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1 Introduction

The way is shown how to prove that NP is not P; it is not the proof proper yet,
but what remains to be done is technical, though non-trivial, work along the
lines of traditional combinatorics (see Attachments 6, 7 below). The underlying
logic scheme is obvious – we assume that NP is P (actually in the weak form
TAU ⊆ P/poly, where TAU is the familiar co-NP complete propositional
tautology problem1) and try to derive a contradiction by the appropriate chain
of inferences. This chain consists of the four main inferences A, B, C, D which,
loosely speaking, embed the discrete assumption TAU ⊆ P/poly first into the
real multi-dimensional continuum and then back into discrete combinatorics.
These inferences are as follows (see also Overview 2.2 and Summary 3.3 below).

(A) The assumption is reduced to an algebraic sentence (SA) stating that
for sufficiently large n, there are “small” borel polynomials (Pn) having “reg-
ular” n2-dim linear atoms and the same n2-dim real zero-set (Zn) as a fixed
“large” polynomial Φn that characterizes the n2-variable restriction of TAU.

(B) SA is reduced to an analogous sentence (SB ) stating that the appro-
priate “regular-positive-consistent”

∑
2-form of Pn has the same zero-set Zn.

(C ) SB is reduced to a topological sentence (SC ) stating that the corre-
sponding

∑
2-decomposition of Zn covers the canonical

∑
2-base of Zn.

(D) SC is reduced to a combinatorial sentence (SD) about the structure of
the

∑
2-base in question that can be refuted by straightforward combinatorial

arguments - thus leading to a desired contradiction.
Note that the chain A-D is not a “natural” circuit lower bound proof ac-

cording to [RR]. The two main diversities are as follows.

1. Our borel domains are n2-dim real spaces, which disturbs P/poly con-
structivity and discrete counting arguments. On the other hand, adjacent
n2-dim geometry is crucial for the inference B.

2. The structure of the canonical
∑

2-base of Zn characterizes the chosen
polynomial Φn only, and hence the inference C does not apply to arbitrary
“large” polynomials.

1We distinguish between validity of boolean functions f: {0,1}n →{0,1} and the corre-
sponding notion of tautology referring to propositional formulas F(xi1 , ..., xin ); both are
equivalent, but have different domains.
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2 Overview

2.1 Basic notations

1. For any natural number n > 0 consider a polynomial

Φn :=
∑

f :n→n

∏
i<j∈n

(
xf(i),i + xf(j),j

)2 over −→x n,n, where n = {1, · · · , n} and

−→x n,n = (xi,j)i,j∈n. We set 〈i, j〉 := n (i− 1)+j and identify xi,j with x〈i,j〉
and n2 = {〈i, j〉 | i, j ∈ n} with n2 =

{
1, · · · , n2

}
, which yields −→x n,n =

−→x n2 = (xu)u∈n2 . Note that Φn is a characteristic integer polynomial of
the familiar propositional (n× n)-tautology problem; graph-complexity
(= circuit-complexity) of Φn is exponential in n (see [GK]).

2. Let Zn :=
{−→x n,n ∈ Rn2

0 | Φn (−→x n,n) = 0
}

be (closed) zero-set of Φn in

Rn2

0 , where R0 = R− {0}. Obviously Zn has boolean
∏

2-shape
−→x n,n ∈ Zn ⇔

∧
f :n→n

∨
i<j∈n

xf(i),i+xf(j),j = 0, which yields the correspond-

ing borel
∏

2-shape Zn =
⋂

f :n→n

⋃
i<j∈n

{−→x n,n ∈ Rn2

0 | xf(i),i + xf(j),j = 0
}

whose graph-complexity is exponential in n.

3. Let n2∗2 := {{〈i, j〉 , 〈k, l〉} | i, j, k, l ∈ n} =
{
{u, v} | u, v ∈ n2

}
. For any

ϑ = {〈i, j〉 , 〈k, l〉} ∈ n2∗2, we set O+ (ϑ) := xi,j+xk,l, O− (ϑ) := xi,j−xk,l
and O+(−) (ϑ) :=

{−→x n,n ∈ Rn2

0 | O+(−) (ϑ) = 0
}

.

4. For any Γ,Λ ⊆ n2∗2 let (Γ,Λ)+ , (Γ,Λ)− ⊆ n2∗2 be the minimal sets
satisfying the five conditions:

(a) Γ ⊆ (Γ,Λ)+ and Λ ⊆ (Γ,Λ)−

(b) {u, v} , {u,w} ∈ (Γ,Λ)+ ⇒ {v, w} ∈ (Γ,Λ)−

(c) {u, v} , {u,w} ∈ (Γ,Λ)− ⇒ {v, w} ∈ (Γ,Λ)−

(d) {u, v} ∈ (Γ,Λ)+ ∧ {v, w} ∈ (Γ,Λ)− ⇒ {u,w} ∈ (Γ,Λ)+

(e) (Γ,Λ)+ ∩ (Γ,Λ)− 6= ∅ ⇒ (Γ,Λ)+ , (Γ,Λ)− := n2∗2

Note that (Γ,Λ)+ and (Γ,Λ)− are maximal extensions of Γ and Λ, respec-
tively, such that

⋂
ϑ∈Γ

O+ (ϑ)∩
⋂
ϑ∈Λ

O− (ϑ) =
⋂

ϑ∈(Γ,Λ)+
O+ (ϑ)∩

⋂
ϑ∈(Γ,Λ)−

O− (ϑ)

5. A ∆ ⊂ n2∗2 is called perfect (abbr.: ∆ b n2∗2) iff {〈i, j〉 , 〈k, l〉} ∈ ∆ ⇒
j 6= l and ∅ 6= ∆ = (Γ,Λ)+ holds for some Γ,Λ ⊆ n2∗2. In the sequel we
abbreviate (Γ, ∅)+(−) by Γ+(−); note that Γ b n2∗2 implies Γ+ = Γ.

6. Notably there exists the (uniquely determined) minimal positive borel
∑

2-
decomposition Zn =

⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ) and the underlying
∑

2-base Bn =

2



{
∆ı b n2∗2 | ı ∈ I

}
(see Comments below). In particular, for any

∑
2-

decomposition Zn =
⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
, the following two

conditions hold:

(a) (∀ı ∈ I) (∃ ∈ J)
(
∆ı = (Γ,Λ)

+
)

(b) (∀ ∈ J) (∃ı ∈ I)
(
∆ı ⊆ (Γ,Λ)

+
)

7. Denote by 0 the n2-dim zero-vector
−→
0 n2 . Let −→a n,n = (ai,j)i,j∈n =(

a〈i,j〉
)
i,j∈n

= (au)u∈n2 6= 0 be a n2-dim integer vector with gcd {au 6= 0} =
1 and amin{u|au 6=0} > 0. Scalar products −→a n,n · −→x n,n =

∑
i,j∈n

ai,j · xi,j and

their formal negations ¬ (−→a n,n · −→x n,n) = ¬

( ∑
i,j∈n

ai,j · xi,j

)
are called lin-

ear literals, or just literals (positive and negative, respectively); moreover,
we call \ (−→a n,n · −→x n,n) :=

∑
i,j∈n

|ai,j | the weight of both −→a n,n · −→x n,n and

¬ (−→a n,n · −→x n,n). (See Comments below.)

8. Literals −→a n,n ·−→x n,n and ¬ (−→a n,n · −→x n,n) are called regular iff there exists
∆ b n2∗2 such that −→a n,n · −→x n,n is a linear combination with integer
coefficients of the collection of binomials {O+ (ϑ)}ϑ∈∆.

9. Let U ⊗ V := {{u, v} | u ∈ U ∧ v ∈ V } (thus n2∗2 = n2 ⊗ n2). For any
disjoint X,Y ⊂ n2 and S ⊂ (X ∪ Y ) ⊗ (X ∪ Y ) ⊂ n2∗2, consider the
(uniquely determined) decomposition S = SX ∪ SY ∪ SX,Y for SX ⊂
X ⊗X, SY ⊂ Y ⊗ Y and SX,Y ⊂ X ⊗ Y , and let Γ (S) := SX ∪ SY and
Λ (P ) := SX,Y . Note that Γ (S) ,Λ (S) ⊂ n2∗2.

10. For any (positive) regular literal −→a n,n · −→x n,n, set X :=
{
u ∈ n2 | au > 0

}
and Y :=

{
u ∈ n2 | au < 0

}
. Denote by [−→a n,n]

2 the set of all S ⊂
(X ∪ Y )⊗ (X ∪ Y ) such that the following two conditions hold:

(a) (Γ (S) ,Λ (S))+ b n2∗2

(b) −→a n,n · −→x n,n is a linear combination with integer coefficients of the
collection {O+ (ϑ)}ϑ∈Γ(S) ∪ {O− (ϑ)}ϑ∈Λ(S).

In the sequel we call S ∈ [−→a n,n]
2

semipartitions of −→a n,n. We call a borel

polynomial
⋃

S∈[−→a n,n]2

( ⋂
ϑ∈Γ(S)

O+ (ϑ) ∩
⋂

ϑ∈Λ(S)

O− (ϑ)

)
the regular inter-

pretation of −→a n,n · −→x n,n. (See Comments below.)
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2.2 How to prove that NP = P fails

Suppose NP = P. This assumption infers:

1. For sufficiently large n, there exists a suitable quasi-polynomial over −→x n,n,
whose zero-set in Rn2

0 is Zn and whose graph-complexity is merely poly-
nomial in n.2 (This result follows by the author’s interpretation of Turing
computability in a suitable elementary algebraic formalism with definition-
by-cases operation, see Lemma 4 and Attachment 1 below.) This in turn
infers:

2. For sufficiently large n, there exists a borel term Fn such that the following
conditions (a)-(d) hold (see also Comments below):

(a) The only operations occurring in Fn are ∪ and ∩.

(b) The leafs of Fn are regular literals L of the either form −→a n,n · −→x n,n
or ¬ (−→a n,n · −→x n,n).

(c) The weight of Fn is polynomial in n.

(d) Zero-set of Fn in Rn2

0 is Zn, and hence positive
∑

2-expansion of
Fn covers the

∑
2-base Bn =

{
∆ı b n2∗2 | ı ∈ I

}
. To put it more

exactly, the following holds.

• Let Dn =
⋃
τ∈T

⋂
`∈Lτ

L` be the canonical disjunctive normal form

(DNF) of Fn, L` being the corresponding regular literals.
• Let Dc

n :=
⋃

τ∈T c

⋂
`∈Lτ

L` for T c ⊆ T , be the subform of Dn ob-

tained by deleting all inconsistent clauses
⋂
`∈Lτ

L`, τ ∈ T .

• Let Dcp
n :=

⋃
τ∈T cp

⋂
`∈Lp

τ

L` for T cp ⊆ T c, Lp
τ ⊆ Lτ be the subform

of Dc
n that contains only positive literals L`.

• Let Dr
n be obtained by substituting regular interpretations for

all (positive) literals L` occurring in Dcp
n .

• Let Dn
n =

⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
be the canonical DNF

of Dr
n.

• Then the following two conditions hold:

i. (∀ı ∈ I) (∃ ∈ J)
(
∆ı = (Γ,Λ)

+
)

ii. (∀ ∈ J) (∃ı ∈ I)
(
∆ı ⊆ (Γ,Λ)

+
)

3. However, combinatorial structure of Bn is so involved that 2 (d) must
fail in the presence of 2 (c). This yields a desired contradiction to the
assumption NP = P. Q.E.D.

2This condition is sufficient for the conjecture NP ∈ P/poly (see [GK: Theorem 21]).
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3 Comments

3.1 Σ2-decomposition and Σ2-base

3.1.1 General description

For the sake of brevity denote −→x n,n (−→a n,n) and Rn2

0 (Zn2
) by −→x (−→a ) and

−→
R 0 (

−→
Z ), respectively. By the familiar boolean DNF approach, Zn admits

∑
2-

decompositions Zn =
⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ) for suitable systems
{
∆ı ⊂ n2∗2 | ı ∈ I

}
,

and in fact
{
∆ı b n2∗2 | ı ∈ I

}
.

Definition 1 A given
∑

2-decomposition Zn =
⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ), ∆ı b n2∗2, is

called minimal iff for every ı ∈ I and ∆ı ! ∆′
ı b n2∗2,

⋂
ϑ∈∆′

ı

O+ (ϑ) * Zn . The

corresponding minimal system Bn =
{
∆ı b n2∗2 | ı ∈ I

}
is called

∑
2-base of

Zn.

Theorem 2 Bn =
{
∆ı b n2∗2 | ı ∈ I

}
is uniquely determined by n. That is,

for any n > 0, there is exactly one
∑

2-base of Zn, and hence exactly one min-
imal

∑
2-decomposition of Zn (modulo permutation and contraction). Moreover,

if Zn =
⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
, then (∀ı ∈ I) (∃ ∈ J)

(
∆ı = (Γ,Λ)

+
)

and (∀ ∈ J) (∃ı ∈ I)
(
∆ı ⊆ (Γ,Λ)

+
)
.

Proof. See Attachment 2 below.

3.1.2 Recursive definition of Σ2-base Bn

Denote by [U y V ] the set of all partial functions from U to V . For any 1 ≤
` ≤ n − 1 we define a suitable set M `

n ⊆
[
n2 y {±1, · · · ,±`}

]
and then let

Mn :=
n−1⋃
`=1

M `
n and M̃n := {f ∈Mn | (∀y ∈ Dom2 (f))Dom1 (f, y) = n} where

Dom1 (f, y) := {x | (∃z) f (x, y) = z}, Dom2 (f) := {y | (∃x∃z) f (x, y) = z}.
Denote by [U y V ] the set of all partial functions from U to V . For any 1 ≤
` ≤ n − 1 we define a suitable set M `

n ⊆
[
n2 y {±1, · · · ,±`}

]
and then let

Mn :=
n−1⋃
`=1

M `
n and M̃n := {f ∈Mn | (∀y ∈ Dom2 (f))Dom1 (f, y) = n} where

Dom1 (f, y) := {x | (∃z) f (x, y) = z}, Dom2 (f) := {y | (∃x∃z) f (x, y) = z}.
The required Bn is Bn :=

{
{〈i, j〉 , 〈k, l〉} ∈ n2∗2 | f (i, j) + f (k, l) = 0

}
f∈M̃n

.
Now letM `

n arise by the following recursive clauses, where φU,y,s : U×{y} → {s}
and φU−f ,y,s : (U −Dom1 (f, y))× {y} → {s}

Basis.
M1
n := {∅}∪{X × {j} × {1} ∪ Y × {l} × {−1} | j 6= l ∈ n ∧ ∅ 6= X,Y ⊆ n}.

That is, M1
n = {∅} ∪

{
φX,j,1 ∪ φY,l,−1 | j 6= l ∈ n ∧ ∅ 6= X,Y ⊆ n

}
. Note that

the resulting fragment B1
n ⊂ Bn is B1

n := {(n× {j})⊗ (n× {l}) | j 6= l ∈ n}.
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Induction step. Let 1 < ` < n and consider two cases (∂ = ∅ is admissible).

1. Let ∂ ∪ f ∈ M `−1
n , j ∈ n, and {Xy}y∈Dom2(f) for ∅ 6= Xy ⊆ n be such

that:

(a) Dom2 (∂) ∩Dom2 (f) = ∅
(b) j /∈ Dom2 (∂ ∪ f)

(c) (∀y ∈ Dom2 (f)) (Dom1 (f, y)  Xy)

Then set f ′ := ∂ ∪ f ∪ φX,j,`
⋃

y∈Dom2(f)

φX−f
y ,y,`

2. Let ∂∪f, ∂∪g ∈M `−1
n and {Xy}y∈Dom2(f) , {Yz}z∈Dom2(g)

for ∅ 6= Xy ⊆ n
and ∅ 6= Yz ⊆ n be such that:

(a) Dom2 (f) ∩Dom2 (g) = Dom2 (∂) ∩Dom2 (f)
= Dom2 (∂) ∩Dom2 (g) = ∅

(b) (∀y ∈ Dom2 (f)) (Dom1 (f, y)  Xy)

(c) (∀z ∈ Dom2 (g)) (Dom1 (g, z)  Yz).

Then set f ′ := ∂ ∪ f ∪ g ∪
⋃

y∈Dom2(f)

φX−f
y ,y,` ∪

⋃
z∈Dom2(g)

φY −g
z ,z,−`.

Let M `
n extend M `−1

n by adjoining all functions f ′ obtained by 1-2. This
completes our recursive definition. (See also [GMaple])

3.2 Borel polynomials

Definition 3 Call linear borel polynomials over −→x (or just borel polynomi-
als) arbitrary terms in the algebraic language of the two binary operations ∪
and ∩, whose literals (positive and negative, respectively) are of the either
form −→a · −→x or ¬ (−→a · −→x ), where −→a = (ai,j)i,j∈n = (au)u∈n2 ∈

−→
Z , −→a 6= 0

and −→a · −→x =
∑
i,j∈n

ai,j · xi,j. For the sake of brevity, we also assume that

gcd {au 6= 0} = 1 and amin{u|au 6=0} > 0. Furthermore, we set \ (−→a · −→x ) :=∑
i,j∈n

|ai,j | ∈ N and call it the weight of both −→a ·−→x and ¬ (−→a · −→x ) (cf. Overview

2.1, 8). Having this, the weight \ (T) of a given borel polynomial T is the sum-
mary weight of literals plus the number of operations ∪, ∩ occurring in it (as
usual). A borel polynomial is called positive if so are all its literals. The lit-
erals are evaluated by |−→a · −→x | :=

{−→x ∈
−→
R 0 | −→a · −→x = 0

}
and |¬ (−→a · −→x )| :={−→x ∈

−→
R 0 | −→a · −→x 6= 0

}
, respectively. Together with the ordinary set-theoretical

interpretations of ∪ and ∩, such evaluation of literals uniquely determines the
value |T| ⊆

−→
R 0 of any given borel polynomial T in question; |T| is also called

the zero-set of T (in
−→
R 0).
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Lemma 4 If NP = P, then the following holds. For sufficiently large n, there
exists a borel polynomial T such that |T| = Zn; moreover graph-complexity of T
is polynomial in n.

Proof. See Attachment 1 below.

Remark 5 The notion of borel polynomial is too loose, if we wish to apply
Theorem 2. This is because arbitrary literal values can’t be expressed as desirable
compositions of “normal atomic values” O+ (ϑ) and O− (ϑ) (see Overview 2.1,
3). The polynomials whose literals admit such presentations are called “regular”
- these are introduced as follows.

Definition 6 Call normal atoms the binomials xi,j + xk,l and xi,j − xk,l; nor-
mal atoms and their negations are both called normal literals. In the sequel we
abbreviate normal literals xi,j+xk,l and xi,j−xk,l by O+ (ϑ) and O− (ϑ), respec-
tively, where ϑ = {〈i, j〉 , 〈k, l〉}. Hence |O+ (ϑ)| = |xi,j + xk,l| = O+ (ϑ) and
|O− (ϑ)| = |xi,j − xk,l| = O− (ϑ); these sets are called normal atomic values (cf.
Overview 2.1, 3). Now literals −→a · −→x and ¬ (−→a · −→x ) are called regular (positive
and negative, respectively) iff for some ∆ b n2∗2, −→a ·−→x is a linear combination
of normal atoms {O+ (ϑ)}ϑ∈∆ in Z [−→x ], i.e. −→a · −→x =

∑
ϑ∈∆

bϑ · O+ (ϑ) where

bϑ ∈ Z (cf. Overview 2.1, 8); the corresponding collection {O+ (ϑ)}ϑ∈∆ we call
the normal generators of −→a ·−→x . Borel polynomials whose all literals are regular
(normal) are called regular (normal).

Lemma 7 If ∆ b n2∗2 and
⋂
ϑ∈∆

O+ (ϑ) ⊆ |−→a · −→x |, then −→a · −→x is a linear

combination of {O+ (ϑ)}ϑ∈∆ in Z [−→x ], and hence −→a is regular.

Proof. See Attachment 3 below.

3.2.1 Consistent and positive Σ2-expansions

Definition 8 Let P be a given regular borel polynomial. By familiar techniques
we pass to its DNF ∂ (P) =

⋃
τ∈T

⋂
`∈Lτ

L`, L` being the (regular) literals of P.

Let ∂c (P) =
⋃

τ∈T c

⋂
`∈Lτ

L`, T c ⊆ T , arise from ∂ (P) by deleting all inconsistent

clauses, i.e. all
⋂
`∈Lτ

L`, τ ∈ T , such that (∃`, `′ ∈ Lτ ) (L`′ = ¬L`). Call ∂c (P)

the consistent
∑

2-expansion of P.

Definition 9 Let P be as above; consider ∂c (P). Let ∂cp (P) =
⋃

τ∈T cp

⋂
`∈Lp

τ

L`,

T cp ⊆ T c, Lp
τ ⊆ Lτ , arise from ∂c (P) by deleting all negative literals L` along

with the empty clauses such obtained. Note that ∂cp (P) is a positive regular
polynomial; call it the positive consistent

∑
2-expansion of P.

Lemma 10 For any borel polynomial T with |T| = Zn there exists a regular
borel polynomial P such that |∂cp (P)| = Zn; moreover \ (P) is polynomial in
graph-complexity of T.

Proof. See Attachment 4 below; Lemma 7 is crucial for the proof.
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3.2.2 Regular evaluations

Remark 11 Lemmata 7, 10 allow us to reduce borel polynomials to positive reg-
ular ones. In order to make Theorem 2 work we wish to switch to the correlated
normal atomic values and modify the evaluation of (positive regular) literals,
accordingly. Such “regular” evaluation is introduces as follows.

Definition 12 Given a (positive) regular literal −→a · −→x , we wish to character-
ize its normal generators. To this end, we first let X :=

{
u ∈ n2 | au > 0

}
and Y :=

{
u ∈ n2 | au < 0

}
and denote by [−→a ]2 the set of semipartitions S ⊂

(X ∪ Y ) ⊗ (X ∪ Y ) such that (Γ (S) ,Λ (S))+ b n2∗2 and −→a · −→x is a linear
combination of {O+ (ϑ)}ϑ∈Γ(S) ∪ {O− (ϑ)}ϑ∈Λ(S) in Z [−→x ]. We call a borel

polynomial
⋃

S∈[−→a ]2

( ⋂
ϑ∈Γ(S)

O+ (ϑ) ∩
⋂

ϑ∈Λ(S)

O− (ϑ)

)
and a borel set ‖−→a · −→x ‖ :=

⋃
S∈[−→a ]2

( ⋂
ϑ∈Γ(S)

O+ (ϑ) ∩
⋂

ϑ∈Λ(S)

O− (ϑ)

)
the regular interpretation and regular

value of −→a · −→x , respectively (cf. Overview 2.1, 9, 10). Together with the ordi-
nary set-theoretical interpretations of ∪ and ∩, regular values of literals uniquely
determine the corresponding regular value ‖P‖ ⊆

−→
R 0 of any given positive reg-

ular borel polynomial P; ‖P‖ is also called the regular zero-set of P (in
−→
R 0).

Example 13 Consider the following simplest cases (for the sake of brevity we
extend regular evaluation to all (positive) literals by ‖−→a · −→x ‖ = [−→a ]2 := ∅ if
−→a · −→x is not regular).

Remark 14 1. For any i, j, k, l ∈ n, j 6= l, we have

[xi,j ± xk,l]
2 = {{{〈i, j〉 , 〈k, l〉}}}, and hence

‖xi,j ± xk,l‖ =
{−→x ∈

−→
R 0 | xi,j ± xk,l = 0

}
= |xi,j ± xk,l|

2. xi,j + xk,l + xp,q and xi,j + xk,l − xp,q are both not regular, and hence
‖xi,j + xk,l ± xp,q‖ = ∅

3. If j 6= q 6= l ∈ n, then

[xi,j + xk,l + xp,q + xr,q]
2 = {{{〈i, j〉 , 〈p, q〉} , {〈k, l〉 , 〈r, q〉}}}, and hence

‖xi,j + xk,l + xp,q + xr,q‖ ={−→x ∈
−→
R 0 | xi,j + xp,q = 0

}
∩
{−→x ∈

−→
R 0 | xk,l + xr,q = 0

}
={−→x ∈

−→
R 0 | xi,j + xp,q = xk,l + xr,q = 0

}
 |xi,j + xk,l + xp,q + xr,q|

4. If l 6= j 6= q ∈ n, then

[2xi,j ± xk,l − xp,q]
2 = {{{〈i, j〉 , 〈k, l〉} , {〈i, j〉 , 〈p, q〉}}}, and hence
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‖2xi,j ± xk,l − xp,q‖ ={−→x ∈
−→
R 0 | xi,j ± xp,q = 0

}
∩
{−→x ∈

−→
R 0 | xi,j − xp,q = 0

}
={−→x ∈

−→
R 0 | xi,j ± xp,q = xi,j − xp,q = 0

}
5. If j, l, q, v ∈ n are pairwise distinct, then

[xi,j + xk,l + xp,q + xr,s]
2 =

 {{〈i, j〉 , 〈k, l〉} , {〈p, q〉 , 〈r, s〉}} ,
{{〈i, j〉 , 〈p, q〉} , {〈k, l〉 , 〈r, s〉}} ,
{{〈i, j〉 , 〈r, s〉} , {〈k, l〉 , 〈p, q〉}}


and hence ‖xi,j + xk,l + xp,q + xr,s‖ =−→x ∈

−→
R 0 |

 xi,j + xk,l = xp,q + xr,s = 0
∨ xi,j + xp,q = xk,l + xr,s = 0
∨ xi,j + xr,s = xk,l + xp,q = 0


 |xi,j + xk,l + xp,q + xr,s|

6. For j, l, q, v as above, we have

[xi,j + xk,l − xp,q − xr,s]
2 =

 {{〈i, j〉 , 〈k, l〉} , {〈p, q〉 , 〈r, s〉}} ,
{{〈i, j〉 , 〈p, q〉} , {〈k, l〉 , 〈r, s〉}} ,
{{〈i, j〉 , 〈r, s〉} , {〈k, l〉 , 〈p, q〉}}


and hence ‖xi,j + xk,l − xp,q − xr,s‖ =−→x ∈

−→
R 0 |

 xi,j + xk,l = xp,q + xr,s = 0
∨ xi,j − xp,q = xk,l − xr,s = 0
∨ xi,j − xr,s = xk,l − xp,q = 0


 |xi,j + xk,l − xp,q − xr,s|

Lemma 15 For any regular −→a ·−→x , ‖−→a · −→x ‖ ⊆ |−→a · −→x |. Moreover, if ∆ b n2∗2

and
⋂
ϑ∈∆

O+ (ϑ) ⊆ |−→a · −→x |, then
⋂
ϑ∈∆

O+ (ϑ) ⊆ ‖−→a · −→x ‖.

Proof. See Attachment 3 below.

Lemma 16 Let P be any positive regular borel polynomial with |P| = Zn. Then
‖P‖ = Zn.

Proof. See Attachment 5 below; Lemma 15 is crucial for the proof.

Corollary 17 Let P be any regular borel polynomial such that |∂cp (P)| = Zn.
Let ∂r (P) arise from ∂cp (P) by replacing all literals occurring in it by their
regular interpretations. Let ∂n (P) := ∂ (∂r (P)) be the DNF of ∂r (P); call it
the normal

∑
2-expansion of P. Then |∂n (P)| = Zn.

Proof. Clearly |∂n (P)| = |∂r (P)| = ‖∂cp (P)‖.
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3.3 Summary

Suppose NP = P. By Lemma 4, we obtain a borel polynomial Tn whose zero-
set is Zn and whose graph-complexity is polynomial in n. By Lemma 10,
we pass to a regular borel polynomial Pn satisfying |∂cp (Pn)| = Zn, whose
weight is polynomial in n. By Corollary 17, we take its normal

∑
2-expansion

∂n (Pn) and arrive at |∂n (P)| = Zn. (In Overview 2.2 such Pn, ∂cp (Pn) and
∂n (Pn) are referred to as Fn, Dcp

n and Dn
n , respectively). Note that ∂n (Pn)

has the desired
∑

2-form
⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
, and hence Zn =

⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
. By Theorem 2, this

∑
2-decomposition of Zn

yields (∀ı ∈ I) (∃ ∈ J)
(
∆ı = (Γ,Λ)

+
)

and (∀ ∈ J) (∃ı ∈ I)
(
∆ı ⊆ (Γ,Λ)

+
)

where Bn =
{
∆ı b n2∗2 | ı ∈ I

}
is the

∑
2-base. However, our recursive defini-

tion of the
∑

2-basis (3.1.2) drops a hint that combinatorial-topological structure
of Bn is so involved that it actually requires exponential weight of Pn (see also
purely combinatorial connections in Attachments 6, 7 below). The resulting
contradiction refutes the assumption NP = P. Hence NP 6= P.

4 Attachment 1: Background

In [GK] we established the following inference.

Claim 18 If NP = P, then for every n > 0 there exists a (quasi-)polynomial
πn in the algebraic language Ln of variables −→x = −→x n,n, constant 1 and three
binary operations +,−, ? such that the graph-complexity of πn is polynomial in
n and Zn =

{−→x ∈
−→
R 0 | πn (−→x ) = 0

}
holds under the canonical interpretation

of 1,+,−, while ? being the definition-by-cases u?v :=
{

0 if u = 0
v otherwise .

We prove the Lemma 4. Denote by α, β, γ arbitrary Ln-polynomials and
consider a polynomial rewriting ?-elimination algorithm:

α∗ := α, if ? does not occur in α

(α?β)∗ := α∗∨β∗ and (α?β ± γ)∗ := (α∗ ∧ γ∗)∨
(
¬ (α∗) ∧ (β ± γ)∗

)
, otherwise

Having arrived at ?-free expression α∗, we further eliminate all nonatomic
negations by boolean duality laws (which do not increase graph complexity).
Call the resulting expression α#. Furthermore, we replace in α# every occur-
rence of ∨ and ∧ by ∪ and ∩, respectively, and call the resulting expression α?.
Note that α? is a borel polynomial whose graph-complexity is polynomial in the
one of α. Moreover, it is readily seen that

{−→x ∈
−→
R 0 | α (−→x ) = 0

}
= |α?|. In

particular Zn =
{−→x ∈

−→
R 0 | πn (−→x ) = 0

}
= |π?n|, where πn is as in the claim.

Q.E.D.
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5 Attachment 2: Theorem 2 and beyond

5.1 Basic tools

Definition 19 For an arbitrary positive literal −→a · −→x =
∑
i,j∈n

ai,j · xi,j, |−→a · −→x |

and |¬ (−→a · −→x )| are called planes and coplanes (in
−→
R 0 ) respectively; they both

are also called linear sections. Finite nonempty intersections of planes and
linear sections are called

∏
1-sets and

∏
1-expansions, respectively. For any∏

1-expansion E =
⋂
ı∈I

|−→a ı · −→x | ∩
⋂
∈J

|¬ (−→a  · −→x )|, I ∩ J = ∅, denote by E+

the corresponding
∏

1-set
⋂
ı∈I

|−→a ı · −→x |; clearly E ⊆ E+. For any ∆ ⊆ n2∗2, a∏
1-set

⋂
ϑ∈∆

O+ (ϑ) is called proper.

Claim 20 Disjunction property. For any
∏

1-sets U , V and W , if U ⊆ V ∪W
then either U ⊆ V or U ⊆W .

Proof. Because
∏

1-sets are convex. (Geometrically obvious.)

Claim 21 Absorption property. For any
∏

1-expansion E and
∏

1-set U , if E ⊆
U then E+ ⊆ U .

Proof. Because
∏

1-sets are convex and closed (see also [GK: Lemma 34].)

Claim 22 Linearity. For any positive literal −→a and
∏

1-set U =
⋂
ı∈I

|−→a ı · −→x |, if

U ⊆ |−→a · −→x | then −→a · −→x is a linear combination of {−→a ı · −→x }ı∈I in Q [−→x ].

Proof. Basic linear algebra.

Claim 23 Monotonicity. For any Γ,Λ,Γ′,Λ′ ⊆ n2∗2 and the corresponding
proper

∏
1-sets U =

⋂
ϑ∈Γ

O+ (ϑ)∩
⋂
ϑ∈Λ

O− (ϑ) and U ′ =
⋂
ϑ∈Γ′

O+ (ϑ)∩
⋂
ϑ∈Λ′

O− (ϑ),

if U ′ ⊆ U then (Γ,Λ)+ ⊆ (Γ′,Λ′)+.

Proof. A consequence of previous claim a/o the completeness of equational
calculus.

5.2 Proof of Theorem 2

Step 1. We show that the recursive definition 3.1.2 provides us with (at
least one) minimal

∑
2-decomposition of Zn. To this end, we interpret elements

of Zn as boolean tautologies of dimension n × n (see [GK] for details). A tau-
tology in question is called minimal iff its every proper subformula is not a
tautology. Clearly every tautology extends or coincides with a minimal tautol-
ogy. With every minimal tautology z we associate a minimal natural number
` > 0 such that the literals occurring in z can be homomorphically collapsed
onto segment {υx,¬υx | 0 < x ≤ `}. The resulting renamed minimal tautology
is called properly minimal. Note that all properly minimal tautologies admit a
natural hierarchy which is described in 3.1.2.

11



Step 2. Consider any
∑

2-decompositions Zn =
⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ) and Zn =

⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
for ∆ı b n2∗2 and Γ,Λ ⊆ n2∗2. It holds

⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ) =
⋃
∈J

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
. Hence by the disjunction

property (Claim 20) we have

(∀ı ∈ I) (∃ ∈ J)

( ⋂
ϑ∈∆ı

O+ (ϑ) ⊆
⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ)

)
and

(∀ ∈ J) (∃ı ∈ I)

( ⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂

ϑ∈Λ

O− (ϑ) ⊆
⋂

ϑ∈∆ı

O+ (ϑ)

)
, which by the

monotonicity (Claim 23) yields
(∀ı ∈ I) (∃ ∈ J)

(
(Γ,Λ)

+ ⊆ ∆+
ı = ∆ı

)
and

(∀ ∈ J) (∃ı ∈ I)
(
∆ı = ∆ı

+ ⊆ (Γ,Λ)
+
)
. Furthermore, if the decomposi-

tion Zn =
⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ) is minimal, then (∀ı ∈ I) (∃ ∈ J)
(
(Γ,Λ)

+ ⊆ ∆ı

)
implies (∀ı ∈ I) (∃ ∈ J)

(
∆ı = (Γ,Λ)

+
)
, since

⋂
ϑ∈(Γ,Λ)

+
O+ (ϑ) ⊆ Zn.

Step 3. If Zn =
⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ) and Zn =
⋃
ı∈I′

⋂
ϑ∈∆′

ı

O+ (ϑ) for ∆ı,∆′
ı b

n2∗2 are both minimal, then previous step yields (∀ı ∈ I) (∃ ∈ I ′)
(
∆ı = ∆′



)
and (∀ı ∈ I ′) (∃ ∈ I) (∆′

ı = ∆), i.e. both
∑

2-decompositions are equal (mod-
ulo permutation and contraction). Q.E.D.

6 Attachment 3: Proof of Lemmata 7, 15

Lemma 7. By the linearity (Claim 22),
⋂
ϑ∈∆

O+ (ϑ) ⊆ |−→a · −→x | infers that
−→a · −→x is a linear combination of {O+ (ϑ)}ϑ∈∆ in Q [−→x ]; this implication holds
true for any ∆ ⊂ n2∗2. Now suppose ∆ b n2∗2. In order to strengthen Q [−→x ]
to Z [−→x ] in the conclusion, let F :=

{
u ∈ n2 |

(
∃v ∈ n2

)
(u, v ∈ ∆)

}
be the

field of ∆ and observe that from ∆ b n2∗2 we can extract three disjoint sets
U, V,W ⊂ n2 and two embeddings ϕ : V → U , ψ : W → U such that the
following three conditions hold for Γ := {{v, ϕ (v)} | v ∈ V } ⊂ n2∗2 and Λ :=
{{w,ϕ (w)} | w ∈W} ⊂ n2∗2.

1. F = U ∪ V ∪W

2. U = Rng (ϕ) ∪Rng (ϕ)

3.
⋂
ϑ∈∆

O+ (ϑ) =
⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂
ϑ∈Λ

O− (ϑ)
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Furthermore, set −→y = (yz)z∈n2 for yz :=

 −xϕ(z) if z ∈ V
xψ(z) if z ∈W
xz else

. Then

⋂
ϑ∈∆

O+ (ϑ) =
⋂
ϑ∈Γ

O+ (ϑ) ∩
⋂
ϑ∈Λ

O− (ϑ) ⊆ |−→a · −→x | infers |−→a · −→y | =
−→
R 0. Since

−→a ·−→y admits the unique Z [−→x ]-conversion −→a ·−→y =
∑
z∈n2

az · yz =
∑
u∈U

bu ·xu, the

last conclusion yields bu = 0, for all u ∈ U . This, in turn, shows that −→a · −→x
admits the required Z [−→x ]-expansion

∑
ı∈I
cı (xuı

+ xvı
) for {uı, vı} ∈ ∆, which

completes the proof. To illustrate the point, consider two simple cases:

1. −→a · −→x = xu + 3xw + 4xv where u = ϕ (v) = ψ (w) ∈ U , v ∈ V , w ∈W

2. −→a · −→x = xu + 3xw − 4xw′ where u = ϕ (w) = ϕ (w′) ∈ U , w,w′ ∈W

Case 1. We have −→a ·−→y = xu+3xu−4xu = 0 ·xu and −→a ·−→x = (xu + xv)+
3 (xw + xv), because {v, w} ∈ Γ and {u, v} ∈ Λ, and hence {u, v} , {v, w} ∈ ∆,
since ∆ is perfect.

Case 2. We still have −→a ·−→y = xu+3xu−4xu = 0·xu, but this time instead
of {w,w′} ∈ Γ we have only {u,w} , {u,w′} ∈ Λ from which, however, we can
infer {u, u′} , {u′, w} , {u′, w′} ∈ ∆, since ∆ is perfect. This conclusion yields
−→a · −→x = (xu + xu′)− (xu′ + xw′) + 3 (xw + xu′)− 3 (xu′ + xw′), as required.

Note. An imperfect ∆ = {u, v} , {u,w} , {v, w}, say, fails to produce the
disjoint U, V,W in question. As a result, the assumption

⋂
ϑ∈∆

O+ (ϑ) ⊆ |xu + 2xv|,

say, does not infer the conclusion of the lemma.)

Lemma 15. ‖−→a · −→x ‖ ⊆ |−→a · −→x | is obvious. In the rest of the proof
we argue as above and arrive at Z [−→x ]-expansion −→a · −→x =

∑
ı∈I
cı (xuı + xvı),

{uı, vı} ∈ ∆. We can just as well assume that for all ı,  ∈ I, cı 6= 0,
uı 6= vı and {uı, vı} 6= {u, v}. On the other hand −→a · −→x =

∑
u∈X∪Y

auxu holds

in Z [−→x ], where X =
{
u ∈ n2 | au > 0

}
and Y =

{
u ∈ n2 | au < 0

}
. Hence∑

ı∈I
cı (xuı

+ xvı
) can be further converted, in Z [−→x ], to the required expres-

sion
∑
∈J

d
(
xu

+ xvı

)
+
∑
κ∈K

dκ (xuκ
− xvκ

) such that for all  ∈ I, κ ∈ K,

u 6= v ∈ X, uκ 6= vκ ∈ Y , {u, v} ∈ ∆+ = ∆ and {uκ, vκ} ∈ ∆−.
Since

⋂
ϑ∈∆

O+ (ϑ) =
⋂
ϑ∈∆

O+ (ϑ) ∩
⋂

ϑ∈∆−
O− (ϑ) (cf. Overview, 4), we arrive at⋂

ϑ∈∆

O+ (ϑ) ⊆
⋂
∈J

O+ ({u, v}) ∩
⋂
κ∈K

O− ({uκ, vκ}) ⊆ ‖−→a · −→x ‖, Q.E.D.
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7 Attachment 4: Proof of Lemma 10

Step 1. We observe that T can be converted to an equivalent borel poly-
nomial S such that \ (S) is polynomial in the graph-complexity of T. Here we
use familiar conversions corresponding to basic borel (boolean) absorption laws
U ∪ U = U , U ∩ U = U , U ∪ (U ∩ V ) = U ∩ V , U ∩ (U ∪ V ) = U , etc. Clearly
|T| = Zn infers |S| = Zn.

Step 2. Let P arise from S by substituting regular borel polynomial ∅ :=
(x1,1 + x1,2) ∩ ¬ (x1,1 + x1,2) for every non-regular literal occurring in S. Let
D := ∂ (P), Dc := ∂c (P) and Dcp := ∂cp (P) =

⋃
∈J

⋂
`∈L

−→a ,` ·−→x (see Definitions

8, 9). We show that |S| = Zn infers |Dcp| = Zn. Clearly |Dc| = |D| ⊆ |S| = Zn,
which by the absorption property (Claim 21) yields |Dcp| ⊆ Zn. Now consider
the minimal

∑
2-decomposition Zn =

⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ), ∆ı b n2∗2. We have

Zn ⊆ |S| = |∂ (S)| = |∂c (S)| ⊆ |Scp|, which by the disjunction property

(Claim 20) infers (∀ı ∈ I) (∃ ∈ J)

( ⋂
ϑ∈∆ı

O+ (ϑ)+ ⊆
⋂
`∈L

|−→a ,` · −→x |

)
, since by

Lemma 7 all clauses containing non-regular positive literals can be removed
from Scp. Hence Zn ⊆ |Dcp|, Q.E.D.

8 Attachment 5: Proof of Lemma 16

By the assumption, |P| = Zn, while all literals occurring in P are positive and
regular. Let D := ∂ (P) =

⋃
∈J

⋂
`∈L

−→a ,` · −→x ; note that D = ∂p (P), since P is

positive (see Definitions 8, 9). We show that ‖P‖ = Zn. Since ‖−→a ,` · −→x ‖ ⊆
|−→a ,` · −→x |, we have ‖P‖ = ‖D‖ ⊆ |D| = |P| = Zn. Consider the minimal

∑
2-

decomposition Zn =
⋃
ı∈I

⋂
ϑ∈∆ı

O+ (ϑ). Since Zn ⊆ |P| = |D|, by the disjunction

property (Claim 20) we get (∀ı ∈ I) (∃ ∈ J)

( ⋂
ϑ∈∆ı

O+ (ϑ) ⊆
⋂
`∈L

|−→a ,` · −→x |

)
,

∆ı b n2∗2. Now by Lemma 15,
⋂

ϑ∈∆ı

O+ (ϑ) ⊆ |−→a ,` · −→x | infers
⋂

ϑ∈∆ı

O+ (ϑ) ⊆

‖−→a ,` · −→x ‖, and hence (∀ı ∈ I) (∃ ∈ J)

( ⋂
ϑ∈∆ı

O+ (ϑ) ⊆
⋂
`∈L

‖−→a ,` · −→x ‖

)
, from

which we arrive at Zn ⊆ ‖D‖ = ‖P‖, Q.E.D.

9 Attachment 6: Basic combinatorics

To illuminate the underlying combinatorial argument, first suppose that our
regular borel polynomial Pn is normal, and hence ‖Pn‖ = |Pn|. Furthermore,
suppose that Pn is positive and every leaf of Pn is some xi,j +xk,l, i.e. O+ (ϑ);
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call it proper positive normal case. Consider the structure of Pn. The two
simplest subcases are

∑
2 and

∏
2, as follows.

Subcase Σ2: We have |Pn| = |∂n (Pn)| =
⋃
σ∈S

⋂
ϑ∈Ωσ

O+ (ϑ), Ωσ ⊆ n2∗2,

where # (S) is polynomial in n. Moreover, by Theorem 2 (first condition) we
have Bn ⊆ {Ω+

σ | σ ∈ S}. Hence the number of distinct ∆ı from Bn is also
polynomial in n. However, it is readily seen by the definition 3.1.2 that # (Bn)
is in fact exponential in n - a contradiction.

Subcase Π2: We have Pn =
m⋂
k=1

⋃
ϑ∈Γk

O+ (ϑ), ∂n (Pn) =
⋃
σ∈S

⋂
ϑ∈Ωσ

O+ (ϑ),

where Γk,Ωσ ⊆ n2∗2 and {O (ϑ) | ϑ ∈ Ωσ}σ∈S is the set of choice sequences over
{O (ϑ) | ϑ ∈ Γk}k∈m. For a moment consider the most transparent

Subsubcase: Γk = {{〈fk (i) , i〉 , 〈fk (j) , j〉} | i < j ∈ m} for fk : n → n.
By the shape of Φn, this obviously yields Zn ⊆ |Pn|. The required contradiction
to |Pn| ⊆ Zn follows from the assumption thatm is polynomial in n, which infers
that for large n, the collection {fk}k∈m occurring in Pn is not representative
for all functions f : n → n occurring in Φn. To put it formal terms, the
contradiction follows directly from combinatorial observation stating that

(∀f1, · · · , fm : n → n) (∃f : n → n) (∃i1 < j1, · · · , im < jm ∈ n)(
{{〈fk (ik) , ik〉 , 〈fk (jk) , jk〉}}+k∈m b n2∗2 ∧ (∀` ∈ m)(

{〈f (i`) , i`〉 , 〈f (j`) , j`〉} /∈ {{〈fk (ik) , ik〉 , 〈fk (jk) , jk〉}}+k∈m

) )

holds for sufficiently large n, provided that m is merely polynomial in n.3

Subcase Π2 proper: Γk ⊆ n2∗2. We let:

m⊗
k=1

Γk :=
{

(Rng (f))+ | f : m 3 k 7→ f (k) ∈ Γk
}

Bn ⊂ B̂n :=
{
Θ ⊆ n2∗2 | (∃∆ ∈ Bn) (∆ ⊆ Θ)

}
and arrive at combinatorial lemma stating that

(
∀Γ1, · · · ,Γm ⊆ n2∗2)(Bn * m⊗

k=1

Γk ∨
m⊗
k=1

Γk * B̂n

)
holds for sufficiently large n, provided that m is merely polynomial in n.
Proper positive normal case just generalizes these simplest subcases. Arbi-

trary regular borel polynomials Pn are more involved (see Attachment 7 below).

3In fact, this subsubcase follows from the known result stating that standard sequent
calculus approach to boolean validity problem is exponential in the input length, see [T] (one
can also use [H]).
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10 Attachment 7: Combinatorial translations

10.1 Basic notions (cf. Overview 2.1 and Attachment 6)

n2∗2
+ := {0} ∪ n2∗2

U � V :=
{

U − {0} if U ∩ V = {0}
∅ else

Am :=
{ −→a = (au) ∈ Zn

2

0 | gcd {au 6= 0} = 1 ∧ amin{u|au 6=0} > 0 ∧ [−→a ]2 6= ∅
∧\ (−→a ) ≤ m

}
A+
m := {0} ∪ Am

U1 ⊕ · · · ⊕ Uk := {u1 ∪ · · · ∪ uk | u1 ∈ U1, · · · , uk ∈ Uk}

[−→a ]21 :=
{

Γ (S) | S ∈ [−→a ]2
}

, [−→a ]22 :=
{

Λ (S) | S ∈ [−→a ]2
}

A = {−→a 1, · · · ,−→a k} ⊂ Am ↪→

{
Γ (A) := [−→a 1]

2
1 ⊕ · · · ⊕ [−→a k]

2
1

Λ (A) := [−→a 1]
2
2 ⊕ · · · ⊕ [−→a k]

2
2

Definition 24 Let T be a finite rooted tree. By ρ, T0 and T1 we denote the
root of T , the leaves of T and the subtree of T obtained by deleting all leaves,
respectively. Moreover, we assume that every node ν ∈ T1 is labelled by ` (ν) ∈
{∩,∪}. For any pair of leaves σ, ς ∈ T0, we denote by σ u ς the closest common
ancestor of σ and ς, in T . T is called a

∏
-tree iff ρ ∈ T1 and ` (ρ) = ∩. A set

of leaves X ⊆ T0 is called a cut iff for every pair σ 6= ς ∈ X, ` (σ u ς) = ∩. A
maximal cut is called a clause (in T ). Denote by C (T ) the set of all clauses (in
T ); thus C (T ) ⊆ ℘ (T0).

10.2 Proper positive normal case

10.2.1 Subcase Π2 revisited

Notation 25 For any m > 0, consider arbitrary functions F : m2 → n2∗2 and
f : m → m. Define Ff : m → n2∗2 and ⊗F ⊆ ℘

(
n2∗2) by:

Ff (x) := F (x, f (x))

⊗F :=
{
Rng (Ff )

+ | f : m → m
}

=
{
{F (x, f (x))}+x∈m

}
f :m→m

=
{
{F (1, x1) , · · · , F (m,xm)}+

}
x1,··· ,xm∈m

Claim 26 Proper positive normal
∏

2-subcase of NP 6= P is derivable from the
following combinatorial principle. Suppose n is sufficiently large and m merely
polynomial in n. Then for any F as above, either Bn * ⊗F or ⊗F * B̂n.
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10.2.2 General case

Notation 27 Let T be a
∏

-tree with leaf-labeling F : T0 → n2∗2. For any
X ∈ C (T ) set:

F [X] := {F (σ) | σ ∈ X} ⊆ n2∗2

T � F :=
{
F [X]+ | X ∈ C (T )

}
⊆ ℘

(
n2∗2)

Claim 28 Proper positive normal case of NP 6= P is derivable from the fol-
lowing combinatorial principle. Suppose n is sufficiently large and # (T ) merely
polynomial in n. Then for any F as above, either Bn * T �F or T �F * B̂n.

10.3 Proper normal case

Notation 29 Let T be a
∏

-tree with two leaf-labelings F,G : T0 → n2∗2
+ such

that for every σ ∈ T0, F (σ) = 0 ⇔ G (σ) 6= 0. For any X ∈ C (T ) set:

F [X] := {F (σ) | σ ∈ X} , G [X] := {G (σ) | σ ∈ X} ⊆ n2∗2
+

T � (F �G) :=
{

(F [X]�G [X])+ | X ∈ C (T )
}
⊆ ℘

(
n2∗2)

Claim 30 Proper normal case of NP 6= P that is obtained from previous case
by dropping the positive restriction is derivable from the following combinatorial
principle. Suppose n is sufficiently large and # (T ) merely polynomial in n.
Then for any F and G as above, either Bn * T �(F �G) or T �(F �G) * B̂n.

10.4 General case

Notation 31 Let T be a
∏

-tree with two leaf-labelings F,G : T0 → A+
m such

that for every σ ∈ T0, F (σ) = 0 ⇔ G (σ) 6= 0. For any X ∈ C (T ) set:

F [X] := {F (σ) | σ ∈ X} , G [X] := {G (σ) | σ ∈ X} ⊆ A+
m

T � (F �G) :=
{

(Γ (F [X]�G [X]) ,Λ (F [X]�G [X]))+

| X ∈ C (T )

}
⊆ ℘

(
n2∗2)

Claim 32 NP 6= P is derivable from the following combinatorial principle.
Suppose n is sufficiently large and # (T ) merely polynomial in n. Then for any
F and G as above, either Bn * T � (F �G) or T � (F �G) * B̂n.
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