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Abstract

We introduce a definitional extension of logic programming by means of an inference
schema (PF), which, in a certain sense, is dual to the (FP) schema of rule application
discussed in Part I. In the operational semantics, this schema is dual to the resolution
principle. We prove soundness and completeness for the extended system, discuss the
computation of substitutions that this new schema gives rise to, and also consider the
notion of negation intrinsic to the system and its relation to negation by failure.

1. The definitional reading of logic programs

When one writes a logic program, one intends to define somehow the
predicates involved, i.e., to give them a meaning via those rules whose heads
start with the predicates in question. This is reflected in the terminology
used in several PROLOG textbooks and manuals, where the set of rules for
a predicate p is called the ‘definition’ of p. The proof-theoretic approach can
be used to obtain an extension of definite Horn clause programming, which
makes this definitional reading of logic programs precise. Proof-
theoretically, we can look at a program rule X = A as an introduction rule
for A or as a clause in an inductive definition. The corresponding analogy is
that in ordinary natural deduction, the introduction rules for a logical
constant a can be viewed as rules giving meaning to «, whereas the
elimination rule for « is uniquely determined by the introduction rules for «
in the following sense: the elimination rule for a states that everything that
can be derived from the premises of each introduction rule for a can be
derived from the conclusion of these introduction rules (which is the same
for all introduction rules). For example, in the case of a disjunction E, v E,,
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the elimination rule for v states that a formula E follows from E, v E, if E
follows both from E, and from E, (which are the premises of the two
introduction rules for v with conclusion E, v E,). The motivation behind
this principle is that to assume a formula E with main operator & means to
assume that E has been derived according to its definition, i.e. according to
at least one of the introduction rules for « (if there is one). Therefore, what
follows from the premises of each introduction rule for « also follows from E
itself. If there is no introduction rule for a, we have as a limiting case that
from E everything follows.!

To make this idea more precise in the case of logic programming, where
we deal with predicates and atoms rather than logical constants and logically
compound formulae, and where different introduction rules for the same
predicate may have different conclusions, we introduce the following
notation. Let

D(A) =, {Yo | Y > B is a program rule such that A = Bg}

This means, D(A) is a set of sets, containing as its elements all sets of
premises from which A can be inferred according to the given program rules.
The set (D(A))0 for a substitution 6 is defined elementwise, i.e. it is
{v,6,...,Y,0}if D(A)is {Y;, ..., Y,}. To obtain a convenient notation, we
use X, D(A)+ F as an abbreviation for the set of all sequents X, Y+ F such
that Y is in D(A). Relying on the above motivation we may then require the
following: if some F is derivable from each set in D(A) (perhaps with
additional assumptions X), it is also derivable from A itself.

We define D(P) to be the sequent calculus which results from C_(P) by
the addition of the inference schema:

X,D(A)+F
X,A+F

provided for all o:D(Ao0) = (D(A))o

(PH)

The proviso is to ensure that (Pt) is closed under substitution, i.e. that
derivability of X  F in D(P) implies that of Xo | Fo for any substitution o
(for C_(P) this is obvious). At the same time, the proviso guarantees that
D(A) is finite: D(A) can be infinite only if some program rule Y = B, for
which A = Bo for some g, contains variables in the premises Y which do not
occur in B. But then the proviso would not be fulfilled.

! This relationship between introduction and elimination rules for logical constants was first pointed
out by Gentzen [7] and has been elaborated in the meaning-theoretical reinterpretation of general proof
theory by Prawitz [16] and Martin-L6f [14]. An analogous inversion principle for atomic systems was first
formulated by Lorenzen [13]. For detailed formulations of the uniform relationship between introduction
and elimination rules for logical constants which is exploited e.g. in the logical framework [24] see
{17, 18,19, 21, 22]. A discussion of the logical and philosophical background of our application of these
ideas to logic programming can be found in [20].
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To demonstrate how powerful the inference schema (Pt) is, consider as an
example the program with the single rule

(tx)—>t(y))>t(x > y).

Then a sequent expressing modus ponens can be derived by using the
inference schema (PF), which was not possible with the example program
given in Section 5 of Part I where a rule for modus ponens had to be stated
explicitly:

WY o O
t(x),(t(x)—>t(y)) F(y) (PH)

t(x),t(x > y) Fe(y)

Another example is the derivation of I L —¢(x) in the same program, where
1 is a zero-place predicate. Since L does not occur in the program, D(1) is
empty:

(PH)

1 Fe(x) (L>)

FL—>t(x)

For some more general comments on the definition of object logics in our
system, cf. [20].

To see the necessity of the proviso, consider a program containing the rule
p(x)=>gq. Here, x is an extra variable in the premise of the rule which does
not occur in its conclusion. Then p(x) is in D(q), hence in D(g{x/y}), but
not in (D(gq)){x/y}. This means that according to the proviso, the schema
(PF) cannot be applied with conclusion X, g+ F. However, it must be
emphasized that this restriction for the applicability of (PF) is not due to the
proviso’s being too strong—it is a natural proviso for the interpretation of P
as a definition (see below). Rather, it has to do with the fact that in program
rules with extra variables in the premises these variables are understood
existentially but are not quantified explicitly. In other words, it is intrinsic to
the usual way variables are handled in program rules. If we could write a
program rule such as p(x) = ¢q in the form Z, p(x) = q where X, expresses a
kind of existential quantification in the premise of the rule, the problem
mentioned would not arise. Another possibility would be to require in the
definition of D(A) that extra variables in Y be replaced by new constants.
We do not deal with this family of problems here since it is not specific for
the approach we propose. There are techniques in automated theorem
proving to handle quantification that would be appropriate for our context
(see, e.g., [11)).

From the standpoint of the theory of definitions, as treated in logic
textbooks (see, e.g., Suppes [23], ch. 8), the proviso is perfectly well
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motivated. One does not usually allow for extra variables in the definiens
which do not occur in the definiendum. In this sense we may interpret the
proviso as telling that A has a definite meaning according to the definition
(program) P. However, the proviso is not equivalent to the no-extra-
variable condition. If one has p > ¢q(x) and r > q(¢) as program rules, then
there are no variables at all in the premises, but D(g(x)) is {p}, whereas
D(q(x){x/t}) is {p, r}. So the proviso also expresses that A is instantiated
far enough to have a definite meaning with respect to P.

Note that the proviso is a decidable property of A: The proviso holds iff
D(A) contains no variables beyond those occurring in A and furthermore for
all program rules Y => B such that A6 = B, we have that Y6 = Z0 for some
Z in D(A), which are decidable properties.

In addition to C_(P), D(P) gives us new means to assume an atom.
Whereas in C_(P), by assuming A, we could gain nothing more than A itself
(via (I)), in D(P) we can assume A (via (Pt)) by, so to speak, ‘reflecting’
on the meaning of A. If D(A) is empty, (PF) permits to infer X, A+F for any
X and F. In particular, we can prove X, L FF for any zero-place predicate L
which is not head of a program rule (see above). This means that D(P) has a
genuine notion of falsity and thus of negation (see Section 4).

In D(P) the conceptual difference between implication formulae and
program rules remarked earlier (Section 5 of Part I) becomes extremely
important. According to the reading of a logic program which underlies the
calculus D(P), to add a rule to a program means to change the definition of
an atom by giving a new introduction rule for it, whereas by assuming an
implication formula the meaning of predicates as given by the program is not
changed. One of the most important consequences of this fact is that for
D(P) transitivity in the sense of (10) [Section 5 of Part I] is lost. Take for
example the program P consisting of the single rule {p—>q}=>p. The
following derivation shows that we have both p Fp g and by p:

o para O,
p(p—q)kq (PH)
ptq ()
tp—q
. (+P)

However, Fpp) g does not hold, because there is no program rule such that
kg can be obtained via (FP) (which is the only schema of D(P) which
permits inference of a sequent of the form FA). This result is not unwanted at
all. If transitivity held for D(P), the atom g would be derivable in the program
above without assumptions. According to our definitional reading of
programs this would mean that it would be possible to establish an atom
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starting with a meaningless predicate, since there is no introduction rule for
it in the program.

The schemas (I), (t—) and (—+F) give the basic (= program-
independent) interpretation of —. Now in D(P) we may use any— -
condition to form definitional clauses. Since there is no restriction we can of
course not expect the interpretation of these programs as definitions to be
total in general. We can write down programs that do not give any sensible
definition of certain atoms as the atom p in the example program just
mentioned shows. The failure of transitivity may be viewed as a reflection of
the fact that the rules of a program sometimes only partially define the
meaning of a predicate (see [10]). This situation can be compared with that
of a language based on partial recursive functions. In both cases we have a
very general and elementary framework for presentations of definitions, and
in both cases the framework is general enough to give definitions that have
no total interpretations.?

However, those problems only arise with programs containing implica-
tions in the premises of rules. A definite Horn clause program which
contains no implications (and thus corresponds to a monotone inductive
definition), will always represent a total definition in the sense that
transitivity holds:

ProrosiTiON 1

If P is a definite Horn clause program (i.e. a program without implications in
the premises of clauses), then the following holds: If Xty F and
Y, Ftppy G, then X, Y G.

Proor. We prove the proposition by induction on the lexical ordering of
pairs (m, k), where m is the complexity of F and k is the sum of the lengths
of the derivations of X +FFand Y, F+G:

If X+ForY, FIG is an initial sequent (i.e. inferred by schema (7)), then
we are immediately done. If the last step in the derivation of X + F uses
(—+) or (Ph), the assertion follows by straightforward application of the
induction hypothesis with respect to the second component of (m, k), and
similarly, if the last step in the derivation of Y, F G uses () or (FP), or
uses (—+) or (PF) with F not being introduced at this step.

So assume F = F,— F, and consider the following situation:

X,F+tE Y+F Y,E+G
XtE—>F Y,F—EFG

2 The definitional reading of programs is based on an attempt to give a partial interpretation of
possibly non-monotonic operators (see [10]). So clearly there are connections with notions like Clark’s
‘completion’ and McCarthy’s ‘circumscription’. We cannot discuss them in this paper, but only point to
the fact that here are a lot of questions of interest. (Some aspects of these questions are discussed in {8]
and [9]). A particularly interesting point is the relationship between the semantics given by D(P) and the
three-valued semantics proposed by Mycroft, Fitting and Kunen (see [12]).
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We apply the induction hypothesis to the derivations of X, F+F and
Y, E+G since the first component of (m, k) is lowered, obtaining a
derivation of X, Y, Fi} G. By using the induction hypothesis with respect to
this derivation and that of Y I F, we obtain X, Y+ G.

Now assume F = A and consider the following situation:

X+Z Y, DA)FG
XFA Y,AFG

where Z € D(A). Since P is a definite Horn clause program, the elements of
Z are atomic. Therefore the first component of (m, k) does not increase by
considering the derivations of X +Z and Y, Z+ G (the latter is contained in
Y, D(A)FG). So we may apply the induction hypothesis (possibly several
times) to these derivations due to the fact that the second component of
(m, k) is lower. Thus we have X, Y+ G. (Note that if P were an arbitrary
program, this argument would not be valid, since the elements of Z could be
of higher complexity than A.) 4

2. Linear derivations: soundness and completeness

Much as in Section 3 of Part I we now define a calculus LD for linear
derivations. We then demonstrate quite analogously to Theorems 1.1 and
1.2 that D(P) and LD(P) are equivalent, which gives us soundness and
completeness results. The system LD(P) contains as a subsystem the system
LC_,(P) for linear derivations corresponding to C_,(P). So we obtain at the
same time soundness and completeness of LC_(P) in relation to C_(P).

We define the following ordering on substitutions: 8 < ¢ iff 66 = o for a §
which is nonempty and is not a renaming substitution. Given an atom A, a
substitution o is called A-sufficient if for Ao the proviso for the application
of (Pr) in D(P) is fulfilled, i.e., D(Ao7r)=(D(A0))r for all 7. A
substitution o is called minimal A-sufficient if o is A-sufficient and there is no
6 < o which is A-sufficient. Since obviously, given o, there can be no infinite
descending chain with respect to < starting from o, minimal A-sufficient
substitutions exists given an A-sufficient substitution. In principle such
minimal A-sufficient substitutions are computable if they exist (although they
are not unique). However, the special algorithmic problems of such
computations are not essential for the following completeness proof. (They
are treated in Section 3 below.)

The linear calculus LD(P) serves for the derivation of pairs (X, o) where
2 is a set of sequents and o a substitution. As in Section 3 of Part I, we say
that o0 and 7 agree on X if o and t become identical after deleting all
bindings for variables not in =. The sign U in (SUT, o) expresses that T
and T are assumed to be disjoint, and in SU {X I A} the sequent X A is
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considered the element selected from the goal ZU {X F A}. The inference
schemata for LD(P) are the following:

(5.5) (D).
(Z0,0)
“(ZU{X,ArB},00)
where o is a unifier of A and B
(ZU{X,F+G},0)
(ZU{X+F—G},0)
(ZU{XF+F}U{X,G+H},8)
(SU{X,(F>G)+-H},0)
(Zo0U(XotYo0),0)
(ZU{X+B},00)

where Y = A is a program rule or a variant thereof, and o is a unifier of A
and B

(D).

(F—).

(—=h).

Y=>A(FP),

(20U (X0, D(A0)}+F0),0)
U {X,AF F},00)

provided o is an A-sufficient substitution.

By LC_. we denote the system which results from LD by taking away
(PF).. The notions defined in Section 3 of Part I are carried over to the
present case in the following way. The substitution o mentioned to the left
of an inference line is called the substitution used at that application of the
inference, similarly we say that Y= A is used at applications of (-P),; the
variables in Y = A are called rule variables. If they occur nowhere else in
the linear derivation, the linear derivation is called purified. A linear
derivation is called strict, if the unifiers used at applications of (), and
(+P), are most general and the A-sufficient substitutions used at applications
of (FP), are minimal. If a linear derivation of (X, 7) is given, T can be
written as 66, where § is the initial substitution of the step (&J), and 6 the
computed substitution.

If we restrict ourselves to L€_., it can easily be seen that these derivations
can be viewed as representing SLD-derivations of an extended kind. Instead
of atoms one now selects sequents from the query to be evaluated. Then one
either evaluates them according to (), or (—+), without unification, or,
for a sequent Z B, one either tries to unify B with the head of a program
rule via (FP), or with a member of the antecedent set Z via (I)..
Concerning search strategies there are now more possibilities of branching
than in the case of programming with usual definite Horn clauses. However,

(PH).
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unification still remains the central algorithm applied in the computation.
This situation becomes different when we consider the usage of (P+), where
something essentially new comes in (see Section 3).

In the following we shall establish soundness and completeness of LD(P)
with respect to the semantics given by the sequent calculus D(P). If one
omits everything that refers to the inference schemata (P+) and (Pt+),, this is
at the same time a soundness and completeness result for LC_(P) with
respect to the semantics given by C_ (P).

THeEOREM 2.1
Suppose a linear derivation of (T, 76) with computed substitution 7 and
initial substitution & is given. Then I't is derivable in D(P).

Proor. The cases (), and (+P), are treated like the corresponding cases
in the proof of Theorem 1.1. The cases (), and (—F}),, which do not
involve any computation of substitutions, are handled by straightforward
applications of the induction hypothesis.

Suppose the schema (I), is used in the last step of the linear derivation of
(T, ©6):

(Z0,0)
“(=U{X,Ar B)},00)

Then 6 is 7,6 where 7, is the computed substitution of the linear derivation
of (20, 8). Therefore by induction hypothesis we have a derivation of Zor,
in D(P). Furthermore, since o unifies A and B, by (I) we have a (trivial)
derivation of Xot,, Aot ,+Bot, in D(P). Since ot, is 7, we have a
derivation of 27U {Xt, Ar}+ Bt} in D(P).

Suppose (PF), is used in the last step in the linear derivation of (T, 76 ):

(20U (Xo, D(A0)+ Fo), 6)
(ZU{X, AFF}, 06)

Then 6 is 7,8, where 1, is the computed substitution of the linear derivation
of (2o U (Xo, D(A0)F Fo), 0). Therefore by induction hypothesis we have
a derivation of o7, U (Xort,, (D(A0))t, F Fot, in D(P). Since o is assumed
to be A-sufficient, we have that (D(A0))7, = D(Aot,). And since o7, is also
A-sufficient, we can apply schema (P+) in D(P) to obtain a derivation of
ot U (Xor,, Aot F For,). This is the desired result, because t = or,. 4

Lemma 2.1

A linear derivation of (I't, ) with computed substitution y can be
transformed into one of (I, T6) with computed substitution y@ provided
does not act on rule variables in the given linear derivation. If the linear
derivation of (I'z, 8) is purified, then so is that of (I, 78). The length of
the linear derivation remains unchanged by this transformation.
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Proor. Only (/). and (P+), have to be considered in addition to the proof
of Lemma 1.1. Suppose the schema (I), is used in the last step:
o (270, 6)
(2T U {Xt, AT} BT}, 06)

Since o is a unifier of At and Br, to is a unifier of A and B. Therefore we
can replace this step by

(=10, 8)
10—
(ZU{X, A+ B}, 106)
If y is the computed substitution of the linear derivation of
(ZrU{Xr, AT+ Bt}, 08), then 7y is the computed substitution of the

linear derivation of (XU {X, A+ B}, 108).
Suppose the schema (PF), is used in the last step:

(Zto U (X710, D(At0)}+ Fr0), §)
(ZtU{X7, AT+ F1}, 08)

Since o is At-sufficient, 7o is A-sufficient. Therefore we can replace this step
by the following application of (P+),:

(210 U (X710, D(AT0)+ F10), 6)
(ZU{X, AFF}, t0b)

If y is the computed substitution of the linear derivation of
(StU{Xt, At+Fr}, 06), then 7y is the computed substitution of the
linear derivation of (ZU {X, A+ F}, 106).

Neither the property of being purified nor the length of the considered
derivation are changed by these transformations.

Lemma 2.2

A linear derivation of (T, r) with computed substitution y can be
transformed into a strict linear derivation of (I, ) with computed substitu-
tion y' such that y = y’'p for some p. If the linear derivation of (T, t) is
purified, then so is the strict linear derivation of (I, 7). The length of the
linear derivation remains unchanged by this transformation.

Proor. With respect to applications of (7)., we can argue as in the proof of
Lemma 1.2, since that argument only depended on the way a most general
unifier is related to a (not necessarily most general) unifier ¢ used at an
application of an inference schema. With respect to applications of (PF), we
can also rely on this argument, taking into account that minimal A-sufficient
substitutions are related to A-sufficient substitutions in the same way as most
general unifiers are related to unifiers. (The uniqueness of most general
unifiers, which has no analogue in the case of minimal A-sufficient
substitutions, is not used in the argument.) -






