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1 Introduction

The way is shown how to prove that NP is not P; it is not the proof proper yet,
but what remains to be done is technical, though non-trivial, work along the
lines of traditional combinatorics (see Attachments 6, 7 below). The underlying
logic scheme is obvious — we assume that NP is P (actually in the weak form
TAU C P/poly, where TAU is the familiar co-NP complete propositional
tautology problerrEI) and try to derive a contradiction by the appropriate chain
of inferences. This chain consists of the four main inferences A, B, C, D which,
loosely speaking, embed the discrete assumption TAU C P /poly first into the
real multi-dimensional continuum and then back into discrete combinatorics.
These inferences are as follows (see also Overview 2.2 and Summary 3.3 below).

(A) The assumption is reduced to an algebraic sentence (S4) stating that
for sufficiently large n, there are “small” borel polynomials (P,) having “reg-
ular” n?-dim linear atoms and the same n?-dim real zero-set (Z,) as a fixed
“large” polynomial ®,, that characterizes the n2-variable restriction of TAU.

(B) Sa4 is reduced to an analogous sentence (Sp) stating that the appro-
priate “regular-positive-consistent” > ,-form of P,, has the same zero-set Z,.

(C) Sp is reduced to a topological sentence (S¢) stating that the corre-
sponding ) ,-decomposition of Z,, covers the canonical ) _,-base of Z,.

(D) S¢ isreduced to a combinatorial sentence (Sp) about the structure of
the ),-base in question that can be refuted by straightforward combinatorial
arguments - thus leading to a desired contradiction.

Note that the chain A-D is not a “natural” circuit lower bound proof ac-
cording to [RR]. The two main diversities are as follows.

1. Our borel domains are n2-dim real spaces, which disturbs P /poly con-
structivity and discrete counting arguments. On the other hand, adjacent
n?-dim geometry is crucial for the inference B.

2. The structure of the canonical ) ,-base of Z, characterizes the chosen
polynomial ®,, only, and hence the inference C' does not apply to arbitrary
“large” polynomials.

I'We distinguish between validity of boolean functions f: {0,1}" —{0,1} and the corre-
sponding notion of tautology referring to propositional formulas F(x;,, ..., X, ); both are
equivalent, but have different domains.



2.1

Overview

Basic notations

. For any natural number n > 0 consider a polynomial

®,:= > ]I (xf(i)ﬂ- + zf(jm)z over Z ., wheren = {1,--- ,n} and
fin—ni<jeEn

T = (i), jen- Weset (i,j) :==n (i — 1)+j and identify z; ; with z; ;)

and n? = {(i,j) | i,j € n} with n? = {1,--- ,n?}, which yields 7', =

T2 = = (Tu)yecnz- Note that &, is a characterlstlc integer polynomial of

the familiar propositional (n X n)-tautology problem; graph-complexity

(= circuit-complexity) of ®,, is exponential in n (see [GK]).

Let Z,, = {?nn € Rgz | D, (?nn) = O} be (closed) zero-set of ®,, in

R?’, where Ry = R — {0}. Obviously Z, has boolean [I,-shape

Tom€Zne NV @pu),itTs),; =0, which yields the correspond-
fin—ni<jen
ing borel [],-shape Z, = (1 U {?nn € ]R6‘2 | Zfey,i +Tri),; = O}
fin—ni<jeEn
whose graph-complexity is exponential in n.

Let n**2 := {{(i,j), (k, )} | 4,4, k,l € n} = {{u,v} | u,v € n?}. For any
9= {(z j> < D} e n2*2 we set OF (9 ) =z i+ K, O (0) =2, — Tk,
and O+ {?MGR" | D) (9 )_0}.

For any T',A C n*? let (I,A)",(I,A)” C n*?2 be the minimal sets
satisfying the five conditions:

(a) T C (I,A)" and A C (I',A)”

(b) {u, v} {u,w} € (L,A)" = {v,w} € (T, A)"

(©) {u, v} {w,w} € (TA)" = {v,w} € (I, A)~

(d) {u,v} € (T,N)" Afv,w} € (T,A)” = {u,w} € (T,A)"

(e) (0,A)TN(MA)” #0= (D,A)",(I,A) =0

Note that (I, A)" and (', A)~ are maximal extensions of I" and A, respec-

tively, such that | Ot ()N N O~ W)= [ OTWHN N O ()
el JEA 9e(T,A)F 9e(T,A)~

A A C n?*? is called perfect (abbr.: A € n**?) iff {(i,j),(k,[)} € A =
j#land 0 # A = (I, A)" holds for some I', A C n®*2. In the sequel we
abbreviate (T, (Z))+(_) by I'Y(=); note that I' € n?*? implies 't =T.

Notably there exists the (uniquely determined) minimal positive borel > ,-

decomposition Z, = |J () O (¥) and the underlying > ,-base B, =
IS RVISVAN



10.

{A, @n*? |1 €1} (see Comments below). In particular, for any > ,-

decomposition Z, = J | N OT (@) N N O (9) |, the following two
g€J \Wer, VEA,
conditions hold:

(a) (Ve 1) (3ye ) (A = (T, 4)")

() () @Een (A cr,a))

2 13 InY —
Denote by O the n*-dim zero-vector 0,2. Let @nn = (aij); jen =
(a@,j))i jen = (@) yenz # 0 be an?-dim integer vector with ged {a, # 0} =
1 and awyinfu|a, 0} > 0. Scalar products ﬁnm . ?n,n = > a;; x;; and
i,jEN
their formal negations = (@ ., * T pn) = = ( > aij - | are called lin-
i,jJEN
ear literals, or just literals (positive and negative, respectively); moreover,
we call § (@ Tnn) = Y, |ai;| the weight of both @, ,, - T, and
i,JEN

= (@ Tpn). (See Comments below.)

Literals En’n . E)n,n and — (E)n’n . ?nn) are called regular iff there exists
A € n*? such that E)n’n . ?n,n is a linear combination with integer
coefficients of the collection of binomials {O (9)} 4. -

Let U®V := {{u,v} |u € UAv eV} (thus n?*? = n? @ n?). For any
disjoint X,Y € n? and S C (XUY) ® (XUY) C n**?, consider the
(uniquely determined) decomposition S = Sx U Sy U Sxy for Sx C
X®X, S5y CY®Y and Sxy C X®Y, and let ' (S) := Sx U Sy and
A (P) := Sxy. Note that I' (S),A (S) C n?*2.

For any (positive) regular literal @'y, p, - @ pn.n, set X 1= {u en?|a, > O}
and Y := {uen?|a, <0}. Denote by [E)n,n]2 the set of all § C
(XUY)® (X UY) such that the following two conditions hold:

(2) (T'(S),A(S)" €n>?
(b) ﬁn,n . E)n’n is a linear combination with integer coefficients of the
collection {O% (V) }yer sy U{O™ (9)}pencs):

In the sequel we call S € [F,W]2 semipartitions of @, ,. We call a borel

polynomial U N O9TWnN (N O (W) the regular inter-
Se[@nnP \PEL(S) YEA(S)

pretation of ﬁn,n . ?n,n- (See Comments below.)



2.2 How to prove that NP = P fails

Suppose NP = P. This assumption infers:

1. For sufficiently large n, there exists a suitable quasi-polynomial over ?nm,

whose zero-set in R(f is Z, and whose graph-complexity is merely poly-
nomial in nE| (This result follows by the author’s interpretation of Turing
computability in a suitable elementary algebraic formalism with definition-
by-cases operation, see Lemma 4 and Attachment 1 below.) This in turn

infers:

2. For sufficiently large n, there exists a borel term §,, such that the following
conditions (a)-(d) hold (see also Comments below):

(a) The only operations occurring in §,, are U and N.

b) The leafs of ,, are regular literals £ of the either form @pn.n - ZTnn
(b) g : :

or — (Eﬂm . ?nn)

—~
o
~

The weight of §,, is polynomial in n.

(d) Zero-set of §, in R82 is Z,, and hence positive ) ,-expansion of
§n covers the ) ,-base B, = {Az en?? | ¢ I}. To put it more
exactly, the following holds.

Let ©, = |J () £¢ be the canonical disjunctive normal form
TeT el ,
(DNF) of §,, £¢ being the corresponding regular literals.

Let ®S := |J () £¢ for T° C T, be the subform of ©,, ob-

T€TC LEL,
tained by deleting all inconsistent clauses (| £, 7€ T.
Lel,
Let 5" .= | () £¢ for T" C T°, LY C L, be the subform
€T LELL.

of ©¢ that contains only positive literals £,.

Let ©F be obtained by substituting regular interpretations for
all (positive) literals £y occurring in D¢".

Let®Y= U [ N OT @) N N O (¥) | be the canonical DNF
J€J \Wer, veA,

of DF.

Then the following two conditions hold:

i Meel)(Fped) (Az = (FyaAJ)+>
ii. (VyeJ)(Jel) (Al c (I, AJ)+)

3. However, combinatorial structure of B, is so involved that 2 (d) must
fail in the presence of 2 (c). This yields a desired contradiction to the
assumption NP = P. Q.E.D.

2This condition is sufficient for the conjecture NP € P /poly (see [GK: Theorem 21]).



3 Comments

3.1 X,-decomposition and Y;-base
3.1.1 General description

For the sake of brevity denote T, (@nn) and R (Z"°) by Z (@) and
—
ﬁo (Z), respectively. By the familiar boolean DNF approach, Z,, admits > -

decompositions Z,, = |J (] OT (9) for suitable systems {A, C n*? |1 €},
1ETVEA,

and in fact {A, € n**? |1 € I'}.

Definition 1 A given Y _,-decomposition Z, = |J (| O (9), A, € n**?, is
IS RVISVAN

called minimal iff for every 1 € I and A, 2 A, @n*?, (| O (V) & Z, . The
JEA]

corresponding minimal system B, = {Al en?? | e I} is called _,-base of
L.

Theorem 2 B, = {Al en?? | € I} is uniquely determined by n. That is,
for any n > 0, there is exactly one y_,-base of Z,,, and hence exactly one min-
imal y_,-decomposition of Z,, (modulo permutation and contraction). Moreover,

fZ,=UJ | NOTWn N O (19)) ,then (Vo€ I)(35€ J) (Al =(T,,A)"

N——

J€J \WeT, veA,
and (Vye J)(FeeI) (Al - (F],A])+>.

Proof. See Attachment 2 below. =

3.1.2 Recursive definition of Ys-base B,,

Denote by [U ~ V] the set of all partial functions from U to V. For any 1 <
¢ < n—1 we define a suitable set M C [n? ~ {£1,--,+£}] and then let

n—1 __
M, = U M{ and M, := {f € M,, | (Yy € Doms (f)) Dom; (f,y) = n} where
=1

Domy (f,y) = {z | (32) f (z,y) = 2}, Doma (f) := {y| (Fx32) f (z,y) = 2}.
Denote by [U m V] the set of all partial functions from U to V. For any 1 <
¢ < n—1 we define a suitable set M’ C [n* ~ {£1,--,+(}] and then let

n—1

M, = U M{ and M, := {f € M, | (Yy € Dom (f)) Dom (f,y) = n} where

=1

Domy (f,y) = {z | (32) f (z,y) = 2}, Doma (f) := {y | (Fx32) f (z,y) = 2}.
The required B,, is B,, = {{(z,y) (kDY en®? | f(i,5)+ f (k1) = O}fej\71 .
Now let M/ arise by the following recursive clauses, where buys  Ux{y} — {s}
and ¢y—7 s+ (U — Domy (f,y)) x {y} — {s}

Basis.

M= {0U{X x {j} x {1JUuY x {I} x {-1} |j#1l€nAd# X,Y Cn}.
That is, M; = {0} U {¢x,;1Udy, 1|j#lenAd# XY Cn}. Note that
the resulting fragment B} C B,, is B :=={(n x {j}) @ (mx {I}) | j # 1 € n}.



Induction step. Let 1 < ¢ < n and consider two cases (0 = ) is admissible).

1. Let OU f € Mf71, j € n, and {X,}
that:

yeDoma(f) for @ # X, C n be such
(a) Domg (0) N Domay (f) =0

(b) j ¢ Doms (OU f)

(c) (Vy € Doma (f)) (Doma (f,y) & Xy)

Then set f':=0U fU¢x,;, U Dxyt oy
yeDoma(f) "

2. Let OUf,0Ug € M~ and {Xy}yEDomg(f) , {YZ}ZeDom2(9) for) # X, Cn
and () # Y, C n be such that:

(a) Domg (f) N Domg (g) = Doms (0) N Doms (f)
= Doms (0) N Doma (g) = 0

(b) (Yy € Doms (f)) (Domy (f,y) & Xy)
(¢) (Vz € Doma (g)) (Domi (g,2) & Yz).

Then set f/:=0U fUgU U qZ)Xy—f,y’éU U  dy-a. 4
y€EDoma(f) z€Doms(g)

Let M extend M/~! by adjoining all functions f’ obtained by 1-2. This
completes our recursive definition. (See also [GMaple])

3.2 Borel polynomials

Definition 3 Call linear borel polynomials over T (or just borel polynomi-
als) arbitrary terms in the algebraic language of the two binary operations U
and N, whose literals (positive and negative, respectively) are of the either

L,
— = - = — —
Jorm @ & or = (a - 7)), where '@ = (ai;); jen = (Qu)yenz € Z, @ # 0

- = .
and @ - T = Y a;; - x;;. For the sake of brevity, we also assume that
7,JEN

ged{ay #0} = 1 and amin{uja,20y > 0. Furthermore, we set h(a - 7)
3" lai;| € N and call it the weight of both @ - T and = (@ - T') (cf. Overview
i,j€En

2.1, 8). Having this, the weight i (%) of a given borel polynomial ¥ is the sum-
mary weight of literals plus the number of operations U, N occurring in it (as

usual). A borel polynomial is called positive if so are all its literals. The lit-

erals are evaluated by |a - 7| = {? € ﬁo | @ -7 :0} and |- (d - 7T)| =

{? € @)0 | @ -7 # 0}, respectively. Together with the ordinary set-theoretical
interpretations of U and N, such evaluation of literals uniquely determines the
value || C ﬁo of any given borel polynomial ¥ in question; |Z| is also called
the zero-set of T (in ﬁo),



Lemma 4 If NP = P, then the following holds. For sufficiently large n, there
exists a borel polynomial T such that || = Z,,; moreover graph-complexity of T
1s polynomial in n.

Proof. See Attachment 1 below. m

Remark 5 The notion of borel polynomial is too loose, if we wish to apply
Theorem 2. This is because arbitrary literal values can’t be expressed as desirable
compositions of “normal atomic values” OF (9) and O~ (9) (see Overview 2.1,
3). The polynomials whose literals admit such presentations are called “reqular”
- these are introduced as follows.

Definition 6 Call normal atoms the binomials x; j + T1, and x; j — Tp,1; nor-
mal atoms and their negations are both called normal literals. In the sequel we
abbreviate normal literals x; j+xy,; and x; j—xk; by OF (9) and O~ (9), respec-
tively, where 9 = {(i,j), (k,1)}. Hence |OF (9)] = |z;; + x| = OF (V) and
|97 (W] = |zs; — x| = O (V); these sets are called normal atomic values (cf.
Overview 2.1, 3). Now literals @ - @ and = ('@ - @) are called regular (positive
and negative, respectively) iff for some A € n®*2, @’ -7 is a linear combination
of normal atoms {OF (9)}yen in Z[T], ie. @ -7 = Y by - O (V) where
JEA

by € Z (cf. Overview 2.1, 8); the corresponding collection {OF (0)} 4.0 we call
the normal generators of @ - . Borel polynomials whose all literals are reqular
(normal) are called regular (normal).

Lemma 7 If A € n*? and (OF (W) C | @ - 7|, then @ - 7 is a linear

JeA
combination of {OT (9)}yca in Z[Z], and hence @

Proof. See Attachment 3 below. m

s reqular.

3.2.1 Consistent and positive ¥s-expansions

Definition 8 Let ‘P be a given reqular borel polynomial. By familiar techniques

we pass to its DNF 0(B) = U [\ L, L¢ being the (regular) literals of B.
TETLEL,

Let °(P)= U () Le, T° C T, arise from O (P) by deleting all inconsistent
TETCAEL
clauses, i.e. all (| L4, 7 €T, such that (3¢,¢' € L;) (Lo = —~L4). Call O° (P)
teL,

the consistent ) ,-expansion of B.

Definition 9 Let B be as above; consider 9° (P). Let 0 (P)= U N Lo,
€T (cL”.

T CTC LY C L,, arise from 0° (P) by deleting all negative literals £y along

with the empty clauses such obtained. Note that O (PB) is a positive regular

polynomial; call it the positive consistent ) ,-expansion of P.

Lemma 10 For any borel polynomial T with |T| = Z,, there exists a regular
borel polynomial B such that |0 (B)| = Z,; moreover § (P) is polynomial in
graph-complexity of X.

Proof. See Attachment 4 below; Lemma 7 is crucial for the proof. =



3.2.2 Regular evaluations

Remark 11 Lemmata 7, 10 allow us to reduce borel polynomials to positive reg-
ular ones. In order to make Theorem 2 work we wish to switch to the correlated
normal atomic values and modify the evaluation of (positive regular) literals,
accordingly. Such “regular” evaluation is introduces as follows.

Definition 12 Given a (positive) regular literal @ - 2, we wish to character-
ize its mormal generators. To this end, we first let X := {u en?|a, > 0}

and Y := {u€n?|a, <0} and denote by [7]2 the set of semipartitions S C
(XUY)® (XUY) such that (T(S),A(S)" € n*? and @ - T is a linear
combination of {OF (9)}yers) U {O™ (N}yencs) in Z[%]. We call a borel

polynomial | N OFTWnN N O )| and a borel set |@ - 7| :=
se[@p \ver) IEA(S)

U N Ot (W)nNn () O (V)| the regular interpretation and regular
se[ap \9er(s) IEA(S)

value of @ - @, respectively (cf. Overview 2.1, 9, 10). Together with the ordi-
nary set-theoretical interpretations of U and N, reqular values of literals uniquely
determine the corresponding regular value ||B|| C R of any given positive reg-
ular borel polynomial B; ||B|| is also called the regular zero-set of P (in TR>0).

Example 13 Consider the following simplest cases (for the sake of brevity we

extend regular evaluation to all (positive) literals by |@ - 7| = [7]2 =0 if
@ -7 is not regular).
Remark 14 1. For any i,j,k,l € n, j # 1, we have
i % aa]” = ({{00.3), (k. D33}, and hence
N
2,5 & 2rall = { 7€ Ro|wijtag = 0} = |zij + zxl
2. i + Ty + Xpg and ;5 + TRy — Tpg are both not regular, and hence

|@ij + @k £ xp gl = 0

8. If j £q#1 €n, then
[l'i,j + xk,l + :L'qu + xr,q]Q = {{{<Za,7> ) <p7 Q>} ) {<k7l> 9 <7’, q>}}}; and hence

|%i,j + Tkt + Tp,g + Trgll =

— —
{? e Ry ‘ Tij+ Tpq 20} N {? e Ry | T+ Tpg = 0}

L, =
{3«" € Ro|zij+Tpg==2ak1+Trg= 0}
G @i+ Thg + Tpg + Trgl

4. If l £ j # q € n, then
(2235 + @pg — 2pg)” = {{{{4) (R D} {05, 5) (0, @)}} ), and hence



1225 & 21 — Tp gl =

{?6 R | Ii,jixp,qio}ﬂ{?E R, |9~“i,j*$p,q:0} =
-

{? € Ry | Tij £ Xpq = Tij — Tpq = O}

5. If j,1,q,v € n are pairwise distinct, then
, {16 7) (ks D} {0y a) s (ry8) 1)
[‘riaj + xkal + fL'p’q + mﬂS] = {{<Z7.7> ) <pa Q>} ) {<k7 l> ) <T7 S>}} ’
{{G@5), (rs)}t kD), (poa) 3}
and hence ||x;j + Tk + Tpg + Tr sl =

N Tij+ Tl =Tpg+ Trs = 0

TER|| Vaj+apg=ap+2,=0

VTj+xrs =2k +Tpq=0

Claij+2ri+ Tpg + Trsl

6. For j,l,q,v as above, we have

, {{G,5), (k, D)} {
[ij + Tkt — Tpg —ars|” =1 {{{5).(p,@)

{{0,5), (r,s)

and hence ||x;j + Tp) — Tpg — Trsl| =

— =
—~—

_ Tij+ Thg = Tpg + Trs =0

=
T eERo| [ Vaij—2pg=api—Tps=0
V Tij = Tps = Tpi — Tpg =0

g |x27] + 35.]C,l - xp,q - xr13|

- = = = — .
Lemma 15 For any reqular @ - @, ||@ - @] C | @ - Z|. Moreover, if A @ n®*?

|
and () OF (9) C|a@ - 2|, then N OF W) C|a 7|
YEA YEA

Proof. See Attachment 3 below. m

Lemma 16 Let P be any positive regular borel polynomial with |B| = Z,,. Then
1Bl = Zn-

Proof. See Attachment 5 below; Lemma 15 is crucial for the proof. m

Corollary 17 Let B be any regular borel polynomial such that |0 (B)| = Z,.
Let 0% (PB) arise from 9% (P) by replacing all literals occurring in it by their
regular interpretations. Let ON (P) := 0 (0" (P)) be the DNF' of 0" (B); call it
the normal ) ,-expansion of . Then |0~ (P)| = Z,.

Proof. Clearly |0Y (B)| = [0 (B)| = |0 (P)||. =



3.3 Summary

Suppose NP = P. By Lemma 4, we obtain a borel polynomial ¥,, whose zero-
set is Z, and whose graph-complexity is polynomial in n. By Lemma 10,
we pass to a regular borel polynomial 3, satisfying |0 (B,)| = Z,, whose
weight is polynomial in n. By Corollary 17, we take its normal ) ,-expansion
O (Pr) and arrive at |0~ (P)| = Z,,. (In Overview 2.2 such B, I (PB,,) and
O~ (P) are referred to as §Fp, D and DY |, respectively). Note that O~ (B,,)

n

has the desired Y ,-form [J { N OF ()N N O (19)), and hence Z, =
s€J \Wer, DEA,

U ( N Ot @W)n N O (¥)]. By Theorem 2, this Y ,-decomposition of Z,
1€J \ver, e,

vields (V2 € I) (3) € J) (Al = (FJ,AJ)+) and (Vg € J) (T I) (Al c (T, AJ)+)

where B, = {A, €n?*? |1 € I} is the }_,-base. However, our recursive defini-
tion of the ) ,-basis (3.1.2) drops a hint that combinatorial-topological structure
of B, is so involved that it actually requires exponential weight of 3,, (see also
purely combinatorial connections in Attachments 6, 7 below). The resulting
contradiction refutes the assumption NP = P. Hence NP # P.

4 Attachment 1: Background

In [GK] we established the following inference.

Claim 18 If NP = P, then for every n > 0 there exists a (quasi-)polynomial

Tn in the algebraic language L, of variables T = E}n,n, constant 1 and three

binary operations 4+, —, 7 such that the graph-complexity of m, is polynomial in
—

n and Z, = {? € Ry |m (7) = O} holds under the canonical interpretation

0 ifu=0

_ ile 7 bei tion-by- 20 =
of 1,4+, —, while 7 being the definition-by-cases u?v : { v otherwise -

We prove the Lemma 4. Denote by «, §, v arbitrary L,-polynomials and
consider a polynomial rewriting ?-elimination algorithm:

*

o := «, if 7 does not occur in «

(@?8)" :=a*VE" and (a?B+7)" := (a* Av*)V (= (a*) A (B£7)"), otherwise

Having arrived at ?-free expression a*, we further eliminate all nonatomic
negations by boolean duality laws (which do not increase graph complexity).
Call the resulting expression a#. Furthermore, we replace in o every occur-
rence of V and A by U and N, respectively, and call the resulting expression o*.
Note that a* is a borel polynomial whose graph-complexity is polynomial in the

=
one of a. Moreover, it is readily seen that {? ERy|a(T) = 0} = |a*]. In

particular Z,, = {E) € TR>0 | mn (T) = 0} = |ny|, where 7, is as in the claim.
Q.ED.

10



5 Attachment 2: Theorem 2 and beyond

5.1 Basic tools
Definition 19 For an arbitrary positive literal @ - 7 = Y a; ;- xij, |d - @ |
1,J€EN

— = . .
and |- (@ - @')| are called planes and coplanes (in R ) respectively; they both
are also called linear sections. Finite nonempty intersections of planes and
linear sections are called [],-sets and [[,-expansions, respectively. For any
[1,-ezpansion E = N |a,-Z|N N |- (a, - Z)|, INJ = 0, denote by E*

el 9€J
the corresponding [[,-set () |@, @ |; clearly E C E*. For any A C n*?, q
el

[1;-set N OF (9) is called proper.

YEA
Claim 20 Disjunction property. For any [[,-sets U, V and W, if U CV UW
then either U CV orU CW.

Proof. Because [];-sets are convex. (Geometrically obvious.) m

Claim 21 Absorption property. For any [[,-expansion E and [[,-set U, if E C
U then ET CU.

Proof. Because [[;-sets are convex and closed (see also [GK: Lemma 34].)
[
Claim 22 Linearity. For any positive literal @ and [],-setU = ( |@,- T}, if

1€l
UC|a 7| then @ - is alinear combination of {@,- T'},.; in Q[T].

Proof. Basic linear algebra. m

Claim 23 Monotonicity. For any T',A,T',A’ C n?>? and the corresponding

proper [[;-setsU = N OT ()N N O~ (V) andU’' = ) OF (9N N O~ (9),
9er deA deT dEN

if U' CU then (T,A)" C (I, A)F.

Proof. A consequence of previous claim a/o the completeness of equational
calculus. m

5.2 Proof of Theorem 2

Step 1. We show that the recursive definition 3.1.2 provides us with (at
least one) minimal ) ,-decomposition of Z,,. To this end, we interpret elements
of Z,, as boolean tautologies of dimension n x n (see [GK] for details). A tau-
tology in question is called minimal iff its every proper subformula is not a
tautology. Clearly every tautology extends or coincides with a minimal tautol-
ogy. With every minimal tautology F we associate a minimal natural number
¢ > 0 such that the literals occurring in f can be homomorphically collapsed
onto segment {v,, —w, | 0 < z < £}. The resulting renamed minimal tautology
is called properly minimal. Note that all properly minimal tautologies admit a
natural hierarchy which is described in 3.1.2.
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Step 2. Consider any ) _,-decompositions Z, = |J () O (¥) and Z,, =
1€ YEA,

U ( N otWn N O (19)) for A, € n**? and T';,A, C n**?. It holds
1€J \ver, e,

Unor®w=U|l Norwn N O (19)) Hence by the disjunction

1ETVEA, geJ \veT, YEA,
property (Claim 20) we have

VeeI) (3 e ) <§QA O+ (W) C n o+ n N o (ﬁ)) and

(Ved)(GEe)| NOTWN NO (W< N OF (z9)>, which by the
der, DEA, veA,
monotonicity (Claim 23) yields

Vee )3y e J) ((FJ,AJ)+ CAF= Al) and
(Vye J)(Fuel) (Al =A"TC (FJ,A])+). Furthermore, if the decomposi-

tion Z, = |J () OF (9) is minimal, then (V2 € I) (3 € J) ((FJ,AJ)+ C Aq,)
el 9e,
implies (Ve € I) (3g € J) (Al = (FJ,A])+), since N OrW) CZ,.
Ve, A,) "

Step 3. If Z, = U N O"@W) and Z, = |J ) OF (¥) for A,,A! €
1ETDEA, 1€ 9EA,

n*? are both minimal, then previous step yields (V2 € I) (35 € I') (A, = A))
and (Ve € I') (3g € I) (A} = A,), i.e. both ) ,-decompositions are equal (mod-
ulo permutation and contraction). Q.E.D.

6 Attachment 3: Proof of Lemmata 7, 15

Lemma 7. By the linearity (Claim 22), () O (J) C | @ - @| infers that
YeEA

‘@ -7 is a linear combination of {OF (¥)},c, in Q[Z]; this implication holds
true for any A C n?>*2. Now suppose A € n?*2. In order to strengthen Q[Z']
to Z[Z] in the conclusion, let F := {u € n?| (3v € n?) (u,v € A)} be the
field of A and observe that from A € n?*? we can extract three disjoint sets
U, V,W C n? and two embeddings ¢ : V — U, @ : W — U such that the
following three conditions hold for T' := {{v,p (v)} |v € V} C n**? and A =
[, ()} | we W} n?2.

. F=UUVUW
2. U = Rng (¢) U Rng ()

3. NOTW=NoTWn NO~ (1)
VEA el VEA

12



—Zy(2) if zeV

Furthermore, set 3/ = (Y2)oen2 for vz := 1 Ty if z €W . Then
T, else
NOt@W) = NO+WN NO- (W) C |-z infers |7 - 3| = Ro. Since
oA ger g
a -y admits the unique Z [Z']-conversion @ -y = > a, y. = Y. by -y, the

z€n? uwelU
last conclusion yields b, = 0, for all u € U. This, in turn, shows that @ - 7
admits the required Z[Z]-expansion > ¢, (,, + =) for {u,,v,} € A, which
el

completes the proof. To illustrate the point, consider two simple cases:

1. @7 =2y + 32y + 4z, whereu =9 (v) =9 (w) €U, v eV, weW
2. @ T = x4y + 3Ty — 42, Where u = p(w) = ¢ (w') € U, w,w' € W

Case1l. Wehave @ -4 =2, +32, —41, =0-2, and @ -7 = (2, + )+
3 (xyw + xy), because {v,w} € I' and {u,v} € A, and hence {u,v},{v,w} € A,
since A is perfect.

Case 2. Westill have @ -3 = 2,432, —42, = 0-2,, but this time instead
of {w,w'} € T we have only {u,w},{u,w'} € A from which, however, we can
infer {u,u'}, {v',w},{v,w'} € A, since A is perfect. This conclusion yields
- —

a T =(xy+xy)— (T +2Tow) +3(Tw + 2y ) — 3 (@ + Ty ), as required.

Note. An imperfect A = {u,v},{u,w},{v,w}, say, fails to produce the
disjoint U, V, W in question. As a result, the assumption () O (9) C |z, + 22, ],
YEA
say, does not infer the conclusion of the lemma.)

Lemma 15. ||@ -7| C |@ - 7| is obvious. In the rest of the proof

we argue as above and arrive at Z[Z]-expansion @ - 7 = Y.¢, (zu, + 20,),
el
{u,,v,} € A. We can just as well assume that for all ¢,5 € I, ¢, # 0,
u, # v, and {u,,v,} # {u;,v,}. On the other hand a-7T = Y ayr, holds
ue XUY
in Z[Z], where X = {u€n?|a, >0} and Y = {u€n?|a, <0}. Hence
>>¢, (Tu, + ,,) can be further converted, in Z[Z], to the required expres-
el
sion Y d, (zu, + ®y,) + 2 di (T, — xy,) such that for all y € I, & € K,
J€Jd KEK
u, # v, € X, uy # vg €Y, {u,v,} € AT = A and {u,,v.} € AL
Since N Ot (W) = NOTWN N O (V) (cf. Overview, 4), we arrive at
deA veA DEA- N
NO0*®W < NO*({upv)N N O ({um,vi}) Clla - 7|, QED.
DISAN 7€d reEK
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7 Attachment 4: Proof of Lemma 10

Step 1. We observe that ¥ can be converted to an equivalent borel poly-
nomial & such that §(&) is polynomial in the graph-complexity of ¥. Here we
use familiar conversions corresponding to basic borel (boolean) absorption laws
vuU=U0,0NnU=0,0uUnV)=U0UnV,UN{UUV)=U, etc. Clearly
|%| = Z,, infers |&| = Z,.

Step 2. Let P arise from & by substituting regular borel polynomial ) :=
(11 +21,2) N = (21,1 + 21,2) for every non-regular literal occurring in &. Let
D=0 (P), D :=9°(P) and D" := 9" (P) = U () @, 7 (see Definitions

JEJLEL,
8,9). We show that || = Z,, infers |D| = Z,,. Clearly |D°| = |D| C |&]| = Z,,
which by the absorption property (Claim 21) yields |D°"| C Z,,. Now consider

the minimal ) ,-decomposition Z, = |J () O (9), A, € n**?. We have
1ET9EA,
Z, C 16| = 10(6)] = 10°(6)| C |6°"|, which by the disjunction property

(Claim 20) infers (Ve € I)(Fge J)| N Ot ()T C N |, 7| |, since by
vEA, LeL,
Lemma 7 all clauses containing non-regular positive literals can be removed

from &°°. Hence Z,, C |9, Q.E.D.

8 Attachment 5: Proof of Lemma 16

By the assumption, |B| = Z,,, while all literals occurring in B are positive and

regular. Let ® := 9 (P) = U () @, 7; note that D = I° (P), since P is
J€JLEL,

positive (see Definitions 8, 9). We show that ||| = Z,. Since |@,, 7| C

|'d .0 @, we have ||B| = |D| € |D| = |P| = Z,. Consider the minimal -

decomposition Z,, = |J () O (9¥). Since Z,, C |B| = |D|, by the disjunction

1€l 9EA,
property (Claim 20) we get (Ve € I) (35 € J) ( NOotWC N |d,e- ?|>,
veA, teL,
A, € n?*2. Now by Lemma 15, (| Ot () C | @, 7| infers () OF (¥) C
veEA, vEA,

| @, 7, and hence (V2 € I) (g J) [ N OF (W) C N [, ?H)7 from
DEA, teL,

which we arrive at Z,, C [|D] = ||B]|, Q.E.D.

9 Attachment 6: Basic combinatorics
To illuminate the underlying combinatorial argument, first suppose that our

regular borel polynomial 93, is normal, and hence ||, || = |Bn|. Furthermore,
suppose that 9, is positive and every leaf of B, is some z; ; + zy 1, i.e. OF (9);

14



call it proper positive normal case. Consider the structure of 9,,. The two
simplest subcases are >, and [],, as follows.

Subcase ¥5: We have [B,| = [0"(B.)|= U N O (#¥), Q, C n?*?
cESVEN,
where # (S) is polynomial in n. Moreover, by Theorem 2 (first condition) we
have B, C {Qf | 0 € S}. Hence the number of distinct A, from B, is also
polynomial in n. However, it is readily seen by the definition 3.1.2 that # (B,,)
is in fact exponential in n - a contradiction.

Subcase II;: We have B, = (| U OT (), N (PBn)= U N OF (¥),
k=19€l, TESYEQ,
where 'y, Q; C 0?2 and {O (J) | ¥ € o}, is the set of choice sequences over

{O@) |V €Tk} pem- For a moment consider the most transparent

Subsubcase: Ty = {{{fi (?),9),(fx (§),/)}|i<j€em} for f : n — n.
By the shape of ®,,, this obviously yields Z,, C |8,,]. The required contradiction
to |PB,| C Z, follows from the assumption that m is polynomial in n, which infers
that for large n, the collection {fi},,, occurring in B, is not representative
for all functions f : n — n occurring in ®,. To put it formal terms, the
contradiction follows directly from combinatorial observation stating that

V1, s fmen—n)(3f n—n)(Fi < J1, 0 im < Jm €N)
{{{fr (k) i), (fr (i) 2 i) Hiem € D22 A (V2 € m)
(147 (o) i) 0 Ged i} & LU () i) Ui Gin) i) )

holds for sufficiently large n, provided that m is merely polynomial in nE|

Subcase II; proper: I'; C n?*2. We let:
b +
®Twi={(Rng ()" | f:m 3k f (k) €Ty}
k=1
B, CB,:={6Cn®>?|(3A€B,)(ACO)}

and arrive at combinatorial lemma stating that
(vrla"' 7Fm c 1’12*2) (Bn ,(Z ®Fk \v ®Fk ,¢_ En)

k=1 k=1
holds for sufficiently large n, provided that m is merely polynomial in n.

Proper positive normal case just generalizes these simplest subcases. Arbi-
trary regular borel polynomials 3,, are more involved (see Attachment 7 below).

3In fact, this subsubcase follows from the known result stating that standard sequent
calculus approach to boolean validity problem is exponential in the input length, see [T] (one
can also use [H]).
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10 Attachment 7: Combinatorial translations

10.1 Basic notions (cf. Overview 2.1 and Attachment 6)

n?? := {0} Un??

_fUu—{o} it UNV={0}
vev '_{ 0 else
A { T = (a,) € Z5 | ged {ay # 0} = 1 A tminulanzoy > 0 A [@) # 0 }
e Ay (a) <m

Al ={0} UA,,
U@ @Ug:={wyU---Uuy |uy € Uy, - ,uy € Uy}

(@)} = {r(s)1ser@’}. (@ ={as) S el

o)
I_'l\')
——

Definition 24 Let 7 be a finite rooted tree. By p, To and Ty we denote the
root of T, the leaves of T and the subtree of T obtained by deleting all leaves,
respectively. Moreover, we assume that every node v € Ty is labelled by ¢ (v) €
{N,U}. For any pair of leaves o,s € Ty, we denote by o Mg the closest common
ancestor of o and s, in T. T is called a [[-tree iff p € Ty and £ (p) =N. A set
of leaves X C Ty is called a cut iff for every pair o £¢ € X, L(cMg)=nN. A
mazximal cut is called a clause (in T ). Denote by € (T) the set of all clauses (in
T); thus €(T) C p(7p).

10.2 Proper positive normal case
10.2.1 Subcase II; revisited

2%2

Notation 25 For any m > 0, consider arbitrary functions F : m? — n**2 and

f:m — m. Define Fy : m — n*? and @F C p (n**?) by:
Fy (z) = F(z, f (z))
@F = {Rng (Fy)" | f:m—m} = {F (2. ()}

— {{F(l,xl),m ,F(m,xm)}+}

}f:m—>m

T1, Ty €M

Claim 26 Proper positive normal [[,-subcase of NP # P is derivable from the
following combinatorial principle. Suppose n is sufficiently large and m_merely
polynomial in n. Then for any F as above, either B, ¢ QF or @F ¢ B,,.
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10.2.2 General case

Notation 27 Let 7 be a [[-tree with leaf-labeling F : Ty — n**?. For any
X e €(T) set:

F[X]:={F(0)| o€ X}Cn?>?
TOF = {F[X]+|X6¢(T)} C p (n**?)

Claim 28 Proper positive normal case of NP # P is derivable from the fol-
lowing combinatorial principle. Suppose n is sufficiently large and # (T) merely
polynomial in n. Then for any F as above, either B, € TEOF or THF ¢ B,.

10.3 Proper normal case

Notation 29 Let 7 be a [[-tree with two leaf-labelings F,G : Ty — nﬁ_*z such
that for every o € Ty, F (0) =04 G (0) # 0. For any X € €(T) set:

F[X]:={F(o)|oce X}, G[X]:={G(0) |0 € X} Cn3*?
TE(FOG) = {(F[X]@G[X])+ | X ee(T)} C o (n2%2)

Claim 30 Proper normal case of NP # P that is obtained from previous case
by dropping the positive restriction is derivable from the following combinatorial
principle. Suppose n is sufficiently large and # (T) merely polynomial in n.

Then for any F and G as above, either B, ¢ TE(F © G) or TH(F © G) € B,.

10.4 General case

Notation 31 Let T be a [[-tree with two leaf-labelings F,G : Ty — A} such
that for every o € Ty, F (0) =04 G (0) #0. For any X € €(T) set:

F[X]|:={F(o)|oce X}, G|IX]:={G(o)|oe X} CA}

:
TB(Foq ={ CEXOGHD AFMOCHN | ¢ (maa)

Claim 32 NP # P is derivable from the following combinatorial principle.
Suppose n is sufficiently large and # (T) merely polynomial in n. Then for any
F and G as above, either B, ¢ TR (F0G) or TR (F©G) ¢ B,.
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