausesfor predicatesare given a de¯nitional reading, is being developed
by HallnÄas and Schroeder-Heister(1987,1988).

The sort of rules we are dealing with here is de¯ned as follows:
Each atom is a rule. If X is a nonempty ¯nite set of rules and A an atom, then X ) A

is a rule. Variants of rules are de¯ned as in x 2.
All notational conventions of Ch. 1 are valid for this section.In particular, R standsfor

rules and X , Y, and Z stand for ¯nite setsof rules (and no longer only for setsof atoms
as in x 2). A sequent is of the form X ` R. Finite setsof sequents are denotedby ¡ and
§.

A generalized Horn clauseprogram, in short: program, is a ¯nite set of rules. We con-
sider a ¯xed program to be given, whoserules are understood as the primitiv e rules of a
formal system.(They are alsocalled \program rules" asopposedto \assumption rules".)
This formal systemis a sequent calculuscorresponding to SC4,called SCP, and has the
following inferenceschemata:

(Ini)
X ; A ` A

X ` Y¾
Y ) A (App-P¤)

X ` A¾

X ` Y X ; A ` R
() ` )

X ; (Y ) A) ` R

X ; Y ` A
() +) ,

X ` Y ) A

whereY ) A is a primitiv e rule or a variant thereof.Again, permitting the useof variants
of primitiv e rules in applications of (App-P¤) yields no proper extension,but is just a
convenient way of avoiding explicit mentioning of renamingsubstitutions.

Sincethere are no eigenvariable conditions in the inferenceschemata,it is trivial that if
X ` R is derivablein SCP, then sois X ¾` R¾for any ¾. It is oneof the greatadvantagesof
working with sequents that we immediately obtain this substitution property. In that way,
we have a natural distinction betweenprogramruleswhich areunderstood asgeneralized,
and assumptionsruleswhich are instantiated whenthe sequent, in whoseantecedent they
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occur, is instantiated, i.e., between the derivabilit y of a sequent X ; R ` R0 with respect
to a certain program Pr and the derivabilit y of the sequent X ` R0 with respect to the
enlargedprogram Pr [ f Rg.3

A goal is now a ¯nite set¡ of sequents. Similar to the conventions of the previoussection,
a derivation of ¡ in SCP is de¯ned as a set consistingof derivations of each element of ¡
in SCP. If ¡ is f X 1 ` R1; : : : ; X n ` Rng, then ¡ ¾is de¯ned asf X 1¾` R1¾; : : : ; X n¾` Rn¾g
and ; ¾as ; . A query askswhether for somegoal ¡ there is a ¾such that ¡ ¾is derivable
in SCP, and if there is such a ¾, for which ¾this holds. It may again be denotedby

?-¡ :

The evaluation procedurefor queriesis describedby de¯ning an extendednotion of SLD-
derivation. SLD-derivations are sequencesof goals(now understood as setsof sequents)
with respect to a selectionfunction sel which selectsfrom each goal a sequent. An SLD-
derivation of ¡ is an SLD-derivation starting with ¡, a successfulSLD-derivation of ¡ is
an SLD-derivation of ¡ which endswith the empty set. The inferencestepsaccordingto
which SLD-derivationsareconstructed,aregivenby the following four inferenceschemata,
which correspond to the inferenceschemataof SCP.The goalsabove the inferenceline are
all of the form § _[ f Z ` Rg, and it is always assumedthat Z ` R is the selectedelement
of this goal, i.e., sel(§ _[ f Z ` Rg) = Z ` R.

§ _[ f X ; A ` Bg
¾ (Ini) 0

§ ¾

§ _[ f X ` Bg
Y ) A ¾ (App-P¤)0

§ ¾[ (X ¾` Y¾)

where¾is an mgu of A and B and Y ) A is a primitiv e rule or a variant thereof

3This advantage becomesobvious when we compare our approach with that of Gabbay and Reyle
(1984), in which de¯nite Horn clauseprograms are enlarged with logical implication. Though Gabbay
and Reylework in a clauses-as-formulae framework whereasweadhereto the clauses-as-rulesidea, there is
a certain relationship betweenthe two theories,sincehigher-level rules canbe translated into conjunction-
implication formulae (seeCh. 2 x 3). However, Gabbay and Reyle do not usea sequent-style framework
but instead two di®erent sorts of variables in program rules with di®erent substitutivit y conditions. These
substitutivit y conditions are formulated in such a way that our distinction betweenthe derivabilit y of ; ` R
with respect to Pr [ X and the derivabilit y of X ` R with respect to Pr hasa counterpart in a distinction
by Gabbay and Reyle betweenthe derivabilit y of R with respect to Pr [ X and the derivabilit y of R with
respect to Pr [ X ¤ for someX ¤, where X ¤ and X di®er in the sort of variables they contain. This way
of proceedinglacks a su±cient intuitiv e foundation as comparedto the clear notion of the derivabilit y of
a sequent. Furthermore, it leads to very complicated proofs of soundnessand completenessof the query
evaluation procedure. And ¯nally , Gabbay and Reyle's system is di±cult to implement, so that they
consider in addition a weaker version of their system, in which variables of the di®erent sorts must not
occur in one and the sameclause.Our system, which is basedon a simple calculus of sequents, can be
implemented relatively easily (if one disregardsthe problems of search strategies). An implementation in
LISP has beenwritten for experimental purposesby Aronssonand Montelius (1986). Quite surprisingly,
Gabbay and Reyle (1984) speak of \quanti¯ed" PROLOG when they mean just logic programming with
free variables in rules. We prefer to reserve such a term for a version in which the premisesof rules may
contain generality operators. In Miller's (1986) extensionof de¯nite Horn clauseprogramming, in which
queriesmay be madeunder assumptions,this problem is avoided by not allowing that theseassumptions
contain variables.
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§ _[ f X ; (Y ) A) ` Rg
() ` )0

§ [ (X ` Y) [ f X ; A ` Rg

§ _[ f X ` Y ) Ag
() +) 0 .

§ [ f X ; Y ` Ag

At applicationsof (Ini) 0 and (App-P¤)0, the mgu ¾of A and B which is mentioned on the
right of the inferenceline, is called the mgu used at this application. At applications of
() ` ) and () +) in an SLD-derivations no mgu is used.If ¾1; : : : ; ¾n is the sequenceof
mgu'susedin a successfulSLD-derivation for ¡, counted from the top to the bottom, then
¾1 : : : ¾n is the computedanswer substitution of this SLD-derivation for X (with respect
to the selectionfunction sel).

It is obvious that concerningsearch strategiesthere are now many more options. Not
only the order is relevant in which uni¯cation with conclusionsof primitiv e rules is tried
accordingto (App-P¤)0, but alsowhether and in which order attempts at unifying succe-
dents of sequents with atoms in the antecedent are madeaccordingto (Ini )0; furthermore,
whether and in which order rules in antecedents or succedents of sequents are evaluated
accordingto () ` )0 and () +) 0.

The soundnessand completenesstheoremsfor this generalizedform of SLD-resolution
with respect to SCR follow the pattern of the proofs of Theorems4.1 and 4.2. However,
more casedistinctions are necessary, sincemore inferenceschemataare to be considered.

Theorem 4.3 (Soundness of generalized SLD-resolution) If a successfulSLD-de-
rivation for ¡ with respect to an arbitrary selectionfunction is givenwith computedanswer
substitution ¿, then ¡ ¿ is derivable in SCP. (I.e., each computed answer substitution is
correct.)

Pro of Induction on the length of successfulSLD-derivations. If such a derivation is of
length 1, it just consist of the empty set, and nothing is to be proved. If it is of length
n + 1, starting with a step (Ini) 0:

¾_[ f X ; A ` Bg
¾ (Ini) 0 ;

§ ¾

then by omitting this ¯rst step, we obtain a successfulSLD-derivation of § ¾with com-
puted answer substitution ±. By induction hypothesis, we obtain a derivation of § ¾±
in SCP. By using (Ini), we obtain a derivation of § ¾±[ f X ¾±; A¾±` A¾±g, which is the
sameas§ ¾±[ f X ¾±; A¾±` B¾±g, since¾is a uni¯er of A and B. Now ¾± is the computed
answer substitution of the successfulSLD-derivation of length n + 1.

If the successfulSLD-derivation of length n + 1 starts with a step (App-P¤)0:

§ _[ f X ` Bg
Y ) A ¾ (App-P¤)0 ,

§ ¾[ (X ¾` Y¾)

then by omitting this ¯rst step,we obtain a successfulSLD-derivation of § ¾[ (X ¾` Y¾)
with computed answer substitution ±. By induction hypothesis,we obtain a derivation
of § ¾±[ (X ¾±` Y¾±) in SCP. By using (App-P¤), we obtain a derivation of § ¾±[
f X ¾±` A¾±g, which is the sameas § ¾±[ f X ¾±` B¾±g, since¾is a uni¯er of A and B.
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Now ¾± is the computed answer substitution of the successfulSLD-derivation of length
n + 1.

If the successfulSLD-derivation of length n + 1 starts with one of the steps() ` )0 or
() +) 0:

§ _[ f X ; (Y ) A) ` Rg
() ` )0

§ [ (X ` Y) [ f X ; A ` Rg

§ _[ f X ` Y ) Ag
() +) 0 ,

§ [ f X ; Y ` Ag

let in each casethe goalabove the inferenceline be called§ 1 and that below the inference
line be called § 2. Then by omitting the ¯rst step of the SLD-derivation, we obtain a
successfulSLD-derivation of § 2 with computed answer substitution ±. This is also the
computed answer substitution of the successfulSLD-derivation of § 1, since no mgu is
usedat applicationsof () ` )0 or () +) 0. By induction hypothesis,we obtain a derivation
of § 2± in SCP, and by using () ` ) or () +), respectively, we obtain a derivation of § 1±
in SCP. 2

Substitutions ¾and µ are said to agreeon a goal ¡, if ¾and µ becomeidentical after
deleting all bindings for variablesnot in ¡.

Theorem 4.4 (Strong completeness of generalized SLD-resolution) Let an arbi-
trary selectionfunction selbe given. If ¡ ¿ is derivable in SCP, then there is a substitution
± and a successfulSLD-derivation for ¡ with respect to selwith computedanswer substi-
tution ± such that ¿ and ¾± agreeon ¡.

Pro of by induction on the length of derivations of goals¡ ¿ in SCP. If ¡ ¿ and therefore
¡ is empty, then we can take the empty set as a successfulSLD-derivation and ± to be
¿. Now supposethat ¡ is nonempty and § = ¡ n sel(¡), i.e., the derivation of ¡ ¿ in SCP
consistsof derivations of § ¿ and (sel(¡)) ¿. Wedistinguish casesaccordingto the inference
schemaapplied in the last step of the derivation of (sel(¡)) ¿.
(Ini) The selectedsequent is X ; A ` B and the last step has the form

(Ini)
X ¿; A¿ ` B¿

where ¿ is a uni¯er of A and B. Let ¹ be an mgu of A and B such that ¿ = ¹¿1.
Then we have a derivation of § ¹¿1 in SCP, which is by 1 shorter than that of § ¹¿1 [
f X ¹¿1; A¹¿ 1 ` B ¹¿1g (= ¡ ¿). Thus by induction hypothesiswe obtain a substitution ±
and a successfulSLD-derivation of § ¹ with computed answer substitution ¾1 such that
¿1 and ¾1± agreeon § ¹ . Thereforeby adding the step

§ _[ f X ; A ` Bg
¹ (Ini) 0

§ ¹

at the top of this SLD-derivation, we obtain an SLD-derivation for ¡ with computed
answer substitution ¹¾1. Since¿ and ¹¿1 agreeon ¡, ¹¾1± and ¿ agreeon ¡, too.
(App-P ¤) The selectedsequent is Y ` B and the last step has the form

Y¿` X µ
X ) A (App-P¤)

Y¿` Aµ
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whereAµ = B¿. By renamingvariablesin X ) A we can replacethis step by

Y¿` X 0µ0

X 0) A0 (App-P¤)
Y¿` A0µ0

where X 0µ0 = X µ; A0µ0 = Aµ = B¿, and X 0) A0 is a variant of X ) A such that
X 0) A0 and ¡ have no variables in common, µ0 contains no bindings for variables in
¡ and ¿ no bindings for variables in X 0) A0. Thus ¡ ¿ = ¡( ¿[ µ0) and (X 0) A0)µ0 =
(X 0) A0)(¿[ µ0). In particular, ¿[ µ0 is a uni¯er of B and A0. Let ¹ be an mgu of B and
A0. Then ¿[ µ0 = ¹¿1 for some¿1. Thuswecanwrite the inferencestepunderconsideration
as

Y¹¿1 ` X 0¹¿1
X 0) A0 .

Y¹¿1 ` B ¹¿1

By omitting this ¯nal step in the derivation of Y¿` B¿ and leaving the derivation of
§ ¿ unchanged,we obtain a derivation of § ¹¿1 [ (Y¹¿1 ` X 0¹¿1), which is by 1 shorter
than that of ¡ ¿ (= ¡ ¹¿1). We may assumeby induction hypothesis (with respect to
the derivation of (§ ¹ [ (Y¹ ` X 0¹ ))¿1) that we are already given a substitution ± and an
SLD-derivation of § ¹ [ (Y¹ ` X 0¹ ) with computed answer substitution ¾1 such that ¿1

and ¾1± agreeon § ¹ [ (Y¹ ` X 0¹ ). By adding the step

§ _[ f Y ` Bg
X 0) A0 ¹ (App-P¤)0

§ ¹ [ (Y¹ ` X 0¹ )

at the top of this SLD-derivation, we obtain an SLD-derivation for ¡ with computed
answer substitution ¹¾1. Since¿ and ¹¿1 agreeon ¡, ¹¾1± and ¿ agreeon ¡, too.
( ) ` ) The selectedsequent is X ; (Y ) A) ` R and the last step has the form

X ¿` Y¿ X ¿; A¿ ` R¿
() ` ) .

X ¿; (Y¿) A¿) ` R¿

By induction hypothesiswemay assumethat a successfulSLD-derivation of § [ (X ` Y) [
f X ; A ` Rg is given with computed answer substitution ¾ such that ¿ and ¾± agreeon
§ [ (X ` Y) [ f X ; A ` Rg for some±. By adding the step () ` ) at the top of this SLD-
derivation, we obtain an SLD-derivation of ¡ with computedanswer substitution ¾such
that ¿ and ¾± agreeon ¡.
( ) +) Analogously. 2



Chapter 5

A Structural Framew ork for
Relev ance Logic

In this chapter we only deal with rules without generality. This is becausethe central
problemsof relevancelogic ariseat the propositional level. In x 1 we present an enlarged
framework for relevance logic, introducing a new sort of structure for higher-level rules
which extendsRead'sand Slaney's1 notion of a \bunch" of formulae to that of a bunch
of extensionaland intensionalrules. In x 2 logical constants of positive relevancelogic are
treated in a uniform way, and in x 3 it is discussedhow negation and absurdity can be
addedto this framework. The resulting system,whenrestricted to the standard constants
of relevance logic, is shown in x 4 to be equivalent to a calculus for relevance logic by
Read and Slaney. In x 5 we sketch how S4-modality can be added to the framework.
The structural framework we proposeusesrules whoseconclusionsmay themselves be
arbitrary rules. We present it as an extensionof our formalism SC3+ (seeCh. 1 x 2 and
Table 1), which is best suited for our purpose.

x 1. Bunc hes of higher-lev el rules

In our structural framework with higher-level rules a variety of logical constants could
be characterized in a uniform way. Of course,this did not compriseall possiblelogical
constants. On the contrary, it could be shown that every constant which canbe character-
ized in this framework can be de¯ned in terms of the intuitionistic standard connectives
&, _, ¾ and ? . If we want to characterizefurther logical constants, we must extend our
framework in someway. The extensionwe describe in the following allows us to treat con-
stants of relevancelogic in nearly the samemanneras \ordinary" constants were treated
in Ch. 2.

1In the following, when referring to Readand Slaneywithout further speci¯cation, we meanthe works
Slaney (1984, 1986), Read (1984, 1988 Ch. 4), Slaney and Martin (1988). The term \bunch" was ¯rst
usedby Slaney.
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Onebasicidea leadingto relevancelogic can be stated asfollows: Sometimeswe do not
only want to know whether A follows from somesubsetof X , but alsowhether A follows
from X in the sensethat all elements of X are relevant for A.2 This idea could easily
be incorporated in our structural framework by simply omitting the inferenceschemaof
thinning from SC3+. However, this procedurewould be not an extensionor re¯nement of
our structural framework, but a restriction. We would not have more than before,but we
would obtain somethingdi®erent. The commaand the rule arrow would acquirea di®erent
meaning.Correspondingly, the logicalconstants & and ¾, which on the logicalsideexpress
the contents of the commaand the rule arrow, would mean somethingdi®erent. It is of
coursenot undesirablethat we areable to de¯ne a newsort of implication (called relevant
implication and denoted by \ ! "), and a new sort of conjunction (called \fusion" and
denotedby \ ±"). But we want theseconstants not in the place of ordinary conjunction
and implication, but in addition to them. With respect to conjunction and fusion this
is a common opinion in the literature on relevance logics|one always wants to have
\extensional" conjunction & in the system(seee.g.Andersonand Belnap 1975,Routley
et al. 1982). With respect to extensional versus relevant implication there is no such
common opinion, since relevant implication is often consideredthe \righ t" implication
that must replaceordinary implication. Wedo not speculatehereabout which implication
is \righ t" in somesensebut simply considerit a reasonablegoal to have a framework in
which both relevant and non-relevant operators can be de¯ned, and which in respect to
the non-relevant part simply contains what we had before.

We shall rely on an idea, which goesback to Dunn (1975) (seealso Giambrone 1983)
and wasdeveloped by Readand Slaney(seefootnote 1) for a sequent-style systemwhich,
asbasedon introductions and eliminations of logical constants rather than introductions
to the right and left of the turnstile, is near to natural deduction. The idea is simply to
extend the meansfor combining premisesor assumptionsby using the semicolon\;" in
addition to the comma\,", where the commastands for non-relevant and the semicolon
for relevant combination. The most elegant way of handling thesecombinations is to treat
them asbinary operations,building up objects which, following Readand Slaney, will be
called \bunches". In particular, in premisesof a rule or in antecedents of a sequent the
commais no longer consideredto divide the elements of a ¯nite set.

The central extensionwe undertake as comparedto the Read/Slaneyapproach is that
we do not only combine formulaeund usebunchesof formulaeasantecedents of sequents,
but alsode¯ne rulesof higher levelsby useof bunchesaspremises,sothat rulesmay occur
within bunches.Corresponding to the two combinations denotedby the commaand the
semicolon,we usea doublerule arrow \ ) " (asbefore)and a triple rule arrow \ V ". When
we considerlogical constants, the doublearrow will be related to ordinary implication (as
before)and the triple arrow to relevant implication.

Sincebunchesare not sets,the empty set is no candidatefor an empty bunch. Instead,
we needtwo objects as empty bunches,one corresponding to the semicolon(denoted by
\ g ") and one corresponding to the comma(denoted by \ ; "). Note that in this chapter

2The secondbasic idea of relevance logic, which is the rejection of the \ex falso quodlibet" will be
treated in x 3 below.
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; is not usedas the sign for the empty set but as a speci¯c object (although it functions
similarly to the empty set).

Our de¯nition of rules and bunchesruns as follows:

(i) Every formula is a rule of level 0.

(ii) ; and g are bunchesof level 0.

(iii) Every rule of level n is a bunch of level n.

(iv) If X and Y are bunchesof levels n1 and n2, respectively, then (X ; Y) and (X ; Y)
are bunchesof level max(n1; n2).

(v) If X is a bunch of level n1 and R a rule of level n2, then (X ) R) and (X V R) are
rules of level max(n1; n2) + 1.

The metalinguistic notations and conventions areasbefore,exceptthat \ U", \ V", \ X ",
\ Y", \ Z " now stand for bunchesrather than setsof rules.

A rule of the form X V R is called intensional; one of the form X ) R extensional.
Similarly, a bunch which is an intensional rule or is of the form g or (X ; Y) is called in-
tensional;onewhich is an extensionalrule or is of the form ; or (X ; Y) is calledextensional.
A rule or bunch which is just a formula A is calledboth extensionaland intensional.3 We
do not formally identify ; ) R and g V R with R, not even if R is a formula. (Lemma 5.2
will show that all theserules are equivalent.) 4

Sequents areof the form X ` R whereX is a bunch and R a rule. The intuitiv e meaning
of (X ; Y) in the antecedent of a sequent is that X or Y or both are relevant for the
succedent, whereas(X ; Y) expressesthat both X and Y are relevant. Which parts of
X and Y are relevant if X or Y is relevant, depends on the internal structures of X
and Y. Of course,this motivation is rather vague.The precisemeaningis given to those
combinations by certain inferenceschemata.Roughly speaking,we will allow for thinning
in connectionwith the comma,but not in connectionwith the semicolon.

As said at the beginning,we present our sequent-style systemfor relevancelogic, which
is called SCR, in a way that corresponds to SC3+. First we state thoseschemata which
govern the combination of bunchesin antecedents of sequents and have no direct analogue
in SC3+ (except thinning).

X ; (Y; Z ) ` R
(Assoce)

(X ; Y); Z ` R

X ; (Y; Z ) ` R
(Associ)

(X ; Y); Z ` R

3It should be clear that in our proof-theoretic framework \extensional" doesnot mean anything that
has to do with truth-functionalit y.

4In Ch. 1 x 1 we identi¯ed A with ; ) A to obtain a more elegant formulation of SC1, SC10 and SC4.
Sincewe here work with a system related to SC3+, there is no needfor such an identi¯cation.
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X ; Y ` R
(Comme)

Y; X ` R

X ; Y ` R
(Commi)

Y ; X ` R

X ; X ` R
(Contr e)

X ` R

X ; X ` R
(Contr i)

X ` R

; ; X ` R
(Id e)

X ` R

g ; X ` R
(Id i)

X ` R

X ` R (Thin e)
X ; Y ` R

Theseschematastate that for both the combinations with the commaand with the semi-
colon we have associativit y, commutativit y and contraction aswe have for sets.Thinning
is allowed only with respect to the comma,not with respect to the semicolon.In view of
the associativit y schematawe canusenotations like X ; Y; Z or X ; Y; Z for buncheswhich
are built up by iterated useof only the commaor the semicolon.

The inferenceschemata governing the semicolondo not represent the only possibleor
reasonablechoice. We have chosen inferenceschemata according to which the comma
and the semicolononly di®er with respect to whether thinning is allowed or not. When
enlargedwith rules for logical constants, our systemleadsto the positive fragment of the
relevancelogic R (seeAndersonand Belnap 1975).Other structural inferenceschemata
would lead to other systemsof relevancelogic (seeReadand Slaney).Sincethe treatment
of these di®erent systemsis not directly connectedto our approach of rules of higher
levels,we do not discussthem here.

We postulate as inferenceschemata governing the rule arrows:

X ; Y ` R
() )

X ` Y ) R

X ; Y ` R
(V ) .

X ` Y V R

In other words, for the doublearrow we have the sameschemataasin SC3+, for the triple
arrow we have a schemawhich is associated with the semicolon.The idea behind () ) is
the following: To establishan extensionalrule Y ) R under assumptionsX it is necessary
and su±cient to derive its conclusionfrom X or Y or both. To establishan intensional
rule Y V R under assumptions,it is necessaryand su±cient to derive its conclusionfrom
its premises,whereboth the premisesand the assumptionsarerelevant for the conclusion.
According to our conventions, () +) denotesthe direction of () ) from above to below
and () ¡ ) the converseone,and similarly for (V ).

Since the arrows \ ) " and \ V " may occur mixed within rules, it is not possiblein
general to work only with formulae as conclusionsof rules. For example, a rule of the
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form Y V (Z ) A) cannot always be replacedby an equivalent rule of the form U ) A or
U V A for someU. Only rules in which only \ ) " or only \ V " occur can be reducedto
rules with formulae as conclusions.Therefore the results of Ch. 1 x 2 do not pertain to
the present case.5 The inferenceschemata

(Re°)
R ` R

X ` R R ` R0
(Trans)

X ` R0

are chosenas basic inferenceschemata as in SC3+. The handling of primitiv e rules will
be described below. On the basisof the inferenceschematade¯ned sofar, we can already
prove the following results.

Lemma 5.1 The following inferenceschemata are admissiblein every extensionof the
systemdeveloped so far by additional inferenceschemata.

(i) ; ` R
g ` R

(ii)
X ; Y ` R
X ; Y ` R

(iii)
; ` X ) R

g ` X V R

(iv)
; ` X V R

g ` (; ; X ) V R
(v)

g ` X ) R

; ` (g ; X ) ) R

(vi)
; ` X V R

; ` (; ; X ) ) R
(vii)

g ` X ) R

g ` (g ; X ) V R

Pro of Considerthe following derivations:

(i)

; ` R (Thin e)
; ; g ` R

(Commi) and (Id i)
g ` R

(ii)

X ; Y ` R
(V +)

X ` Y V R
(Thin e)

X ; Y ` Y V R
(V ¡ )

(X ; Y); Y ` R
(Commi) and (V +)

Y ` (X ; Y) V R
(Thin e) and (Comme)

X ; Y ` (X ; Y) V R
(V ¡ )

(X ; Y); (X ; Y) ` R
(Contr i)

X ; Y ` R

5Sinceunlike Read and Slaneywe do not only usethe comma and the semicolonas binary operators
but combine this ideawith de¯ning extensionaland intensional rules of higher levels,it is not necessaryfor
us to allow for the inferenceschemataabove to operate on \subbunches" of nestedbunchesin antecedents.
For example, it follows from our inferenceschemata that (X ; X ) can be replacedby X not only as a full
antecedent of a sequent but also as a part of a nested bunch. E.g., from ((X ; X ); Y ); Z ` A follows by
() +) and (V +) the sequent X ; X ` Y V (Z ) A), thus by application of (Contr e) X ` Y V (Z ) A), and
by () ¡ ) and (V ¡ ) we obtain (X ; Y ); Z ` A.
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(iii)

; ` X ) R
() )

; ; X ` R
(Id e)

X ` R
(Id i)

g ; X ` R
(V )

g ` X V R

(iv)

; ` X V R
(V )

; ; X ` R
(Id i)

g ; (; ; X ) ` R
(V )

g ` (; ; X ) V R

(v), (vi), (vii) similarly. 2

Lemma 5.2 All sequents of the following form are derivable:
(i) R a` ; ) R (ii) R a` g V R (iii) X V R ` X ) R .

Pro of (i) follows by useof () ) and (Id e). (ii) follows by useof (V ) and (Id i). (iii) follows
by useof (V ¡ ) and () +) from Lemma 5.1 (ii). 2

Sincewe have two di®erent empty bunches; and g , we must distinguish between; ` R
and g ` R (thus \ ` R" is ambiguous).The meaningof ; ` R can be circumscribed as: \ R
follows from any assumption", whereasg ` R means:\ R follows without assumption".
This di®erencemakes someconsiderationsnecessaryof how to formulate the inference
schemawhich introducesprimitiv e rules into a derivation. In SC3+ it took the form

R (Prim) .
; ` R

We could take this inferenceschema over to the present system by interpreting ; as a
bunch rather than a set. However, another possibility would be to choosethe schema

R (g -Prim) ,
g ` R

which accordingto Lemma 5.1 (i) is weaker than (Prim).
It can be shown that both alternatives are equivalent in the sensethat the resulting

systemscan be embeddedinto each other. If we interpret every primitiv e rule of the form
X ) R of the system with (Prim) as X V R in the system with (g -Prim) and every
primitiv e rule of the form X V R as (; ; X ) V R, then from Lemma 5.1 ((iii) and (iv))
follows that in the resulting systemsthe samesequents are derivable. Conversely, if we
interpret every primitiv e rule of the form X V R of the systemwith (g -Prim) asX ) R
in the systemwith (Prim) and each primitiv e rule of the form X ) R as(g ; X ) ) R, then
from Lemma 5.1 ((iii) and (v)) follows that in the resulting systemsthe samesequents
are derivable. (Primitiv e rules of the form A are in all casestranslated into themselves.)

Furthermore, if we choosethe systemwith (Prim), we can restrict ourselvesto exten-
sional primitiv e rules, since intensional primitiv e rules can be expressedby extensional
ones(Lemma 5.1 (vi)). Correspondingly, if we choosethe systemwith (g -Prim), we can
restrict ourselves to intensional primitiv e rules, sinceextensionalprimitiv e rules can be
expressedby intensional ones(Lemma 5.1 (vii)). For our system SCR we take (Prim)
and require that primitiv e rules be extensional.Table 4 presents all inferenceschemataof
SCR.
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Table 4
Inferenceschemata of the structural systemsSCR

X ; (Y; Z ) ` R
(Assoce)

(X ; Y); Z ` R

X ; (Y; Z ) ` R
(Associ)

(X ; Y); Z ` R

X ; Y ` R
(Comme)

Y; X ` R

X ; Y ` R
(Commi)

Y ; X ` R

X ; X ` R
(Contr e)

X ` R

X ; X ` R
(Contr i)

X ` R

; ; X ` R
(Id e)

X ` R

g ; X ` R
(Id i)

X ` R

X ` R (Thin e)
X ; Y ` R

(Re°)
R ` R

R (Prim)
; ` R

(R extensional
primitiv e rule)

X ` R R ` R0
(Trans)

X ` R0

X ; Y ` R
() )

X ` Y ) R

X ; Y ` R
(V )

X ` Y V R

The systemSCR is obviously an extensionof the systemSC3+ in the following sense:
If we restrict ourselves to bunches built up by meansof ; , the comma and the double
arrow alone,we can interpret bunchesas¯nite sets,where; is readasthe empty set. The
inferenceschemata (Assoce), (Comme), (Contr e) and (Id e) becomesuper°uous, and we
obtain exactly the schemata of SC3+.

In order to prove a replacement theorem,we needthe notion of a subbunch:

Every bunch is a subbunch of itself.
Every subbunch of X and Y is a subbunch of (X ; Y) and (X ; Y).
Every subbunch of X and R is a subbunch of (X ) R) and (X V R).
By Z [X ] we denotea bunch in which X occursat a certain placeasa subbunch. If usedin
the samecontext, Z [Y] then denotesthe result of replacingthis occurrenceof X in Z [X ]
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by Y, provided this result is a bunch (e.g., a replacement of the subbunch R of X ) R
by a bunch of the form (Y; Z ) is not de¯ned).

Furthermore, we de¯ne X ° Y as follows:
X ° Y meansthat the inferenceschema

Y ` R
X ` R

is admissible,i.e., if for every R the derivabilit y of Y ) R in SCR implies that of X ) R.
As a limiting casewe have that X ° R meansthe sameas\ X ) R is derivable". X

°

° Y
expressesthat X ° Y and Y ° X .

Theorem 5.3 (Replacemen t Theorem) If X

°

° Y, then Z [X ]

°

° Z [Y], provided the
replacement of X by Y in Z [X ] is de¯ned.

Pro of by induction on the de¯nition of subbunches.If Z [X ] is X , then the assertionis
trivial. SupposeZ [X ] is (Z1[X ]; Z2). Then Z1[X ]

°

° Z1[Y ] by induction hypothesis.Now
supposeZ1[Y ]; Z2 ` R. Then Z1[Y ] ` Z2 ) R, henceZ1[X ] ` Z2 ) R, i.e., Z1[X ]; Z2 ` R.
Thus we have Z [X ] ° Z [Y]. Analogously we show Z[Y] ° Z [X ]. The same holds
for the casewhere Z [X ] is (Z1; Z2[X ]) or (Z1[X ]; Z2) or (Z1; Z2[X ]). SupposeZ [X ] is
Z1 ) R0[X ]. Then Z1 ) R0[X ] a` Z1 ) R0[Y ] by induction hypothesisand (Trans), there-
foreZ [X ]

°

° Z [Y] by (Trans).SupposeZ [X ] is Z1[X ] ) R0. Then Z1[X ] ` (Z1[X ] ) R0) )
R0, i.e., Z1[X ] ) R0` Z1[Y ] ) R0, and similarly the converse.If Z [X ] is Z1[X ] V R0, we
proceedanalogously. 2

x 2. Logical constan ts of positiv e relev ance logic

In this section we carry over the ideasof Ch. 2, restricted to the propositional case,to
our more complicatedstructural apparatus involving bunchesof higher-level rules.

Formulae are consideredto be either atomic formulae (the form of which can be left
open) and expressionsof the form S(A1; : : : ; An ) for formulae A1; : : : ; An , if S is an n-
ary logical constant (also called connective). An n-ary formula schemais de¯ned as in
Ch. 2 x 2 by useuseof schematic letters p1; : : : ; pn for formulae: If i · n, then pi is an n-
ary formula schema.If ®1; : : : ; ®k aren-ary formula schemataand S is a k-ary connective,
then S(®1; : : : ; ®k) is an n-ary formula schema.

Rule schemataand schemataof bunchesare then de¯ned as rules and bunches with
formula schemata playing the role of formulae: Every n-ary formula schema is an n-ary
rule schema.; and g aren-ary schemataof bunches.Every n-ary rule schemais an n-ary
schemaof a bunch. If ¢ 1 and ¢ 2 are n-ary schemataof bunches,then soare (¢ 1; ¢ 2) and
(¢ 1; ¢ 2). If ¢ is an n-ary schema of a bunch and %an n-ary rule schema, then ¢ ) %
and ¢ V %are n-ary rule schemata. Schemata of bunchescorrespond to the setsof rule
schemataof Ch. 2. The notational conventions of Ch. 2 remain in force,particularly those
concerningthe notations ¢ i [p], ¢ i [A]; S(p); S(A) etc.
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An assertibility condition for an n-ary logical constant is an n-ary schemaof a bunch.
With each n-ary connective S, a nonempty set

�

(S) = f ¢ 1[p1; : : : ; pn ]; : : : ; ¢ m [p1; : : : ; pn ]g

of assertibility conditions for S is assumedto be associated. We require
�

(S) to be
nonempty, becausethe justi¯cation of the \ex falso quodlibet" as basedon an empty
set of assertibility conditions is problematic in relevance logic. In the next section, we
shall introduce intensionalabsurdity and negationby corresponding structural concepts.
Here we only discussthe positive fragment.

It is again required that the logical constants consideredcan be orderedin a sequence

S1; S2; : : : ; Si ; : : :

in such a way that for any i ,
�

[Si ] only contains logical constants Sj for j < i .
If

�

(S) = f ¢ 1[p]; : : : ; ¢ m [p]g, then the rule schemata of S-introduction are

¢ 1[p] ) S(p)

.

.

.

¢ m [p] ) S(p) ,

(S-I)

and the schemaof S-elimination is

(S(p); (¢ 1[p] ) r ); : : : ; (¢ m [p] ) r )) ) r ; (S-E)

wherer is a schematic letter which may be instantiated by rules and not only by formulae.
(Strictly speaking,(S-E) is not a rule schemain the sensede¯ned, sincein rule schemata
only schematic letters for formulae and not for rules are allowed to occur|see footnote 1
of Ch. 3.)

With the exceptionof the schematic letter r for rules in (S-E), the schematafor logical
rules look exactly as those given in Ch. 2 x 2. This is not counterintuitiv e. The caseof
relevance logic di®ersfrom that of \ordinary" logic in that the structural framework is
moresophisticated.The generalway logical constants are characterizedis independent of
that di®erence.Of course,the assertibility conditions ¢ i [p] of a constant S may have a
richer structure sincethey arenow schemataof bunches.But this di®erencedoesnot a®ect
the generalpattern of introduction and elimination rules. If one looks at the \common
content"-motiv ation of logical rules (Theorem 2.4), there is in fact no reason why in
relevance logic the generalpattern of logical rules should di®er from the casediscussed
in Ch. 2. The condition that for all A and all R, S(A) expressesthe commoncontent of
¢ 1[A]; : : : ; ¢ m [A], i.e.,

S(A) ` R i® for each i (1 · i · m) ¢ i [A] ` R ;

is completelyindependent of whetherwe aredealingwith bunchesor not. As caneasilybe
seen,the proof of a theoremcorresponding to Theorem2.4(restricted to the propositional
case)would only uselaws for ; , the commaand the double arrow \ ) ".
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However, if onewould like to have a rule schemafor S-elimination that usesintensional
combinations, onemay take

(S(p); ((¢ 1[p] V r ); : : : ; (¢ m [p] V r ))) ) r :

It canbeshown that this schemaand (S-E) areequivalent asschematafor primitiv e rules.
A replacement theoremfor subformulaecorresponding to Theorem2.3canbe proved in

the sameway asin Ch. 2, now basedon Theorem5.3. Furthermore, a separationtheorem
like Theorem2.5 is alsoavailable in the present case.6

The standard logical constants of positive relevance logic which can be characterized
by our general schemata are extensional conjunction (&), disjunction (_), extensional
implication (¾), extensionaltruth (> ), intensional truth (t ), intensional implication or
fusion (±) and intensional or relevant implication (! ). Their assertibility conditions and
primitiv erulesaregivenin Table5. The constants which arenewarethe nullary constant t
(corresponding to g ), fusion ± (corresponding to the semicolon)and relevant implication
! (corresponding to the triple arrow). Sincewehereonly dealwith positive logic, weneed
the nullary extensionalconstant > , which in the non-relevant casewasde¯nable as?¾? .
Since rule schemata are themselves schemata of bunches, p) q is now an assertibility
condition for ¾. In the non-relevant case,assertibility conditions werealways setsof rule
schemata,sothat only f p) qg wasan assertibility condition for ¾. The analogueapplies
to other connectives.

There is no relevant analogueto disjunction _. This is becausedisjunction has no im-
mediate relation to the structural framework but only to the way logical constants are
de¯ned: Disjunction is the only standard constant S with

�

(S) having more than one
element. In the literature on relevance logic there is normally an intensional version of
disjunction beingconsidered,which is sometimescalled\¯ssion" and denotedby \+" (see
Andersonand Belnap 1975,p. 344;Routley et al. 1982,p. 361). It is usually de¯ned as

A + B = df s A ! B

or

A + B = df s (s A ± s B) ;

wheres is a negationwhich behaveslike classicalBooleannegation(and which, inciden-
tally, makesfusion ± and relevant implication ! interde¯nable). Such a negationwill be
consideredin the next section. In our framework there seemsto be no way of character-
izing ¯ssion independently, i.e. without referenceto a constant of classicalabsurdity or
negation.

As remarked in Table 5, for ! -elimination there is an equivalent version available,
which is a kind of intensionalmodus ponens:

(p! q; p) ) q :

6As in Ch. 2, we do not present the proof of this result here,sinceit is not directly connectedwith our
central questionsof structural frameworks. Although somewhatlengthy, it usesthe standard methods of
normalization proofs.
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Table 5
Standard constants of positive relevancelogic and their primitiv e rules

(Binary connectivesare written in in¯x notation. The letters p and q stand for p1 and
p2, respectively. The letter r is a schematic letter to be instantiated by rules.)

S(p)
�

(S) Schemata for I rules Schemata for E rules

p& q ff p;qgg p;q) p& q (p& q; ((p;q) ) r )) ) r

equivalent:
p& q) p
p& q) q

p _ q f p;qg p) p _ q (p _ q; (p) r ); (q) r )) ) r

q) p _ q

p ¾ q f p) qg (p) q) ) p ¾ q (p ¾ q; ((p) q) ) r )) ) r

equivalent:
p ¾ q; p) q

> f;g ; ) > (> ; (; ) r )) ) r (derivable)

t f g g g ) t (t ; (g ) r )) ) r (derivable)

p±q ff p; qgg (p±q) ) p±q (p±q; ((p; q) ) r )) ) r

p! q f pV qg (pV q) ) p! q (p! q; ((pV q) ) r )) ) r

equivalent:
p! q; p) q

For ±-elimination, there is no versionavailable, which correspondsto the \direct" elimi-
nation rules

p& q) p p& p) q

for extensionalconjunction.
The functional completenessof the standard constants &, _, ¾, > , t , ± and ! is

obtained by using the following mapping of schemata of bunchesto formula schemata:

g(®) = ®
g(; ) = >
g(g ) = t
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g((¢ 1; ¢ 2)) = g(¢ 1) & g(¢ 2)
g((¢ 1; ¢ 2)) = g(¢ 1) ±g(¢ 2)
g(¢ ) %) = g(¢) ¾ g(%)
g(¢ ) %) = g(¢) ! g(%) .

Complex formula schemata can then be translated as follows:

h(S(p)) = g(¢ 1[p]) _ : : : _ g(¢ m [p]); if
�

(S) = f ¢ 1[p]; : : : ; ¢ m [p]g :

Then it can be shown that S(p) and h(S(p)) are schematically equivalent. From this
result weobtain, by usingreplacement of subformulaeandseparativity of logicalconstants,
that X ` R is derivable in a system with an arbitrary number of logical constants i®
X ± ` R± is derivable in a system with only the standard connectives, whereby X ± and
R± result from X and R, respectively, by replacing complex formulae according to the
function h.

x 3. Absurdit y and negation in relev ance logic

A central motive for relevance logic is that one is interested in which assumptionsare
really neededif onewants to establishan assertionunder assumptions.In our framework
this idea is captured by using a way of combining assumptionsfor which thinning is
not allowed. Another basic issueof relevancelogic, inasmuch as it goesbeyond positive
logicsand dealswith absurdity and negation, is the rejection of the \ex falsoquodlibet".
The reasonfor this rejection is that neither absurdity (as a primitiv e constant) nor a
contradiction is related in any \relevant" senseto arbitrary formulae.

Therefore in relevance logic no \natural" notion of logical absurdity is available, ob-
tained as in (non-relevant) intuitionistic logic by consideringan empty set of assertibility
conditions and leading to the \ex falso quodlibet" as a primitiv e rule. In order to obtain
notions of absurdity and negation for relevance logic we propose to enlarge the struc-
tural framework, following the ideassketched in Ch. 3. Sincewe have already ; and g as
extensionaland intensional objects expressingtruth, we introduce corresponding exten-
sionaland intensionalobjects # and f (respectively) expressingabsurdity. The modi¯ed
de¯nition of rules and bunches is then obtained from the original one by consideringin
addition # and f as rules (and thereforebunches) of level 0, where# is an extensional
and f an intensional rule.

Correspondingly, on the logical sidewe obtain two additional constants F and f , with
�

(F) = f # g and
�

(f ) = f f g, i.e., with primitiv e rules accordingto the schemata

# ! F (F-I)

(F; (# ) r )) ) r ; equivalently: F ) # (F-E)

and

f ) f (f -I)
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(f ; (f ) r )) ) r ; equivalently: f ) f : (f -E)

Extensional negation(\ : ") and intensionalnegation(\ s ") can then be characterizedby

(p) #) ) : p (: -I)

(: p;((p) #) ) r )) ) r ; equivalently: : p;p) # (: -E)

and

(pV f ) ) s p (s -I)

(s p;((pV f ) ) r )) ) r ; equivalently: s p; p) f : (s -E)

Another possibility for de¯ning : and s would beto usetwo sortsof structural negation
(e.g.denotedby \ ¡ " and \ n"), and then to uselogical rulesaccordingto which : expresses
¡ and s expressesn (seeCh. 3). We follow the approach which only usesabsurdity as
basic.

The crucial questionis which additional inferenceschematashould be given for # and
f . The simplest way is to add no inferenceschema.The resulting systemmay be called
minimal relevance logic, since the laws we obtain for the extensionalpart (i.e. for the
formulae formulated by useof &, _, ¾ and F) correspond to those of minimal logic. In
particular, we can now derive ; ` F ¾ : A for any A. (For this derivation thinning is
essential. Sowe cannot derive the intensionalanalogue; ` f ! s A.)

To allow for an \ex falso quodlibet" for intensional absurdity would contradict the
philosophical essentials of relevance logic. But one might perhaps use it in connection
with #, since# is consideredextensional absurdity for which the traditional laws may
hold. This leadsto adding the inferenceschema

X ` #
(EFQ# )

X ` R

to the structural framework (whereasf still hasno characteristic inferenceschema).Such
a systemmay be called \in tuitionistic relevancelogic", sincethe typical intuitionistic law
of ex falso quodlibet holds for extensionalabsurdity, without any typical classical law
(such as classicalreductio ad absurdum), holding in the system.

The usualway of presenting relevancelogic, however, is to treat it in a classicalsetting,
where \classical" means \classical with respect to the intensional operations". In our
framework, we can expressthis by postulating

X ; (R V f ) ` f
(f c)

X ` R

as an inferenceschema.The systemSCR, extendedby (f c) may be called a \structural
framework for classicalrelevancelogic". We denoteit by SCRc.
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In SCRc we can derive ; V f ` R for any rule R:

(Re°)
; V f ` ; V f

(V ¡ )
(; V f ); ; ` f

(Commi) and (V +)
; ` (; V f ) V f

(Thin e) and (Id e)
R V f ` (; V f ) V f

(V ¡ ) and (Commi)
(; V f ); (R V f ) ` f

(f c) .
; V f ` R

This meansthat if we de¯ne # by ; V f , then we obtain (EFQ# ) asa derived inference
schema.However, we conjecturethat onecannot derive in SCRc

(R ) (; V f )) ) (; V f ) ` R :

If this conjectureis right, then oneobtainsan evenstrongersystemthan SCRc by requiring
in addition to the classicallaw (f c) for f and V the corresponding classicallaw for #
and ) :

X ; (R ) #) ` #
(# c) .

X ` R

However, the standard systemR of relevancelogic comesclosestto SCRc with # being
de¯ned as ; V f .

x 4. The Read-Slaney calculus for relev ance logic

In our general formalism relevance logic with arbitrary many logical operators can be
treated in such a way that the rules for theseoperators follow a uniform pattern. Rules
for the speci¯c constants T , F, &, ¾, _, t , f , ± and ! arespecialinstancesof this pattern.
Thesestandard connectivesare complete in that they su±ce to expresseverything that
can be expressedby use of other logical constants. Our system has been developed for
theoretical purposes,aiming at a generalframework for relevance logic, with respect to
which such generalresults as functional completenesscan be obtained. For the practical
purposeof carrying out derivations in relevancelogic with the abovestandardconnectives,
it is convenient to usea simpler system,even if this meansto give up certain theoretical
principles which wereessential for the construction of our generalstructural framework.

As such a systemwepresent a slightly modi¯ed version,called\RS", of calculi developed
by Read and Slaney (see footnote 1). The system RS di®ers from our general system
(restricted to primitiv e rules for the above standard connectives) in that no apparatusof
higher-level rules is employed, and that logical rules are identi¯ed with certain speci¯c
inference schemata (rather than considering rules as separateobjects to be imported
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into derivations by a schema like (Prim)). Nevertheless,in using the bunch structure at
least for formulaeand arranging logical inferenceschemataaccordingto the introduction-
elimination pattern, the systemRS is conceptuallystill closelyrelated to our framework.
We show that every sequent which can be derived in RS can alsobe derived in SCRc, and
conversely, that every sequent which can be expressedin RS and derived in SCRc, can
also be derived in RS. This demonstratesthat our systemis in fact a generalizationfor
theoretical purposesof Read'sand Slaney'ssystems,which are very easyto handle and
are particularly well-suited for teaching purposes.

By SCRc we now understandthe systemde¯ned in the previoussectionwith only f as
(intensional) structural absurdity (since # is de¯nable as ; V f ) and only introduction
and elimination rules for the standard connectivesT , &, ¾, _, t , f , ± and ! (sincewe
do not have # as primitiv e, we leave out F).

RS is a system whoseformulae are built up from the samestandard connectives as
SCRc. RS-bunchesare de¯ned as follows:

Every formula is an RS-bunch. If X and Y are RS-bunches, then so are (X ; Y) and
(X ; Y).

RS-subbunches are de¯ned as follows: Every RS-bunch is an RS-subbunch of itself.
Every RS-subbunch of X or Y is an RS-subbunch of (X ; Y) and (X ; Y). As notation for
an RS-bunch in which an RS-subbunch occursat a certain placewe useZ [X ].

In RS-bunches, the roles of ; , g and f are taken over by the formulae T , t and
f , respectively. Although from the theoretical viewpoint this meansthat the structural
and the logical levels are confounded,this procedureshortensderivations considerably.
Applications of the trivial introduction and elimination rules for T , t and f can simply
be dropped.

In RS, rules as parts of bunches are not de¯ned. The notion of a bunch of rules can
be avoided when dealing with the standard connectivesrather than with arbitrary n-ary
operators. The price paid for this is that for extensionaland intensional implication the
standardized elimination rules can no longer be formulated, but only their equivalent
versionsof extensionaland intensionalmodus ponens.

An RS-sequent is of the form X ` A where X is an RS-bunch and A a formula. The
formalism RS has the inferenceschemata presented in Table 6, whereX ¸ Y is usedas
an abbreviation for

U[X ] ` A ,
U[Y] ` A

and X = Y standsfor X ¸ Y and Y ¸ X .
Obviously, each RS-sequent X ` A is alsoa sequent in the senseof SCRc.

Theorem 5.4 If X ` A is derivable in RS, then X ` A is derivable in SCRc.

Pro of We show that all inferenceschemataof RS are admissiblein SCRc. Consider¯rst
the schemata for the manipulation of RS-subbunches,which have the generalform:

U[X ] ` A .
U[Y] ` A
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Table 6
Inferenceschemata of RS

Manipulation of RS-subbunches

X ; (Y; Z ) = (X ; Y); Z X ; (Y; Z ) = (X ; Y); Z
X ; Y = Y; X X ; Y = Y; X
X ; X = X X ; X = X
T ; X = X t ; X = X
X ¸ X ; Y

Schemafor introducing assumptions Classicalabsurdity schema

(Assum)
A ` A

X ; (A ! f ) ` f
(fc)

X ` A

Introduction and elimination schemata

X ` A Y ` B
X ; Y ` A & B

X ` A & B
X ` A

X ` A & B
X ` B

X ` A Y ` B
X ; Y ` A ±B

X ` A ±B Y[A; B ] ` C

Y[X ] ` C

X ` A
X ` A _ B

X ` B
X ` A _ B

X ` A _ B Y[A] ` C Y[B ] ` C

Y[X ] ` C

X ; A ` B
X ` A ¾ B

X ` A ¾ B Y ` A
X ; Y ` B

X ; A ` B
X ` A ! B

X ` A ! B Y ` A
X ; Y ` B

By applying () ) and (V ), we can construct derivations

U[X ] ` A

.

.

.

X ` R

Y ` R

.

.

.

U[Y] ` A
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in SCRc for a certain rule R, i.e., we can \unpack" the RS-subbunchesX and Y from the
\surrounding" RS-bunch U[ ]. Now the inferencestep

X ` R
Y ` R

is available in SCRc, if we usethat in SCRc we can derive T

°

° ; and t

°

° g .
The schema(Assum) of RS is a special caseof the schema(Re°) of SCRc. Sincein SCRc

we have A ! f

°

° A V F, (f c) can be shown to be admissiblein SCRc by useof (f c).
Concerningthe introduction and elimination schemata,we considerasexamples±-intro-
duction and ±-elimination. For ±-introduction, take the following derivation in SCRc:

Y ` B

X ` A

( ±-I) (Prim)
; ` (A; B) ) A ±B

() ¡ ) and (Contr e)
A; B ` A ±B

(V +)
A ` B V A ±B

(Trans)
X ` B V A ±B

(V ¡ )
X ; B ` A ±B

(Commi) and (V +)
B ` X V A ±B

(Trans)
Y ` X V A ±B

(V ¡ ) and (Commi) .
X ; Y ` A ±B

For ±-elimination we do not write down the derivation in SCRc but just sketch how we
have to proceed.From Y[A; B ] ` C weobtain, by applying () +) and (V +), ; ` (A; B) )
R for a certain R. Furthermore, from the rule of ±-elimination in SCRc in the form
(A ±B; ((A; B) ) R)) ) R and from X ` A ±B we obtain (A; B) ) R ` X ) R, henceby
(Trans) ; ` X ) R. Applications of () ¡ ) and (V ¡ ) then yield Y[X ] ` C. 2

The converseto this theorem should be formulated as follows: For all RS-bunchesX
and formulae A, if X ` A can be derived in RS then X ` A can be derived in SCRc. This
meansthat SCRc is \conservative" in a certain sensein regard to RS, i.e., it does not
permit us to derive more as far as matters are concernedwhich can be expressedin RS.

We ¯rst de¯ne a translation ¤ of bunchesinto RS-bunches.Herethe mapping g is taken
from x 2 of this chapter, but understood asa mapping from bunchesto formulae,and not
only from schemata of bunchesto formula schemata.

R¤ = g(R) for rules R
; ¤ = T
f ¤ = t
g ¤ = f
(X ; Y)¤ = (X ¤; Y ¤)
(X ; Y)¤ = (X ¤; Y ¤) .

Obviously, X ¤ is always an RS-bunch. It is easyto seethat X ¤ is X , if X is an RS-bunch.
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Theorem 5.5 If X ` R is derivable in SCRc, then X ¤ ` R¤ is derivable in RS.

Pro of We show that if

X 1 ` R1 : : : X n ` Rn

X ` R

is an inferenceschemaof SCRc, then

X ¤
1 ` R¤

1 : : : X ¤
n ` R¤

n

X ¤ ` R¤

is admissiblein RS. For the inferenceschemata which only manipulate the structure of
antecedents aswell asfor (Assum) this is obvious.Concerning(Trans), we caneasilyshow
the admissibility of

X ¤ ` R¤ : : : R¤ ` R0¤

X ¤ ` R0¤

in RS by ¯rst applying ! -introduction to the right upper sequent and then using ! -
elimination. Since X ¤; (R V f )¤ ` f ¤ is the sameas X ¤; (R¤ ! f ) ` f , we immediately
obtain the assertionfor (f c). For () ) and (V ) we must show that

X ¤; Y ¤ ` R¤

X ¤ ` Y ¤ ¾ R¤
and

X ¤; Y ¤ ` R¤

X ¤ ` Y ¤ ! R¤

are admissible in RS, which follows by using the inferenceschemata for ¾ and ! . It
remainsto show that for each primitiv e rule R of SCRc the sequent ; ` R¤ can be derived
in RS. We consideras examples! -introduction and _-elimination. For ! -introduction
we must derive in RS:

; ` (A ! B) ¾ (A ! B) ;

which is trivial. For _-elimination we must derive in RS:

; ` ((A _ B) &( A ¾ C) &(B ¾ C)) ¾ C ;

which can easily be achieved by using &-, ¾-, _-elimination and ¾-introduction. 2

x 5. S4-mo dalit y

In systemsof natural deduction, necessity (2 ) in the senseof S4 is characterizedby an
introduction rule, which allows oneto passover from A to 2 A, provided all assumptions
on which A dependsare modalized (seee.g.Prawitz 1965,Ch. VI). In its simplest form,
\mo dalized" meansthat all assumptionsstart with 2 . Obviously, what one is using here
is a new type of rule which is di®erent from thoseformulated with the help of the double
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arrow and the triple arrow. To incorporate it into our structural framework, we must en-
largeour de¯nition of a rule and add structural inferenceschematacharacterizingthis new
type of a rule. Theseinferenceschemata must re°ect somehow the idea of modalization
of assumptions.

We start with the sequent calculus for relevancelogic SCRc and add to the de¯nition
of rules and bunchesthe following clause:

If R is a rule, then so is ¤ R:

The operator \ ¤" is to expressnecessity on the structural level. Its indended meaning
is that to establish a rule of the form ¤ R under certain assumptionsit is su±cient to
establishR, provided all assumptionsaremodalized.Sinceassumptionshave the structure
of a bunch, we must de¯ne what it meansfor a bunch to be modalized:
Every rule of the form ¤ R is modalized.

The empty bunches; and g are modalized.
If X and Y are modalized, then so are (X ; Y) and (X ; Y).

Note that the absurdity bunchesf and (if present) # are not called modalized, nor are
the rules X V R or X ) R for modalized X and R. This situation would be di®erent if
we wanted to reconstruct S5 rather than S4.

The characteristic inferenceschemata for ¤ are the following:

X ` R (¤ +)
X ` ¤ R

provided X is modalized

X ` ¤ R (¤ ¡ ) .
X ` R

On the logical level, we can characterize the logical constant 2 by the following rule
schemata:

¤ p) 2 p (2 -I)

(2 p;(¤ p) r )) ) r; equivalently: 2 p) ¤ p : (2 -E)

The resulting systemcorresponds to R2 , which is nowadays consideredto combine fea-
tures of relevancewith those of necessity in a more appropriate way than Anderson &
Belnap's (1975) systemE of entailment (seeRead1988).The functional completenessof
the standardconnectives,which now include2 , is provedasin Ch. 5 x 2 with 2 expressing
¤.

If we restrict ourselvesto the non-relevant fragment of this framework (i.e., disregard-
ing the triple arrow, the semicolon,g and f , and using in addition ? as a constant
with the empty set of assertibility conditions and ? ) r as elimination rule), we obtain
intuitionistic S4.7

7Similar to Do·sen's (1980, 1985) idea of sequents of higher levels, one could consider a sequence
¤0; ¤1; ¤2; : : : of structural modal operators. For each natural number n and any rule R, ¤n R would then



be de¯ned asa rule, whereby ¤0 is identi¯ed with R. We could then de¯ne n-modalized bunchesfor every
natural number n as follows:

A rule ¤m R for m ¸ n is n-modalized.
; and g are n-modalized for any n.
If X and Y are n-modalized, then so are (X ; Y ) and (X ; Y ).
(In particular, if X is n-modalized, it is m-modalized for every m ¸ n.)

As inferenceschemata governing ¤n we could postulate:

X ` ¤n R
(¤n +)

X ` ¤n +1 R
provided X is (n + 1)-modalized

X ` ¤n +1 R
(¤n ¡ )

X ` ¤n R

This would lead to an in¯nit y of modal constants of S4 type in the object language.(Here ¤1 with the
inference schemata (¤0 +) and (¤0 ¡ ) would correspond to ¤ with the inference schemata (¤ +) and
(¤ ¡ ).)



Chapter 6

Judgemen ts of Higher Levels in
Martin-LÄ of 's Logical Theory

Martin-LÄof's intutionistic type theory is an approach which is being widely discussed
in proof theory and (even more so) in theoretical computer science.As a framework for
constructivemathematicsit is a far-reaching theory. Via the interpretation of propositions
astypesof their proofs(an ideawhich originated in Howard 1980),it alsocontains a theory
of pure logic, which deviates from standard treatments of intuitionistic logic in certain
respects. Its central feature is the introduction of \ A is a proposition" as a new form of
judgement in addition to \ A is true". This correspondsot \ A is a type" in addition to \ a is
an element of type A" in type theory.1 The logical theory canbe developed independently
of the propositions-as-types approach, as carried out in Martin-LÄof (1983, 1985a) and
Smith (1984).

When the structural featuresof Martin-LÄof's logical systemarespelledout, it turns out
that they ¯t very well into the range of ideaswe are dealing with here. More precisely,
underlying Martin-LÄof's logical theory is a certain kind of structural framework that
governs the reasoningwith \judgements" in his senseand that can easilybe extendedto
include \judgements of higher levels". These judgements of higher levels correspond to
what wehavebeforecalled\rules of higher levels".2 The most characteristic featureof this
structural framework is its \presuppositional" nature: In many casesassumptionscanonly
be introducedprovided certain other judgements have beenproved.By useof higher-level
judgements generalschematafor \primitiv e judgements" (also called \axioms") for n-ary
logical constants can be given which generalize(and standardize) the logical axioms or
inferenceschemata given by Martin-LÄof. They correspond to the schemata for primitiv e
rules for logical constants of Ch. 2.

We concentrate on propositional logic, sincethe main philosophical ideasthat distin-
guish Martin-LÄof's framework from that presented in Ch. 1 already appear in the propo-
sitional case.This concentration also enablesus to put asidethe foundational questions
of type theory which would comein if we had to deal with certain typesas domainsof

1For a presentation of type theory seeMartin-LÄof (1975, 1982,1984) and Beeson(1985, Ch. XI).
2Judgements of secondlevel are usedin Martin-LÄof (1980).
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quanti¯ers. Furthermore, we do not combine the features of Martin-LÄof's system with
those of relevancelogic, although this would be possiblein principle, i.e. we present the
systemasa conceptualre¯nement of the (extensional) framework developed in Ch. 1. As
a starting point, which is to be modi¯ed, we usethe formalism SC2+, which is a system
with rules as conclusionsof rules. For the development of Martin-LÄof's systemit is not
crucial to work in such a framework (as it was in the caseof relevancelogic). However,
sincewe shall quite often useexpressionslike X ) R, it is more convenient to treat them
as they stand and not as abbreviations.

When we speak of Martin-LÄof's system, we do not mean any particular formalism
Martin-LÄof has given himself. Rather, we mean the idea of a certain systemthat we are
trying to reconstruct.

x 1. Judgemen ts and their presupp ositions

As remarkedin the introduction, Martin-LÄof's logicand typetheory belongto an approach
to proof theory which considersformal proofsasrepresentations of arguments by which we
acquireand communicate knowledge.Like our precedinginvestigations,such an approach
often tacitly assumesthat formulae stand for propositions in a straightforward sense,
so that a derivation of a formula can be interpreted as a demonstration of the truth of
a corresponding proposition. Martin-LÄof's central claim is that this view is too simple-
minded, sinceit takesfor granted that \prop osition" is a meaningfulconceptindependent
of whether a systemfor formal reasoninghasbeenconstructed.

According to Martin-LÄof, not everything that lookslike a proposition is in fact a propo-
sition, and whether it is a proposition may still dependon whethersomeother proposition
hasbeenestablishedas true. This is to say,

(i) whether somethingis a proposition is itself a matter of argument, and

(ii) arguments for something'sbeing a proposition cannot always be kept apart from
arguments concerningtruth.

Thesis(i) seemsto berather uncontroversial|there may obviously bediscussionsabout
whether somethingmakessenseas a proposition or not. Thesis (ii), however, is strongly
challenging. If arguments concerningbeing a proposition and being true are intertwined,
then the usual structure of argumentation is a®ected.The entities we are arguing for in
one and the samecontext are no longer of one kind, but of two kinds. Martin-LÄof calls
them \forms of judgements" A prop (\ A is a proposition") and A true (\ A is true"). Here
\ A prop" and \ A true" arenot metalinguistic assertionsabout A. Rather, the quali¯cations
\ true" and \ prop" denotedi®erent ways of forming assertiblecontents.

Since \ A is a proposition" meansthat it makessenseto ask whether A is true, this
implies that questionsconcerning senseand meaningfulness and questionsconcerning
truth are to be discussedon the samelevel. If we arguethat A is a proposition (which is a
presupposition for A's being true), we remain within the samecontext in which we try to
establishthe truth of A. Instead of having two levels of argumentation (\Sinnebene" vs.
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\Geltungsebene" in traditional German terminology), we have one level with two forms
of judgements.

One consequenceof dealing with questionsof truth and questionsof meaningfulness
in the sameframework is the following: In Martin-LÄof's fully developed system includ-
ing type theory, it is possibleto formally concludefrom the well-known paradoxes (like
Russell's)that certain assertionsare not meaningful, i.e. that certain expressionsare not
propositions. Theseconclusionsare results within the system.Therefore, the paradoxes
are avoided in a natural way, without the needfor restricting the systemfrom outsideby
purely syntactic criteria, as donee.g. in rami¯ed type theory.

When trying to codify Martin-LÄof's philosophicalapproach in a formal framework we
proceedas follows. We can no longer start from a de¯nite range of formulae (usually
inductively de¯ned by a set of formations rules) and then give inferenceschemataor rules
for the derivations of formulae (or rules of higher levels built up from formulae). Rather,
we must start with closedexpressionsA and introducea systemof inferenceschematafor
judgements of the form A prop and A true (and more complex judgements). Of course,
theseclosedexpressionsmay formally be called \form ulae". However, sincethey cannot,
as in usual presentation of logical formalisms, be intuitiv ely conceived as standing for
propositions, it is more appropriate to keep \closed expression"as the standard term.
(Whether an expressionis closedor not is a matter of syntax or, asMartin-LÄof would say,
of a \theory of expressions".)The judgements \ A prop" and \ A true", beingcomposedof a
closedexpressionsand an indicator of a form of judgement, arenot themselvesconsidered
closedexpressions,so that an iteration like \ A prop prop" is not allowed.

Formally, judgements of higher levels and sequents are de¯ned as follows. Supposea
basicrangeof closedexpressionsis given, metalinguistically denotedby A, B , C, D (with
and without indices). Then A prop and A true are judgements (also called \ categorical
judgements"). If X is a ¯nite sequenceof judgements and R is a judgement, then (X ) R)
is a judgement (also called \ hypothetical judgement"). R is called the conclusionand the
elements of X are called the premisesof (X ) R). Judgements are identi¯ed with one-
element sequencesof judgements. A sequent is of the form X ` R with a ¯nite sequenceof
judgements X asthe antecedent and a judgement R asthe succedent. Contrary to Ch. 1,
wherewe had setsto the left of the rule arrow and of the turnstile, and to Ch. 5, where
we had bunchesbuilt up by binary operations, we herework with ¯nite sequences,since
the order of their elements will be important.

In the following, we useR (sometimesprimed and with indices) as syntactic variables
for judgements, and X , Y, Z (with and without indices) as syntactic variables for ¯nite
sequencesof judgements. By hi we denote the empty sequenceof judgements (which is
considereda limiting caseof a ¯nite sequence).Outer brackets in the notation of hypo-
thetical judgements can be omitted. We useX ) Y as an abbreviation for the sequence
(X ) R1); : : : ; (X ) Rn ) and X ` Y for X ` R1; : : : ; X ` Rn , if Y is R1; : : : ; Rn . X ) hi
and X ` hi stand for the empty sequencehi. Throughout we usethe commaboth to divide
the elements of a sequenceand to denotethe concatenationof sequences.For example,

X ; Y; R; Z; R0
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denotesthe sequence

R1; : : : ; Rn ; R0
1; : : : ; R0

m ; R; R00
1 : : : ; R00

k ; R0;

if X denotesthe sequenceR1; : : : ; Rn ; Y the sequenceR0
1; : : : ; R0

m and Z the sequence
R00

1; : : : ; R00
k .

With each judgement R and each ¯nite sequenceof judgements X we associate a ¯nite
sequenceof judgements as its presupposition, denoted by � (R) and � (X ), respectively.
Intuitiv ely, � (R) or � (X ) is to be understood as what has to be proved for R to be a
meaningful judgement or for X to be a meaningful sequenceof judgements. (Formally,
\meaningfulness"will bede¯ned via the � -operation.) The de¯nition of � re°ects the idea
that presuppositions concerningmeaningfulnessare to be treated within our structural
systemitself. According to what was said before, it should be clear that � (A prop) = hi
and � (A true) = A prop. It makes always senseto assertA prop (even if this assertion
turns out incorrect), i.e., A prop hasno presupposition. But onemay discussthe correct-
nessof A true only if A is a proposition, so A prop is a presupposition for A true.

The simplest way of de¯ning the presuppositions for hypothetical judgements or se-
quencesof judgements would be to considerthem to be meaningful if all the categorical
judgements occurring in them are meaningful, i.e. to de¯ne: � (hi) = hi, � (R1; : : : ; Rn ) =

� (R1); : : : ; � (Rn), � (X ) R) = � (X ), � (R). However, by such a de¯nition we would im-
mediately give up much expressive power. According to Martin-LÄof, the meaningfulness
of the elements of a sequenceof judgements neednot be establishedindependently for
each element, but may be establishedstep by step. (Here it comesin that we work with
¯nite sequencesrather than setsof judgements.) This \sequential" procedureis di®erent
from the \parallel" one sincenow the presuppositions of one element of a sequencemay
depend on earlier elements.

To make this intuitiv ely clear, considera hypothetical judgement R1; : : : ; Rn ) R. Its
intended meaning is that it allows one to establish R provided R1; : : : ; Rn have been
established.Therefore it should be consideredmeaningful if it leads from meaningful
judgements to meaningfuljudgements. Thusfor R1; : : : ; Rn ) R to bemeaningfulit would
be too strong to require that R be meaningful outright. The questionof meaningfulness
of R does not arise before we have already establishedR1; : : : ; Rn . So R need only be
meaningful provided the judgements R1; : : : ; Rn have beenestablished.Furthermore, the
judgements R1; : : : ; Rn may be establishedstep by step, i.e. ¯rst R1, and then R2, etc.
This meansthat for the sequenceR1; : : : ; Rn the question of meaningfulnessof R2 does
not arise before R1 has been established,that of R3 not before R1 and R2 have been
established,and so on.

This motivation leadsto the following de¯nition of the presuppositionsof a judgement
or of a sequenceof judgements:

� (A prop) = hi
� (A true) = A prop
� (hi) = hi
� (X ) R) = � (X ); (X ) � (R))
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� (X ; R) = � (X ); (X ) � (R)) .

For example,

� ((A true; B true) ) C true) = A prop; (A true) B prop); (A true; B true) ) C prop:

A judgement R or a sequenceof judgements X is called meaningful, if its presupposition
can be derived, i.e. if hi ` R or hi ` X , respectively, can be derived in the system being
developed.

We have usedthe term \judgement" to denotesomethingthat neednot be meaningful.
From the philosophical point of view it would be more appropriate to use a term like
\candidate of judgements" for what we have now called \judgement" and to reserve
the term \judgement" for somethingthat is meaningful.The motivation for our choiceof
terminology wasonly to havea short word for what hasthe syntactic form of a judgement.

Furthermore, we have not presented here Martin-LÄof's philosophical ideas about the
precisesensein which A prop is a presupposition for A true. These ideas are basedon
principles concerningveri¯cation and knowledgewhich are connectedto an epistemology
of transcendental idealism(seeMartin-LÄof 1985a,b).To a great extent our systemcan be
intuitiv ely motivated and formally developed by just relying on the fact that judgements
R have other judgements or sequences� (R) thereof as their presuppositions. This may
makeMartin-LÄof's logicalsystemaccessibleto peoplewho do not sharehis epistemological
claims.3

x 2. The structural framew ork with judgemen ts of
higher levels

Our structural inferenceschemataresult from that of SC2+ by taking the speci¯c features
of Martin-LÄof's approach into account. Theseare in particular (i) that antecedents of se-
quents and premisesof hypothetical judgements are sequencesrather than sets,and (ii)
that judgements or sequencesof judgements are meaningful only if their presuppositions
have beenestablished.Due to (i), a schemaof contraction is added.A schemaof permu-
tation, which one would also expect in this context, is admissible.Due to (ii), at several
placesadditional upper sequents must be required in the inferenceschemata to ensure
that new judgements introduced into a derivation are meaningful. We assumea set of
primitiv e judgements to be given.Theseprimitiv e judgements, which correspond to prim-
itiv e rules in the previous chapters, are also called \axioms". How primitiv e judgements
for logical constants look like, is discussedin the next section.

The systemSCML (\sequent calculusfor Martin-LÄof's logical theory") hasthe following
inferenceschemata:

X ; R; Y; R; Z ` R0

(Contr)
X ; R; Y; Z ` R0

X ; Y ` R X ` � (Z )
(Thin)

X ; Z; Y ` R

3It is planned to deal with thesesemantical and epistemologicalquestionsat another place.



70 CHAPTER 6. MARTIN-L ÄOF'S LOGICAL THEORY

X ` � (R)
(Re°)

X ; R ` R

X ` � (R)
R (Prim) (R Axiom)

X ` R

proviso for applications of (Re°) and (Prim): X must be hi if � (R) is hi

X ` Y X ` Y ) R (App)
X ` R

X ; Y ` R
() +) .

X ` Y ) R
SinceX ` � (Z ) and X ` � (R) are sequencesof sequents rather than of sets, the upper
sequents of an inferenceshould now be consideredto form a sequence.Obviously, this
is no essential di®erenceto the procedurein Ch. 1, sincederivations of upper sequents
can always be re-ordered.Correspondingly, when we say that a sequenceof sequents is
derivable in SCML, this meansthe sameas saying that every element of this sequent is
derivable. The empty sequencehi of sequents is always consideredderivable.

We motivate the schemata of SCML in relation to those of SC2+ by using a mean-
ingfulnessproperty for sequents. A sequent X ` R is called meaningful if hi ` � (X ; R)
is derivable in SCML. We want to obtain as a result that only meaningful sequents are
derivable (seebelow Theorem6.2).
(Con tr) We only allow for contraction to the left and not to the right, i.e., we do not
have

X ; R; Y; R; Z ` R0

(Contr r) .
X ; Y; R; Z ` R0

The upper sequent of this schemamay be meaningful only becausefor someelement R1

of Y, the sequent X ; R; Y1 ` � (R1) is derivable, where Y is Y1; R1; Y2, i.e., � (R1) may
depend on R as one of the previous elements of the antecedent. If X ; Y1 ` � (R1) is not
derivable, this meaningfulnessis not carried over to the lower sequent.
In view of () +) and its converse,which is admissible,the Z in the schema(Contr) canbe
omitted. In sequent calculi with sequencesas antecedents oneusually hasa permutation
schemalike

X ; R1; R2; Y ` R
X ; R2; R1; Y ` R

at one'sdisposal.This schemais not admissiblein SCML, for reasonsanalogousto those
speakingagainst(Contr r): The meaningfulnessof the upper sequent requiresthe derivabil-
it y of X ; R1 ` � (R2), i.e., � (R2) may dependon R1, and if X ` � (R2) is not derivable, this
meaningfulnessis not carried over to the lower sequent. However, by adding X ` � (R2)
as an upper sequent, we obtain the schema

X ; R1; R2; Y ` R X ` � (R2)
(Perm) ,

X ; R2; R1; Y ` R

which can be shown to be admissible in SCML: From its upper sequents we obtain
X ; R2; R1; R2; Y ` R by (Thin), and from that X ; R2; R1; Y ` R by (Contr).
(Thin) If a sequenceof judgements Z is to be insertedinto the antecedent of a sequent, it
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must be guaranteedthat meaningfulnessis not violated. Thereforeit is requiredby means
of the right upper sequent that the presuppositionsof Z be ful¯lled, provided thosejudge-
ments which stand left to the place where Z is to be inserted are established.It can be
shown that (Thin) is equivalent to the schema which has only a single judgement R0 at
the placeof the sequenceof judgements Z .
(Re°) The judgement R can only be introducedas an assumptionif it makessense,i.e.
if its presuppositions have beenestablished.Sincethesepresuppositions may themselves
have beenestablishedunder assumptions,we permit assumptionsX in the antecedents,
i.e., we do not only considerthe special case

hi ` � (R)

R ` R

of (Re°). It is the purposeof the proviso to avoid somethinglike

X ; A prop` A prop

as a special casesof the inferenceschema, no matter whether X is meaningful or not.
This problem arisesfrom the fact that X ` hi is de¯ned to be hi.
(Prim) Here analogouscomments as for (Re°) apply.
(App) and () +) Theseschemata exactly correspond to what we had in SC2+.

Lemma 6.1 For all X and Y:

(i) � (X ; Y) a` � (X ); (X ) � (Y)) is derivable in SCML.

(ii) If X ` � (Y) is derivable in SCML, then so is X ; Y ` Y.

Pro of

(i) We proceedby induction on the length of the sequenceY. If Y is hi, nothing is to
prove. If Y is a judgement R, the assertionholds by de¯nition. If Y is of the form
Z; R, then

� (X ; Y) = � (X ; Z ); ((X ; Z ) ) � (R)) ;

and

X ) � (Y) a` X ) � (Z ); ((X ; Z ) ) � (R))

is derivable. By induction hypothesiswe have that

� (X ; Z ) a` � (X ); (X ! � (Z ))

is derivable, which immediately yields the assertion.
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(ii) We useagain induction on the length of Y. If Y is hi, nothing is to prove. If Y is a
judgement R, then the assertionfollowsby (Re°). If Y is of the form Z; R, then from
X ` � (Z; R) we obtain X ` � (Z ) and X ; Z ` � (R), henceby induction hypothesis
X ; Z ` Z , by (Thin) X ; Z; R ` Z , and by (Re°) X ; Z; R ` R. Thus we have derived
X ; Y ` Y. 2

The following Theorem formally establisheswhat in the comments on the structural
schemata was referred to as a desirable feature of our system. We write � � (X ) as an
abbreviation for � ( � (X )).

Theorem 6.2 (i) For all X : hi ` � � (X ) is derivable in SCML.

(ii) If X ` R is derivable in SCML, then so is hi ` � (X ; R).

Pro of

(i) If X is hi, the assertionis trivial. If X is a categoricaljudgement, then � � (X ) = hi
by de¯nition. If X is a judgement of the form Y ) R, then � � (X ) R) = � � (X ; R).
Thus it su±ces to show that hi ` � � (Y; R) is derivable, provided hi ` � � (Y) and
hi ` � � (R) are derivable. Now we have

� � (Y; R) = � ( � (Y); (Y ) � (R)))

= � � (Y); ( � (Y) ) � (Y ) � (R)))

= � � (Y); ( � (Y) ) ( � (Y); (Y ) � � (R)))) :

By hypothesishi ` � � (Y) is derivable. Therefore � (Y) ` � (Y) is derivable by Lem-
ma 6.1(ii). Sincehi ` � � (R) is derivableby hypothesis,weobtain � (Y) ` � � (R) by
(Thin) (using hi ` � � (Y)) and � (Y); Y ` � � (R) again by (Thin) (using

� (Y) ` � (Y)).

(ii) We proceedby induction on the length of derivations. If this length is 1, then (Re°)
or (Prim) are usedwithout upper sequents. Then � (R) = hi, and hi ` � (R; R) and
hi ` � (R) are empty sequences.If this length is greater than 1, we distinguish cases
according to the inferenceused in the last step, supposing the assertionholds for
the upper sequents of this inference.We usethe samesyntactic variablesas in the
presentation of the inferenceschemata above.
(Con tr) If hi ` � (X ; R; Y; R; Z; R0) is derivable, then by Lemma 6.1 (i) so is
hi ` � (X ; R; Y) and X ; R; Y ` � (R; Z; R0). From the latter sequent we obtain
X ; R; Y; R ` � (Z; R0), from which X ; R; Y ` � (Z; R0) follows by (Contr). Together
with hi ` � (X ; R; Y) this meanshi ` � (X ; R; Y; Z; R0).
(Thin) If hi ` � (X ; Y; R) is derivable, then by Lemma 6.1 (i) so is hi ` � (X ) and
X ` � (Y; R). From the latter sequent, using X ` � (Z ), we obtain by (Thin)
X ; Z ` � (Y; R). Since X ` � (Z ) and hi ` � (X ) yield hi ` � (X ; Z ), we obtain
hi ` � (X ; Z; Y; R).
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(Prim) and (Re°) From hi ` � (X ; � (R)) we obtain hi ` � (X ) and thus, together
with X ` � (R), hi ` � (X ; R). From X ` � (R) we obtain by (Thin) alsoX ; R ` � (R),
so that we have hi ` � (X ; R; R).
(App) From hi ` � (X ; Y; R) weobtain by Lemma6.1(i) hi ` � (X ) and X ` � (Y; R),
thus X ` Y ) � (R). Togetherwith X ) Y, (App) yields X ` � (R). Hencewe have
derived hi ` � (X ; R).
( ) +) trivial. 2

Part (i) of this theoremimplies that a sequent which statesthat somethingis meaningful
is itself always meaningful. Part (ii) says that in SCML only meaningful sequents are
derivable. Note that this theorem holds with respect to any set of primitiv e judgements,
i.e., it expressesa property of the structural apparatus.

x 3. Axioms for logical constan ts

Our procedureis similar to that of Ch. 2. We considerthe closedexpressionsA occurring
in categoricaljudgements A prop and A true to be built up from atomic closedexpressions
by useof n-ary logical constants S which are given as a sequence

S1; S2; : : : ; Si ; : : :

Let p be p1; : : : ; pn . By an n-ary judgementschema%(or %[p]) we understandsomething
that is built up likea judgement, but only contains the schematic letters p1; : : : ; pn instead
of atomic closedexpressions.For example,

p1 true) S(p1; p2) prop

is a binary judgement schema,if S is a binary logical constant. An assertibility condition
for an n-ary logical constant S is a ¯nite sequence¢[ p] of n-ary judgement schemata,
satisfying the following requirement:

(¤) All judgement schemata in ¢[ p] are built up from judgement schemata of the
form \ ® true", i.e., \ : : : prop" doesnot occur in ¢[ p].

The operation � is de¯ned for judgement schemata and assertibility conditions in the
sameway as for judgements and sequencesof judgements. With each S in the sequence
of constants a ¯nite set

�

(S) = f ¢ 1[p]; : : : ; ¢ m [p]g

of assertibility conditions is assumedto be associated. If S is Si , only logical constants Sj

for j < i are allowed to occur in
�

(S). As in Ch. 2 (but unlike the situation in relevance
logic, seeCh. 5), we allow for

�

(S) to be empty.
Condition (¤) is crucial. If we allowed for \ : : : prop" to occur in assertibility conditions

for logical constants, we would be able to construct a system-internal de¯nition of the
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categoryof propositions, i.e. we could de¯ne a unary constant P such that for each closed
expressionA we can derive A prop a` P(A) true. From that we would obtain a system-
internal de¯nition of the categoryof true propositions, i.e., we could de¯ne a unary con-
stant T such that for all closedexpressionsA the sequents (A prop; A true) ` T(A) trueand
(A prop; T(A) true) ` A truecanbederived(wesimply haveto takeT(A) to beP(A) & A).
Such an internal truth-de¯nition would make Martin-LÄof's system,when enlargedwith
type theory, inconsistent, as shown by Martin-LÄof (1983)4 and Aczel (1980)5.

Suppose
�

(S) = f ¢ 1[p]; : : : ; ¢ m [p]g. Then we de¯ne � (S) to be the sequence
� (¢ 1[p]); : : : ; � (¢ m [p]), basedon an arbitrary (but ¯xed) order of the elements of � (S)
(Theorem 6.3 below will show that it is irrelevant which speci¯c order is chosen.) � (S) is
de¯ned to be hi if

�

(S) is empty. If A is A1; : : : ; An , let � (S)[A] be � (¢ 1[A]);
: : : ; � (¢ m [A]). In Martin-LÄof's system the axioms for logical constants contain in ad-
dition to introduction and elimination axioms formation axioms, which guarantee that
the conclusionsof the introduction axioms are meaningful, provided their premisesare
meaningful.The schemaof an S-formation axiom is the following:

� (S) ) S(p) prop (S-F)

The premisesof the S-formation axiomspertain to the S-introduction and S-elimination
axioms.Their schemata are the following:

� (S); ¢ 1[p] ) S(p) true

.

.

.

� (S); ¢ m [p] ) S(p) true

(S-I)

( � (S); (S(p) true) � (r )) ; S(p) true;(¢ 1[p] ) r );

: : : ; (¢ m [p] ) r )) ) r :
(S-E)

Here r is a schematic letter for arbitrary judgements. If r is instantiated by the judge-
ment R, then � (r ) is to be replaced by � (R). The following theorem shows that all
formation, introduction and elimination axiomsare meaningful. Its proof shows how this
result is achieved by the additional premises � (S) of (S-I) and (S-E) and the premise
S(p) true) � (r ) of (S-E) together with (S-F). Furthermore, the order of the elements of

� (S) is not important nor is the order of the premisesof the form ¢ i [p] ) r in (S-E).
Therefore,also in the context of Martin-LÄof's logic it is justi¯ed to consider

�

(S) to be
a set of assertibility conditions.

4Unfortunately, Martin-LÄof does not explicitly point to this problem when intro ducing logical con-
stants and dealing with the form of truth conditions of logically complex expressions,doing so only at
a later stage. In the context of type theory this problem does not arise, since the forms of judgement
corresponding to A prop and A true, viz. A type and a 2 A, respectively, are syntactically constructed in
a di®erent way. Sinceunlike a 2 A, the judgement A type doesnot carry a construction term with itself,
it cannot be usedin the premisesof intro duction rules of type-theoretical operators.

5In particular, Aczel could show that it is just this possibility of an internal truth-de¯nition which
makes the system of Frege's \Grundgesetze der Arithmetik" (1893) inconsistent when this system is
reconstructed in a similar setting.
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Theorem 6.3 (i) If R is an instanceof (S-F), (S-I) or (S-E), then hi ` � (R) is deriv-
able in SCML.

(ii) Let R be an instanceof (S-F), (S-I) or (S-E). Let R0 result from R by permuting
elements of � (S)[A] within the premiseof R, and, in the caseof (S-E), of permuting
premisesof the form ¢ i (A) ) R1 of R. Then R a` R0 is derivable in SCML.

Pro of

(i) Let R be an S-formation axiom � (S)[A] ) S(A) prop. Then � (R) = � ( � (¢ 1[A]);
: : : ; � (¢ m [A])). The assertionfollows by useof Theorem6.2 (i).
Let R be an S-introduction axiom � (S)[A]; ¢ i [A] ) S(A) true. Then by Lem-
ma 6.1 (i),

� (R) = � ( � (S)[A]); ( � (S)[A] ) � (¢ i [A] ) S(A) true)):

Sincehi ` � ( � (S)[A]) and � (S)[A] ` � (¢ i [A]) arederivable,wemust only show that
� (S)[A]; ¢ i [A] ` S(A) prop is derivable, which follows by (S-F) and (Thin).
Let R be an S-elimination axiom

( � (S)[A]; (S(A) true) � (R0)) ; S(A) true; (¢ 1[A] ) R0); : : : ; (¢ m [A] ) R0) ) R0:

We know that hi ` � ( � (S)[A]) as well as � (S)[A] ` S(A) prop (by S-formation)
and � (S)[A] ` � (¢ i [A]) (for all i , 1 · i · m) are derivable, and since we have
S(A) true) � (R0) asa premiseof R, we canderive � (S)[A]; S(A) true` � (¢ i [A] )
R0). Hencewe can concludethat hi ` R is derivable.

(ii) Since we can derive hi ` � ( � (S)[A]), we can use the admissibility of (Perm) in
SCML to conclude that the elements of � (S)[A] can be exchanged in R. Con-
cerning premisesof the form ¢ i [A] ) R1 in S-elimination axioms,we use � (S)[A],
S(A) true` � (¢ i [A] ) R1) as obtained in (i). 2

If our only axioms are formation, introduction and elimination axioms for logical con-
stants, then accordingto this theoremthe upper sequents of (Prim) canalways bederived,
so that we may always start a derivation with hi ` R for an axiom R.

The assertibility conditions and axioms for the standard connectives &, _, ¾, ? are
presented in Table 7.

The logical system basedon formation, introduction and elimination axioms for the
standard connectives yields intuitionistic propositional logic in the following sense.For
each expression®(p1; : : : ; pn ) built up from the schematic letters p1; : : : ; pn by meansof the
standard connectivesthe following holds: ®(p1; : : : ; pn ) is a valid formula of intuitionistic
propositional logic i® p1 prop; : : : ; pn prop ` ®(p1; : : : ; pn ) true is schematically derivable
in SCML (i.e., derivable by using the schematic letters p1; : : : ; pn as atomic expressions).

Functional completenessis similar to Ch. 2 x 3 demonstratedby usinga translation g of
assertibility conditions into logically compound expressions,which only usethe standard
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Table 7
Assertibilit y conditions and axiomsfor the standard propositional connectivesin

Martin-LÄof's logical system

(The letters p and q stand for p1 and p2, respectively. The schematic letter r is to be
instantiated by arbitrary judgements.)

�

(&) = f (p true; q true)g � = p prop; (p true) q prop)

p prop; (p true) q prop) ) p& q prop (&-F)

� (&) ; p true; q true) p& q prop (&-I)

� (&) ; (p& q true) � (r )) ; (p& q true); ((p true; q true) ) r ) ) r (&-E)
equivalent: � (&) ; p& q true) p true

� (&) ; p& q true) q true

�

(_) = f p true; q trueg � (_) = p prop; q prop

p prop; q prop) p _ q prop (_-F)

� (_); p true) p _ q true (_-I)

� (_); q true) p _ q true

� (_); (p _ q true) � (r )) ; (p _ q true); (p true) r ); (q true) r ) ) r (_-E)

�

(¾) = f p true) q trueg � (¾) = p prop; (p true) q prop)

p prop; (p true) q prop) ) p ¾ q prop (¾-F)

� (¾); (p true) q prop) ) p ¾ q true (¾-I)

� (¾); (p ¾ q true) � (r )) ; (p ¾ q true); ((p true) q true) ) r ) ) r (¾-E)
equivalent: � (¾); p ¾ q true; p true) q true

�

(? ) = ; � (? ) = hi

hi ) ? prop (? -F)

no ? -introduction axiom

(? true) � (r )) ; ? true) r (? -E)
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connectives:

g(® true) = ®
g(hi) = ?¾?
g(%1; : : : ; %n ) = g(%1) & : : : & g(%n )
g(¢ ) %) = g(¢) ¾ g(%):

It can easilybe shown that � (¢) ` g(¢) prop is schematically derivable6 and that for any
assertibility condition ¢[ p],

(¤¤) if hi ` � (¢[ A]) is derivable then so is � (¢[ A]) a` g( � (¢[ A])) true .

Then we de¯ne

h(S(p)) = g(¢ 1[p]) _ : : : _ g(¢ m [p]) if
�

(S) 6= ;
h(S(p)) = ? if

�

(S) = ; .

Following the methods described in Ch. 2 x 3 it can be shown that for all A, if
hi ` � (S)[A] is derivable, then we can derive S(A) true a` h(S(A)) true and hence
replaceS by an expressionwhich only contains the standard connectives.7

An assertion like (¤¤) cannot be proved for arbitrary X instead of instances¢[ A]
assertibility conditions ¢[ p]. If in such an X a judgement A prop occurs at someplace,
g(X ) (or a corresponding translation operating on sequencesof judgements rather than
judgement schemata) is not de¯ned, since,as remarked above, we do not have a logical
constant which expressesA prop. The fact that in Martin-LÄof's logical theory judgements
of higher levelscannot always be translated into categoricaljudgements givesthe concept
of iterated hypothetical judgements a signi¯cance that goesmuch beyond questionsof a
uniform treatment of logical reasoning.

6The converse it not valid. For example, we cannot schematically derive p& q prop` p prop. This is
due to the fact that inversesto the formation axioms are not available in SCML, i.e., we do not have
S(p) )

�

(S) as a axiom schema.
7Sincewe assumethat hi `

�

(S)[A] is derivable we have no schematicelimination of S. Thus the result
is slightly weaker than the corresponding results of the previous chapters. The reasonis again that we
have no inversesof formation rules.
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