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1 Summary

We present a plausible, purely combinatorial Ramsey-style sentence CS that
infers, in Peano Arithmetic, the negative solution (abbr.: P < A'P) to the fa-

miliar open problem P Z NP. Validity of CS is briefly discussed; it will be
elaborated and presented in more detail elsewhere. This work is both a simpli-
fied and extended version of [G04]. The simplification, due to A. Krebs, says
that what was called the proper normal case in [GO4] is in fact sufficient for
P < N'P (see Theorem 27 in the text).

1.1 Background
1.1.1 Boolean space

Let B™ [2] be the space of n-variable boolean polynomials. We summarize basic
algebraic properties of B™ [2] like e.g. the existence and uniqueness of minimal
positive DNF, which in the sequel is referred to as the positive base (abbr.:
PB). We describe the corresponding “school-algebra” algorithm f — BASE (f)
producing PB of arbitrary basic polynomials f, i.e. f having the same boolean
values as given positive polynomials g, i.e. g containing only positive literals.
In B™ [2], we pose a following question:

Q: How big must be a basic polynomial f whose PB, BASE(f), is isomorphic
to a given “big” and “complex” PB g ?

Furthermore, we consider the familiar CoNP-complete DNF validity prob-

lem, in B™ [2], and note that nontrivial valid DNF are not basic. Hence P Z NP
is seemingly not related to Q.

1.1.2 Borel space

We consider a suitable real space of n?-variable Borel polynomials, B" [Ro],
and elaborate basic algebraic theory along the lines of B" [2] (see above), except
that in the Borel case, our basic proof tools are geometrical by nature. By
definition the domain of B"’ [Ro] is the non-zero part, Ry, of the real continuum
R. Note that B" [2] is a discrete subspace of B" [Ry]. We prove the existence
and uniqueness of the appropriate positive base (abbr.: PB), in B~ [Ro], and
generalize the boolean “school-algebra” algorithm BASE, accordingly; let BASE,
denote this Borel generalization. The corresponding Borel modification of Q
reads as follows, in B" [R]:



Qo: How big must be a basic polynomial f whose PB, BASE, (f), is isomorphic
to a given “big” and “complex” PB g ?

Furthermore, we observe that the whole DNF family of B" [2] is representable
in B"’ [Ro] by one “universal” positive CNF ®,,; such ®,, is explicitly defined.
We observe that PB g := BASE (®,,) is “big” and “complex”, relative to n. Hav-
ing this we conjecture that the following condition Cy answers the corresponding
specification of Qq.

Definition 1 Let Cy abbreviate “for every ¢ € N there is a n € N so large that
the size of any basic polynomial f, in B™ [Ry], satisfying BASE, (f) = BASEq (P,)
(mod isomorphism), is bigger than n¢”.

Next we observe that the hypothesis P = NP is actually stronger than its
“naive” discrete translation. Loosely speaking, P = N'P says that ®,, can be
characterized by an equivalent “small” (say, polynomial-size) algebraic polyno-
mial f. The equivalence ®,, ~ f in question usually refers to extensional equality
o, ~p [ (Ve e D) (P, (z)=f(x)) in a given discrete domain D C N (by
standard encoding we can just as well set D := N). However, a closer look at
the computing nature of P = NP enables us to regard D as an arbitrary model
of an appropriate simple algebra; in particular, we can also set D := Ry (see
[GK] for the corresponding algebraic elaboration). Now clearly the condition
®,, ~g, f is more restrictive than ®,, ~y f, and hence passing from P = AP to
®,, ~g, f, instead of ®,, ~y f, can provide us with more insight into the struc-
ture of any hypothetical f in question. Actually we can pass from ®,, ~g, f to
BASE (f) = BASE (®,,) and thereby arrive at the following

Conclusion 2 In Peano Arithmetic, Cy infers P < N'P.

This conclusion gives us a hint how to construct the desired combinatorial
sentence CS.

1.2 The results

1.2.1 Basic notations
1. Let n>1landn:={1,--- ,n}. Forany i,j €nlet (i,j) :=n(i—1)+j
2. Let 022 := {{(i,5), (k. )} | i,j, k.l € n A j # 1}
3. For any X C n?*2 let X+ C n?*? be the minimal closure of X satisfying
the following conditions:
(a) X C X+
(b) if {{u,v},{v,w},{w,2}} C X+ and {u, z} € n**?, then {u,2} € X T
(c) if {{u,v},{v,w},{w,u}} C X then Xt := n?*2

4. Let n%*? := {0} Un?*?



5. For any X,Y C n%r*z let

X if XNy =90

X®Y::{ 0 else

6. Let 2, C n?*? be the canonical numerical encoding of BASEq (®,,)
7. Let Q, == {X cn®?| (3Y € Q,) (Y C X)}

8. Let 7 be a finite rooted binary-branching tree whose gates a are supplied
with labels 0 (a) € {A,V}. Denote by Ly, Gr and # (7) the sources,
the gates and the size (= total number of all nodes) of 7, respectively.
For any a # b € G, denote by a M b the closest common ancestor of a
and b, in 7. A set of sources X C L7 is called conjunctive iff for every
a#be X, d(aMb) = A. Maximal conjunctive sets of sources are called
cuts, in 7. Denote by Sz the set of all cuts in T; clearly Sy C p (L7).

1.2.2 The sentence

Definition 3 Let 7 be a tree enriched by two source-labeling functions oy, 05 :

Lz — n%? such that for every a € L, 0, (a) # 0 0, (a) = 0. Let

2 (T) 1= { (01 (X) ~ {0N" @ 0, (X) | X € Sr} ~ {0}

Denote by CS the following combinatorial sentence. For any enriched tree
T, as above, either Q,, € 0% (T) or 9% (T) ¢ Q,, holds true, provided that n is
sufficiently large and # (T') merely polynomial in n.

Theorem 4 In Peano Arithmetic, CS infers Cy.
Corollary 5 The validity of CS infers P < N'P.
Proof. See Theorems 34, 39 below. m

Remark 6 We believe that CS is valid. The desired proof runs by induction on
standard Xy /Ty, structural tree-complexity, while analyzing complex topological
structure of ,. The initial cases X, Ily and X3 are derivable in Peano Arith-
metic. The desired induction step Ly /T — Bgp1 /g1 will be elaborated and
formalized elsewhere; notably, the bigger the canonical proof theoretical strength
of P < N'P, the better a polynomial-time approzimation of N'P (see [BDH]).

2 Introduction

2.1 n-dim Boolean space
2.1.1 Description
Designation: B"[2]



Structure:

1. Vocabulary:

(a) Variables vy,--- 0, (abbr.: z, y, z - possibly indexed)

(b) Binary operations V , A and unary operation ~

2. Literals: terms x and Z (abbr.: ¢ - possibly indexed)

3. Polynomials (abbr.: f, g, h - possibly indexed):

(a) Arbitrary polynomials: arbitrary terms of the language

(b) Strictly positive polynomials: (~)-free polynomials

(c¢) Basic polynomials: polynomials which are equivalent to strictly pos-
itive polynomials (see 5 (a) below)

(d) Normal forms:

i. PNF (positive normal form): polynomials built up from literals
by V and A

k  s;
ii. DNF (disjunctive normal form): polynomials in ¥s-form \/ A ¢, ;
i=15=1

iii. CNF (conjunctive normal form): polynomials in dual Ils-form

k  s;
AV

i=1j=1
k Si
iv. PB (positive base): DNF \/ A z; ; such that for 1 < ¢ <r <k,
i=1j=1
the lists Xy := [zg; |7 =1, ,8¢), Xy = [zr; | =1, , 5]
are sets which are mutually incomparable with respect to C, i.e.
Xy & X & X,

4. Boolean evaluations Val (f) € {0,1} for Val (v;) € {0,1}: as usual
5. Equality:

(a) f and g are equivalent (abbr.: f ~ g) iff they have the same boolean
values Val (f) = Val (g), for all boolean evaluations of the variables

k s, 1 t;
(b) Two PB f = V Az;; and g = \/ A v, are isomorphic (abbr.:
1=1j=1 i=1j=1
[ = g),if k=1and the sets {{z;; |j=1,---,s;}|i=1,--- ,k}
and {{yi; |j=1,---,t;} |i=1,--- 1} are equal.

6. The algebraic size of f, # (f), is the number of all operation occurrences

in f



2.1.2 Basic properties
Theorem 7 The following hold in B™ [2]:

1. Every polynomial has an equivalent PNF

2. Every polynomial has an equivalent DNF (CNF).

3. Fvery strictly positive polynomial has an equivalent PB
4. For any PB [ and g, if f ~ g then f =g
5

. Every basic polynomial f has the unique (mod =) isomorphic PB, which
is called the base of f.

Proof. 1. Apply the rewriterules (fVg)” — f~Ag~, (fAg) — f~Vg,
T~ — x to arbitrary subterms so long as possible.

2. Take a PNF (by 1) and apply the rewriting rules (f V g)Ah — fARVgAh
and AA(fVg) — (hA f)V(hAg) for DNF (dual rules fV (g Ah) — (fVg)A
(fVvh)and (gAh)V f— (gV f)A(hV f) for CNF) to arbitrary subterms so
long as possible.

3. Take a DNF (by 2), contract conjunctions by deleting all repetitions, and
afterwards delete all but minimal conjunctions, i.e. those whose sets of variables
are proper extensions of other conjunctions’ sets of variables.

k s; It

4. Suppose ‘\/1 ‘/\1xi7j =frg= ‘\/1 ‘/\1yi’j' Let

i=1j= i=1j=

Set; (f) :={xij|j=1,---,s;} and Set; (9) :=={vi; |j=1,--- ,t:;}

and note that:

Val (f)=1iff (Ji=1,--- k) (Vz € Set; (f)) (Val (x) = 1),

Val(g)=1iff (Fi=1,---,1) (Vy € Set; (9)) Val (y) =1).

Hence

Frge ( (Mi=1,--- k) (J=1,---,1)(Set; (f) C Set, (9)) A )
(Ve=1,---,1)(Ft=1,--- k) (Set, (g9) C Set; (f))

Now by the definition of PB, we can replace above every C by = and arrive
at f ~ g« f =g, as required.

5. It follows directly from 3 and 4. Note that the base of f is obtained by
a simple algorithm BASE that extends a DNF conversion by first deleting all
inconsistent conjunctions (i.e. those containing both z and T) and all negative
literals in the remaining consistent conjunctions, and afterwards removing all
repetitions and all but minimal conjunctions as indicated in 2 (see example
below). m

Example 8 We illustrate main algorithms involved (for brevity we first rename
V oand A by + and -, respectively, and later omit - as usual in school algebra).



1. Consider a PNF f = ((z+vy) - (z+2)+ (u+x)- (2 +7))-(y+7). Clearly
f~gwhere g=(x+y) (z+x)+u+x is strictly positive. We search
for the PB of f. Our basic DNF conversion of [ is given by the familiar
school-algebra conversion EXPAND:

EXPAND (f) = xzy + 227 + zay + 22y + yzy + y2y + zyy + 24y + uay+
uryY +uTYy +urTY + r2Y + Y + xTY +ITTY
2. We upgrade EXPAND to EXPANDC by deleting all inconsistent (zero) products:
EXPANDC (f) = xzy + z27 + zay + xxy + y2y + vyy + uzry + ury+
uxTy +ury + ray + rxry
3. We further upgrade EXPANDC to EXPANDCP by deleting all negative literals:
EXPANDCP (f) = xzy + zz + zay + zz + yzy + zyy + uzy + ux+
uYy +u + rry + rT
4. Finally, we remowve all repetitions and all but minimal products and arrive
at the desired PB of f:
BASE(f) =z +yz+u

Lemma 9 Working in B™ [2], for any basic polynomials f and g we have:
1. BASE(f) is a PB
2. f ~ EXPAND (f) ~ EXPANDC (f) ~ EXPANDCP (f) ~ BASE (f)
3. f ~ g infers BASE (f) ~ BASE (g)

Proof. Straightforward by the definitions used (see above Example 2).
A passage from EXPANDC to EXPANDCP (Example 2 (3) preserves ~ by induc-
tion on the number of negative literals occurring in EXPANDC (f), as follows.

k s ks
Let g = @Ay A ANy)V N Nlig, g = A Ay)V V ANlij, h =
i=1j=1 i=15=1
ot
V A z;; such that g ~ h and « ¢ {y1,--- ,u}, since g is consistent. Clearly
i=1j=1

Val(z) := 0, Val(y1) = -+ = Val(y;) := 1 and Val (z) := 0 for other vari-
ables z occurring in g, h yields Val(g) = Val(h) = 1. Hence there exists
a < rwith {ze1, -, Zet,} € {y1, -+ ,y}. Moreover, for any variable evalu-

ation we have Val (¢') > Val(g) = Val (h). Suppose there is a one satisfying
Val(¢') =1> 0= Val(h). Since Val (h) = Val(g), in that case we can just

as well assume Val(z) = 1 and Val(y;) = --- = Val(y;) = 1, which infers
Val (g1 N+~ ANxgy,) =1 = Val(h) - a contradiction. Hence ¢’ ~ h, Q.E.D.
[

Remark 10

1. For arbitrary f, the conversion to BASE (f) must not necessarily preserve
boolean equivalence. This is because EXPANDCP does not preserve ~ in the
whole polynomial domain. For example, EXPANDCP (x VT) =x = x V T.



2. There is no natural “confluent” modification of DNF that preserves the
uniqueness property in the whole polynomial domain. To grasp the point
note that x VT ~ yV 7y holds for all x and y.

2.1.3 Labeled trees and circuits

Working in B™ [2], polynomials are naturally represented by finite rooted trees
whose leaves (= sources) and other nodes (= gates) are labeled by arbitrary vari-
ables and operation names, respectively. A given strictly positive polynomial
(PNF) is further specified by a rooted tree whose sources and gates are labeled
by arbitrary variables (literals) and positive operation names V, A, respectively.
The corresponding labeled circuits provide more economical interpretations al-
lowing us to identify different roots of equal subtrees. We are mostly interested
in PNF, so in the sequel our definitions will be specified accordingly.

Definition 11 Let T be a finite rooted binary-branching labeled tree. By R,
Lz, Gt and # (T) we denote the root, the sources, the gates and the size (= total
number of all nodes) of T, respectively. T_ denotes the subtree of T obtained
by deleting RT. We also assume that all gates a € G are supplied with labels
0(a) € {N,V}.

Furthermore, suppose that T is enriched by a source-labeling function o :
Ly — Y in the sequel we call such labeled tree enriched. In case g(a) are
literals for all a € Ly, T uniquely determines a PNF fr that is defined by
recursion on # (T):

1. if T ={Rr} then fr :=o(R7)

2. if T_=T'WT" and O (Rr) = A, then fr:= fr A frn
3. fT_-=T'WT" and O (Rr) =V, then fr:= frV frn
If f = f7 then T s called a tree of a given PNF f.

Definition 12 Let C be a finite directed acyclic rooted binary-branching labeled
graph, also called a circuit. Thus every tree is a circuit. Let Re, Le, Ge, # (C),
C_, 0, o and fe be natural generalizations of the analogous tree-notations from
previous definition. An enriched C of minimal size satisfying f = fe is called a
circuit of a given PNF f.

Definition 13 Let 7 be an enriched tree, as in Definition 11. For any a # b €
Gr, denote by a b the closest common ancestor of a and b, in T. A set of
sources X C L is called conjunctive iff for every a #b € X, 9(amTb) = A.
Maximal conjunctive sets of sources are called cuts, in T. A given cut X in
T is called consistent iff so is the set of labels 0(X) = {o(a)|a € X}, i.e.
o(a) # o(b) holds for all a # b € X. For any consistent cut X in T, let " (X)
be the set of all positive literals occurring in o (X). Denote by St (S5 ) the set

of all (consistent) cuts in T; clearly S7,8% C o (Lr).



Lemma 14 For any PNF f, a tree and a circuit of f are both uniquely de-
termined (mod branching permutation) and in the sequel denoted by T (f) and
C (f), respectively; the natural numbers # (T (f)) and # (C (f)) are also called
the tree- and circuit size of f, respectively. Moreover # (C (f)) < # (7 (f)) and

# () <#(T(f) <2-#(f).
Proof. Straightforward. m

Lemma 15 There is a conversion PNF > f — fM € PNF such that f ~ fM
and # (T (f)) < #(C(f)).

Proof. Argue by induction on # (7 (f)) using familiar conversions cor-
responding to basic boolean absorption and distributive laws A V A = A,
ANA=A AV(ANB)=A, ANAVB)=A,(AVB)A(AVC)=AV(BACQC),
(AANB)V(ANC)=AAN(BVC),etc. m

Lemma 16 For any given PNF f, let T := T (f). Then the following hold:

1. EXPAND (f) ~ VAl | L€ o (X)} | X € ST}
2. EXPANDC (f) ~V{A{l|lco(X)}| X € S5}
3. EXPANDCP (f) ~ V{A{v;|v; € 0" (X)} | X € S$} = BASE(f)

Proof. Straightforward. m

2.1.4 Complexity of conversions

In the sequel we distinguish between:
1. Turing complexity: standard time-complexity
2. Size complexity: output size in relation to input size

Remark 17 By Lemmata 14, 15, the difference between algebraic-, tree- a/o
circuit size complexity is irrelevant to our polynomial vs. exponential approach
i general.

Theorem 18 Working in B™ 2], PNF conversion has polynomial Turing size
complezity, whereas DNF, CNF and PB conversions have (in worst case) expo-
nential size complexity, and hence also exponential Turing complexity.

Proof. The former is obvious. As for the latter, it will suffice to show
that PB conversion has (in worst case) exponential size complexity in strictly
positive polynomial domain. So by Theorem 1, it will suffice to find an infinite
sequence of strictly positive polynomials f such that the length of BASE (f%)

is exponential in the length of fi. Now clearly this is the case of CNF f; :=
k

N (22,1 V x9;) for distinct 1, - - -, xag, since # (f) = O (k) and # (BASE (f%)) =

i=1

O(2F). m



Theorem 19 Working in B™ [2], let 1 abbreviate a fized polynomial vy V v7.
Now N'P = P iff there exists an algorithm DNF > f — f* € CNF of polynomial
Turing complexity, such that f ~ 1« f* ~ 1.

Proof. It is well known that the validity problem g ~ 1 for any given
CNF g is decidable in polynomial time. Hence the existence of an algorithm in
question would also imply a polynomial-time decidability of the validity problem
f ~ 1 for any given DNF f, which by Cook theorem is equivalent to NP = P.
To prove the other implication, suppose that NP = P holds and let f* :=

1 if f~1 . _
{ 0 else , where 0 := vy Aby. ®m

Remark 20 Working in B™ [2], by Theorem 18 and standard duality argument,
no conversion DNF > f — f* € CNF satisfying f ~ f* can have polynomial
Turing complexity. Hence semantic equivalence f ~ 1 « f* ~ 1 used in The-
orem 19 is essentially weaker than f ~ f*, whereas the latter admits purely
algebraic interpretation by familiar methods of Boolean algebra. This is to say
that Theorem 18 is too weak to provide us with deep insights into the nature of P
vs. NP problem. The crucial difference between semantic and algebraic inter-
pretations in question is that the former is just as abstract as P vs. NP itself,
while the latter being a classical elementary algebraic question whose solvabil-
ity by elementary mathematical (actually combinatorial) means is, in principle,
beyond any doubt. However, instead of dealing with size complexity of normal
form conversions, we’ll investigate a reverse question:

Q: How big must be a basic polynomial f whose base, BASE (f), is isomorphic
to a given “big” and “complex” PB g ?

It turns out that Q is closely related to the P vs. NP problem, provided that
we extend our multidimensional Boolean space to a multidimensional regular
Borel real space that is discussed below. In that Borel space, all boolean DNF
are representable by one universal PB that can serve as a “big” and “complex”
g in question. Moreover, basic boolean properties exposed in Section 2.1.2 (see
above) can be confirmed, by geometric arguments, also in the Borel space.

2.2 n2-dim regular Borel space

2.2.1 Preliminaries

1. In the sequel we let n > 1 and n: = {1,--- ,n}. For any ,j € n we
set (i,7) := n(i —1) + j and identify n® = {(i,j) | i,7 € n} with n? =
1,---,n?

k
2. Let Zjp: = {£1,-- ,£n} C Zo = Z — {0} and Z{,| := (Z},))" C Z§

3. Let n?*2 := {((i,), (k1)) | 3,4, k,l € n A j # 1}; s0 # (n2*2) =n® (n— 1)



4. For any X C n?*2 let X+ C n?*? be the minimal closure of X satisfying
the following four conditions:

(a) X c Xt

(b) if (u,v) € X* then (v,u) € X+

() if {{u,v), (v,w),(w,2)} C X and (u, z) € n?*?, then (u,z) € X
(d) if {(u,v), (v,w),{w,u)} C XT then XT := n2*2

X C n?*? is called basic iff X = X*. A basic X ¢ n?*? is called truly
basic.

2.2.2 Space description
Designation: B" [Ry]

Structure:

1. Vocabulary:

(a) Variables vy,---,0,2 (abbr.: x, y, z, w - possibly indexed)
(b) Binary operations V , A and unary operation ~
(¢) Binary relation J
2. Literals: terms z.Jy and xJy (abbr.: ¢ - possibly indexed); since J is

symmetric (see 5 below), we often identify these terms with yJx and yJr,
respectively.

S
3. Basic (truly basic) clauses: terms A v,,Jv,, for basic (truly basic) sets
i=1
{ui,vi) |i=1,--+,8} C n?*2

4. Polynomials, also called regular Borel polynomials (abbr.: f, g, h - possi-
bly indexed):
(a) Arbitrary polynomials: arbitrary terms of the language
(b) Strictly positive polynomials: (~)-free polynomials

(c) Basic polynomials: polynomials which are semi-equivalent to positive
bases PB (see e (iv) and 6 (a) below)

(d) Truly basic polynomials: polynomials which are semi-equivalent to
proper positive bases PPB (see (e) v and 6 (a) below)

(e) Normal forms:
i. PNF (positive normal form): polynomials built up from literals
by V and A

k Si
ii. DNF (disjunctive normal form): polynomials in ¥o-form \/ A ¢; ;
i=1j=1

10



iii. CNF (conjunctive normal form): polynomials in dual ITs-form
k s;

AVt

i=1j=1

k S4
iv. PB (positive base): DNF \/ A z; ;Jy; ; such that:
i=1j=1

Si
A. foreveryi=1,--- k, A\ x;;Jy;; is a basic clause
j=1
B. for any 1 < g < r < k, the lists of unordered pairs
Xq = [{2q;:Ya,} | J =1, 5]
Xo=[{arj gt 17=1,-- 5]
are sets which are mutually incomparable with respect to C,
ie. X, € X, ¢ X,

k s;
v. PPB (proper positive base): PB \/ A x;;Jy;; whose every
i=1j=1
S;
clause A x;;Jyij, i =1, -+ k, is truly basic
j=1

k Si
vi. For any PB f = \/ A z;,;Jy;; we set
i=1j=1

VSet (f) ={{{zij,yi s} [7=1,-- s} |i=1,--- k}
5. Evaluations Val (f) in {0,1}: as in boolean algebra via

1 if Val (x) +Val =0
Val (zJy) := { 0 else () )

for Val (), Val (y) ranging over Ry := R — {0}
6. Equality:

(a) f and g are semi-equivalent (abbr.: f ~q g), iff they have the same
boolean values Val (f) = Val (g), for all variable evaluations in Rg

k  s; It
(b) Two PB f =\ Awzi;Jyi; and g =\ A xj;Jy;; are isomorphic
i=15=1 i=1j=1

(abbr.: f=g)iff k=1 and VSet (f) = VSet (g)
7. The size of f, # (f), is the number of all operation occurrences in f

Definition 21 Working in B’ [Ro], for any polynomial f and vector U € R{f,
we let f (W) := Val (f) for Val (v;) :=u;, i = 1,--+ ,n?. Furthermore, we call
Set (f):=37u € R82 | f (W) = 1} - R82 an?—dim regular Borel set generated
by f. Set (f) is called basic (truly basic) iff so is f.

11



2.2.3 Basic properties
Theorem 22 The following hold in B™ [Ry):

1. Every polynomial has a semi-equivalent PNF

2. Every polynomial has a semi-equivalent DNF (CNF).

3. Ewvery basic (truly basic) polynomial has a semi-equivalent PB (PPB)
4. For any PB f and g, if f ~o g then f =g
)

. Every basic (truly basic) polynomial f has the unique (mod =) isomorphic
PB (PPB), which is called the base of f

Proof. Argue as in Theorem 7 (see above); however, clause 4 follows by less
obvious geometrical considerations (see Appendix below and [G04]). Moreover,
we can just as well adopt B™ [2] the algorithm EXPANDC (see above Example 8).
However, EXPAND, EXPANDCP and BASE have to be slightly modified (this will be
elaborated in the next section, see Definition 30 and Lemma 31 below). ®

Corollary 23 Every n? — dim basic (truly basic) regular Borel set has the
uniquely (mod index permutation) determined PB (PPB) Yao-form

k  s; 5
Un {?GRS |Ii,j+xi,j:0}

i=1j=1
Definition 24 Denote by M, (in words: boolean DNF n x n-matrix) the set

of all boolean DNF V /\ 4 j, in B™[2].
i=1j=1

Lemma 25 InB" [R [Ro], there exists a fized basic, strictly positive CNF ®,, and
a bijective embedding ¢ : M,, — Z‘ 22| such that for every f € M, f ~1 <
D, (¢ (f)) =1. Moreover, if n > 2 then ®,, is truly basic.

Proof. For any f = \/ /\&37 let @, AV 900 d03). ) and

i=1j=1 pY:n—ni<jeEn

L L k if &-,j = by
Qb(f) = (Z(ivj))i,jErl S Z|n2‘ for Z(%J) = { _k if KL’J :@ . Note that

Set (@,) is in the Ta-form () U {7 € RY" | 2004 + 24055 = 0} Obvi-
pn—ni<jeEn

ously ®,, is strictly positive and basic CNF. That it is truly basic for all n > 2

will be shown later (see Section 3.2 below). m

Remark 26 The lemma shows that the whole n — dim boolean family M, is
representable by one universal n? — dim truly basic Borel CNF ®,, and/or the
corresponding n? — dim truly basic regular Borel set Set (®,). Moreover, the
proof of the lemma shows that the validity problem for M, is reducible to the
evaluation of ®,, in Zl"r’jz‘ by an algorithm whose Turing complexity is polynomial
in n. Note that the circuit size of ®,, is exponential in n.

12



Theorem 27 NP C P/poly holds iff there exists c € N such that for infinitely
manyn € N there exists a n?—dim Borel polynomial f ~q ®,,, in B" [Ro], whose
algebraic size, # (f), does not exceed n°. Hence the right-hand side condition is
necessary for the conjecture P = N'P.

Proof. Sufficiency easily follows from previous remark. The necessity proof
is more involved. To this end we first define a suitable mzapping

R 27 = (21, ,2p2) — (21, "+ ,2p2) = 2 € ZrnQ‘

such for any 1 <i < j < n?, x; + z; = 0 < z; + z; = 0, and every projec-
tion 7 —— 2; =: g; (') is representable in B’ [Ro] by some g; of polynomial
circuit-size complexity. Note that by definition we have ®,, (7') = ®,, (Z'). Now
by Remark 26, NP C P/poly infers that ®,, (Z') is computable in a standard
language L C {0,1}" by a circuit Cy whose size is polynomial in n. Substitut-
ing g; (7') for each z; we can choose a suitable constant ¢ and extend Cy to an
enriched circuit C computing ®,, (2), whose sources are labeled by the corre-
sponding relations x;Jx; or xijzj and whose circuit size does not exceed n°.
The correlated PNF £ is a Borel polynomial in B" [Ro] satisfying fc ~o Pp,
whose circuit size does not exceed n¢. By an obvious B" [Ry]-specification of
Lemma 15, we can switch to a desired Borel polynomial f := f3' ~¢ f satisfy-
ing # (f) < n° Q.E.D. [This proof idea is due to A. Krebs - it simplifies our
previous considerations (see [G04], [GK]) thus showing that the regular Borel
space in question covers N'P C P/poly.] m

Remark 28 The theorem provides us with general conception of a desired math-
ematical proof of the conjecture P < N'P. Namely, let S be a sentence stating
that for every ¢ € N and a sufficiently large n € N, the (algebraic) size of any
n? — dim truly basic Borel PNF that is semi-equivalent to ®,, must be bigger
than n¢. Since S is a negation of the necessary condition for P = NP in ques-
tion, it follows that S is sufficient for P < N'P. S is not a familiar lower bound
problem - rather, it says that the set of all valid n — dim boolean DNF is not
measurable by n? — dim Borel polynomials whose size is polynomial in n.

3 Elementary interpretations

3.1 Background

We wish to reduce the conjecture P < NP to a suitable Borel modification,
Qo, of the question Q posed in Remark 20 (see above). To this end, we first
specify the corresponding Borel modification, BASE(, of the boolean algorithm
BASE exposed above in Theorem 7 and Example 8.

Definition 29 Let EXPAND be the conversion exposed in Example 8 producing
a DNF of any given Borel polynomial (obviously, it is not influenced by the
shape of literals). In particular, for any basic (truly basic) PNF f we have

k S; t; _
f~oEXPAND (f) = \/ [ AzijJyi; A N zijJwi
i=1 \ j=1 j=1

13



In order to obtain a semi-equivalent PB (PPB) of f, we proceed as follows.

1. Consider EXPAND (f), as above, where x;; = vy, , and y;j = v,, ;. For

every i =1, k, let X; == {{uij,vi;)|i=1,"-,8} Cn*? and con-
sider the closure X" = {(u} ., v} ) |j=1,---,s} C n®*2. Furthermore,
i 0,57 Vi, i

’
S

84 K3
replace each _/\1xi7iji,j by the corresponding basic clause _/\130;7ij§,]4,
j= j=

where x; ; = Ou; s Yyij = Oy - Denote by EXPANDB (f) the resulting

E [ s ti
output \/ (/\ ac;’ijlf,j A zi,iji,J)
i=1 \ j=1 j=1

2. Upgrade EXPANDB to EXPANDBC by deleting in EXPANDB (f), as above, all
s; t; _
inconsistent clauses 4/\1m;7ijl’<)j A 'Alzi’jjwi’j’ i.e. such that the corre-
j= j=
sponding sets of unordered pairs of variables {x;j, yiili=1,-- 753} and
{zij,wij|j=1,---,t;} have nonempty intersection. Let EXPANDBC (f)

54

k' i t; .
be the output \/ (/\ i iy s NN Zi7iji7j>
i=1 \j=1 j=1
3. Upgrade EXPANDBC to EXPANDBCP by deleting in EXPANDBC (f), as above, all
_ ks
negative literals z; jJw; ;. Denote by EXPANDBCP (f) the output ‘\/1 ‘/\1x§’j Jyi ;
i=1j=

4. The required PB of f, BASEq (f), is obtained as in the boolean case by

’
S

deleting all repetitions and all but minimal conjunctions /\ x;)ijLj m
j=1
EXPANDBCP (f).

5. Now if f is truly basic, then EXPANDB (f) can be further simplified by delet-
ing from EXPAND (f) all clauses /\ z; jJyi ; for which X;- = n**2. Having
j=1
this done and stipulating EXPANDBCP (f) and BASEq (f) as above we con-
clude that BASE (f) is in fact the PPB of f.

Lemma 30 Working in B’ [Ro], for any basic (truly basic) PNF f and g we
have:

1. BASEq (f) is a PB (PPB)

2. f ~o EXPAND (f) ~o EXPANDB (f) ~o EXPANDBCP (f) ~o EXPANDCPB (f) ~q
BASE, (f)

3. f ~o g infers BASEq (f) ~ BASE( (g) and hence also VSet (BASEq (f)) =
VSet (BASEq (g))

14



4. BASEq has (in worst case) exponential size complexity, and hence also ex-
ponential Turing complexity. In particular, # (BASEg (®,)) is exponential
in # (D), while # (P,,) is exponential in n.

Proof. See Lemma 9, Theorem 22 above and Appendix below that summa-
rizes geometric arguments used. W
By Remark 29, in order to prove P < NP, it will suffice to prove

Condition 31 C : “for every c € N there is a n € N so large that the size of
any truly basic Borel PNF, in B™ [Ry], that is semi-equivalent to ®,, is bigger
than n® 7.

For the sake of brevity we also consider a weaker

Condition 32 C° : “for every ¢ € N there is a n e N so large that the size of
any truly basic strictly positive Borel PNF, in B™ [Ry], that is semi-equivalent
to ®,, is bigger than n° ”.

that infers the corresponding weak positive variant of P < N'P. Our next
goal is to present C (C") in a more convenient elementary-algebraic form; this
can be done via conversion BASEy. Denote VSet (BASEq (®,,)) by €,,. The corre-
sponding specification of our boolean question Q (see Remark 20 above) reads

Qo (Q) : How big must be a truly basic Borel PNF f, in B"" [Ro], whose base,
BASE, (f), is isomorphic to BASEq (®,,), and hence VSet (BASEq (f)) = 2,7

Definition 33 Let Cy (C) abbreviate “for every ¢ € N there is an € N so
large that the size of any truly basic (strictly positive) Borel PNF f, in B~ [Ro],

satisfying BASEq (f) = BASEq (®,,) is bigger than n® 7. Moreover, we can just as
well replace the condition BASEy (f) =~ BASEq (®,,) by VSet (BASEq (f)) = Q.

By Lemma 31, we arrive at

Theorem 34 Cy (C}) infers C (C°). Hence Cy infers P < N'P.

3.2 Description of €,
3.2.1 Recursive definition

Let n > 1 and n?*? := {{u, v} | (u,v) € n**?}. Note that # (n**?) = In® (n — 1)
For any pair of sets U,V, let U®V := {u,v | u €U Av e V}. Moreover,

denote by [U ~ V] the set of all partial functions from U to V. For any

1 <m < n—1 we define a suitable set M* C [n? ~ {£1,--- ,+m}] and then let

M, = nL_JlM,T and M,, := {f € M,, | Yy € Doms (f)) Dom1 (f,y) = n} where
1

Domy (f,y) = {x | (32) f (z.y) = 2}, Doms (f) := {y | (F632) f (x,9) = 2}.
Having this done we set Q,, := {{(i,5), (k, )} € n>*? | f (i,5) + f (k,1) = O}feﬁn'
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Back to our recursive definition, let M, arise by the following recursive clauses,
where ¢U,y,s U x {y} - {S} and ¢U—f,y,s : (U — Domy (fa y)) X {y} - {S}

Basis.

M ={0yu{X x {j} x{1JUY x{{} x{-1}|j#lenAnDd#X,Y Cn}.
That is, My = {0} U {¢x ;1 Udy; 1 |j#l€nAD+#X,Y Cn}. Note that
the resulting fragment Q. of Q, is {(n x {j}) ® m x {I}) | j #1 € n}.

Induction step. Let 1 < m < n. Consider two cases (0 = () is admissible).

1. Let OU f € M1, j € n, and {X,}
that:

yeDoma(f) fOT 0 # X, C n be such
(a) Domgy (0) N Doms (f) =10

(b) j ¢ Domz (OU f)

(c) (Vy € Doms (f)) (Doma (f,y) & X))

Then set f' :==dU fUdx i, U Pxt ym
yEDoma(f)

2. Let 0U f,0Ug € M " and { Xy}, oy () » Y2 Foc Doma (g) for 0 # Xy C
n and () # Y, C n be such that:

(a) Doms (f) N Domg (g) = Domsg (9) N Doms (f)
= Doms () N Domy (g) =0

(b) (Vy € Doms (f)) (Doma (f,y) & X))

(c) (Vz € Doms (g)) (Doma (g,2) & Yz).

Then set f/:=0U fUgU U Px;t ym Y U oy,

z

yEDoma(f) z€Doms(g)

Let M™ extend M™~! by adjoining all functions f’ obtained by 1-2. This
completes our recursive definition of Q3. (The corresponding correctness proof
will be presented elsewhere.) Below we briefly illustrate the simplest

3.2.2 Cases )y and (3

e (y: Clearly Ms contains two mutually isomorphic (2 x 2)-matrices:

1 -1 -1 1
(v ) (50
and hence

Qy = {{<17 1> ) <172>} ) {<17 1> ) <232>} ) {<2ﬂ 1> ’ <172>} ) {<23 1> ) <272>}} = 2%?

e (3: Mjs contains all matrices of the following types (mod row/column
permutation):

B _1]’[1 2 —;}7[1 —21 —H
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That is, every (3 x 3)-matrix from M3 is obtained from a chosen type from
the above list by completing every column using the labels exposed and,
if necessary, adding the empty column (this applies to the first type only).
For example,

1 0 -1 -1 1 -2
1 0 -1 Jand | -1 1 -1
1 0 -1 2 1 =2

are matrices of the first and third type, respectively, which yield the fol-
lowing two elements of Q3:

{11, (1,3)}1,{{1,1),(2,3)},{(1,1),3,3)},
{(2,1),(1,3)}1,{(2,1),(2,3)},{(2,1),3,3)},
{3, 1), (1,3)}1{B,1),(2,3)},{(3,1),(3,3)}

{(1L1),1,2)},{{1,1),(2,2)},{(1,1),3,2)},
{(2,1),(1,2)},{(2,1),(2,2)},{(21),(3,2)},
{3, 1), (1,3)}1,{3,1),(3,3)}
{(1,2),(2,3)1,{(2,2),(2,3)},{(3,2), (2,3)}

All in all M3 contains 129 distinct (mod row/column permutation) matri-
ces, and hence Q3 has 129 elements all of which are distinct from 32*2 (see
also [GMaplel). Hence @3 is truly basic. By the same token, it is readily
seen that ®,, is truly basic for every n > 2.

3.3 Combinatorial interpretation of Cf and C,
3.3.1 Basic notations

1. For any X C n?*? let X+ C n?*2 be the minimal closure of X satisfying
the following conditions:

(a) X Cc X+
(b) if {{u,v},{v,w},{w,2}} C X+ and {u, z} € n**?, then {u,2} € X T
(c) if {{u,v},{v,w},{w,u}} C X then Xt := n?*2

2. Let n3*? := {0} Un?*?

3. For any X,Y C n?*? let

X if XNy =90

X®Y:{ 0 else

4. Let O, .= {X cn*?|(3Y €Q,) (Y C X)}

17



3.3.2 Borel trees

Working in Borel space B [Ro] we adopt our previous tree interpretation of
polynomials in boolean space B™ [2] (see above Section 2.1.3). To this end,
we label the sources by Borel literals v, Jv, (qunv) instead of boolean literals
v; (9;). In fact, we can just as well replace literals v,Jv, (v,Jv,) by their
numerical codes {u,v} € n?*2. In order to separate numerical codes of positive
and negative literals, we replace the ordinary literal labeling g by the two source-

labeling functions o1, 0, : Ly — n%*? with the intended meaning

01 (0) = { {u,v} if (o) =10,J0, and

0 else
U, v if o) =v,Jo,
05 (o) :—{ { 0 } clse e (o) .

Thus for every a € Lz, 0, (a) # 0 < 05 (a) = 0. Moreover, for any given
cut X, we have g(X) = (9, (X) —{0}) U (05 (X) — {0}). Furthermore, we set
0" (X) == (0, (X) — {0} and call X consistent iff o* (X)No, (X) = 0. Keeping
these specifications in mind we adopt previous notations S, 8% C ¢ (L7).

Having this done, it is obvious that Lemmata 14, 15 are also true of B [Ro].
Furthermore, analyzing Borel conversions of Definition 20 (see above) we can
specify Lemma 16, as follows.

Lemma 35 For any basic PNF f, in B" [Ro], let T := T (f). Then the fol-
lowing hold:

1. EXPANDB (f) ~o V{A{l| L€ o(X)} | X € S7}

2. EXPANDBC (f) ~o V{A{l| €0 (X)}| X € 8%}

3. EXPANDBCP (f) ~o V { A\ {vwJ0, | 0,J0, € ¢ (X)} | X € S§}

4. Vet (EXPANDBCP (f)) = {{{w, v} | {w,v} € 0" (X)}" | X € 5§ }
5. If VSet (BASEq (f)) = Qn and VSet (EXPANDCPB (f)) = B, then

Q,cBcQ,

Proof. Straightforward via Lemma 30. m

3.3.3 Results

Definition 36 For any tree 7 enriched by a source-labeling function o : L7+ —
2x%2
n=*, let

(T = {o(X)"| X € Sr}

Theorem 37 Condition Cj is derivable from the following combinatorial sen-
tence (call it CS”). For any enriched tree T, as above, either Q,, ¢ o' (T) or

oNT) ¢ Q,, holds true, provided that n is sufficiently large and # (T) merely
polynomial in n.
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Proof. Straightforward via Lemma 35. =

Definition 38 Let T be a tree enriched by two source-labeling functions oy, 05 :

Lz — n%? such that for every a € L, 0, (a) # 0 < 0, (a) = 0. Let

2 (T) := {(o1 (X) = {0)" @ 0, (X) | X € 57} - {0}

Theorem 39 Condition Cy, and hence also P < NP, is derivable from the
following strengthening of CS°, which we call CS. For any enriched tree T,
as above, either Q,, ¢ 92 (T) or 0*(T) ¢ Q, holds true, provided that n is
sufficiently large and # (7T) merely polynomial in n.

Proof. Straightforward via Theorem 34, Lemma 35 and the intended inter-
pretation

01 (0) = { {u,v} if (o) =10,J0, and

0 else
U, U if o) = v,J0,
02 (7) :{ { 0 } else 2(0)

where ¢ (o) denotes the ordinary literal of a source 0 € Ly. m

Conclusion 40 According to the last theorem, the problem of proving P < N'P
reduces to topological-combinatorial analysis of the sets Q,,. Section 3.2 shows
(see above) that Q,, is exponentially large in size and structurally complez, in
relation to n, provided that n is sufficiently large. It remains to separate and pre-
cisely formalize the topological-combinatorial properties of Q,, which would infer
the desired combinatorial requirement Q,, € 0? (T)Vo? (T) € Q,, of CS, for any
n and T in question (see above Theorem 39). Obviously, a weaker requirement
Qn, €O (T) or o' (T) ¢ Q, of CS° ( see Theorem 37) is technically easier; in
the next section we indicate crucial arguments in its favor (the proof proper will
be exposed elsewhere). The treatment of CS is analogous, but technically more
involved.

Summary 41 It is very likely that CS* and CS are both provable by standard
combinatorial arguments.

Corollary 42 It is verly likely that P = NP is refutable by standard combina-
torial arguments.

4 Basic combinatorics

For the sake of brevity we discuss more thoroughly the weaker positive condi-
tion Cf and the corresponding combinatorial sentence CS®. By the familiar logic
pattern, we adopt standard classification {II;y G Iy & --- G I}, & - - - } of trees
whose roots are labeled by A, and dual hierarchy {¥; ¢ X2 & - C X & -+ }
of trees whose roots are labeled by V. Moreover, we regard arbitrary iterations
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TI A Axg (x1V---Vag) as legitimate multi-dimensional variants of the canon-
ical binary operations A (V). Furthermore, we can just as well assume that all
multi-dimensional occurrences of A (V) in a given ITj (Xg)-tree 7 have the same

dimension (= arity) {/# . Thus in particular we assume that PNF fr of

3a-, IIs-, Y3- and II3-trees 7 have the shape \/ /\ i JYi g, /\ \/ i JYi g,
1j=1 1j=1

m m m m m m == ==

V AV zijeJyijr and A\ A @i ;kJYi ks respectively. Hence the corre-
i=1j=1k=1 i=1j=1k=1
lated PNF f7 of Xo- > II5-, ¥3- and Hg trees T from Theorem 37 are in the

corresponding forms \/ A {uijg,vij}, /\ V {uij,vij} \/ /\ \/ {wij ks vi gk}

i=1j=1 i=1j5=1 i=1j=1k=1
and /\ \/ /\ {w; jk,vijxr}. Consider the corresponding Xo-, Iy-, X3-, - ...
i=1j=1k=

restrictions of the condition Q,, € o' (T) vl (T) ¢ Q,, of CS".

4.1 CSP-cases Y, I,
4.1.1 Case X5

m m

We have fr = \/ A {wij,vi;}, # (T) = m? being polynomial in n. Obviously,
i=1j5=1

01 (X) for X € Sy are the clauses {{u; ,v;;}|j=1,---,m},i=1,---,m.
Hence # (9! (7)) < m < #(T). Since # (£,) is exponential in n (see above
Section 3.2.1), we arrive at 2, € O (7), provided that n is sufficiently large.
Hence the corresponding condition of CS” is fulfilled, Q.E.D.

4.1.2 Case Il,

mom ~

We have fr = A V {wij,vi;}, n>>1. Suppose Q, C 0! (T) C Q,,. We show
i=1j=1

that m is superpolynomial in n. Consider the corresponding (m x m)-matrix

1 Po1 o0 Umo1n Pm,1

Y12 Yoo o0 U2 U2

where 0; ; = {u;.;,vi ;}
ﬂl,m—l 192,m—1 e 19m—1,m—1 ﬁm,m—l

791,m 7-92,m T 'lgmfl,m 19rn,7n

Hence o, (X) for X € S7 are elements @ := {¢; ,(; |i =1,--- ,m}, where
© : m — m, of Cartesian set-product ® {9;;15=1,---,m}. Thus o' (T) =
i=1
{¢+|<p:mﬂm}. Let ¥ := {cp:mﬂm|<,~0+€Qn}and\Il:: {g~0+|g0€\11}.
Hence ¥ = Q,, since Q, C 0'(7). Consider the subset QL C Q, deal-
ing with two-column matrices from M} (see above Section 3.2.1), i.e. QL =
{Ri, | k <l€mn}for Ry, = (nx {k})®(n x {l}). Since ., C 2, =V, for ev-
ery k < [ € n there is a ¢ € ¥ such that 3 = Ry . Note that for any U C n?*2
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Riy C U™ implies # (U) > 2n — 1. Set Uy == {¢ m —>m| " =Ry, }.
For any r € n, let Sk, = {{(rk),(l,j)}|jen}; thus Rg; = & Sk
1

r=
and Rp; 2 (U= Spu,)", provided that Ry; = UT. Now let ¢ € Upo;
thus m > #(®) > 2n — 1. Consider any 9 € @ and the uniquely deter-
mined 7 € n such that ¥ € Sy 5,. Since $ C Ry, we have (p — S12,)" C

(R, — Sk_,l,r)Jr # R12. Now take any ¢ € U3 4; thus <,E+ = R1 and 1%4_ = R3 4.

Define ¢ : m — m by ¢(17) = { ’L/J(l') if 50(1') € Sl,2,r

p(z) else and consider

%Jr € 0! (7). Since 0 (7) C Q,,, there is a & € U satisfying & C EJr - 5+. We
observe that it is only possible if either Ry 5 C $+ or R34 C $+, since Ry 2 and

~+
Rj 4 are minimal and disjont. However, by definition we have Ri» € ¢ ,
~+ ~+ ~ +
and hence Rsq C ¢ , ie. Rsqa = ¢ N Ryy = (mRM) . By previ-
~+
ous general observation, this yields # (U) = # (gb N R3,4) > 2n — 1, where

n
U:={rem|yp(z)€Si2,} Since € p was arbitrary chosen and 4 S,
r=1
is a disjoint partition of Rj; where for each r € n, # (S1,2,») = n, we can argue
analogously for all ¥ € p, which yields m > % -# (). Furthermore, we take

~ ~ +
any ¥ € 8’ =¢nN Sz a0, R3a P (qb NR34— S’) , and consider any 9’ € Us .
Arguing as above we arrive at m > (%)2 -# (), and so on. By iteration this

yields m > (2”—7:1)g - H#(p) > (27%;1)% (2n — 1). Hence m is superpolynomial
in n, Q.E.D.
To put it more exactly, we easily arrive at the following

Criterion 43 For any natural numbers n > 1, ¢ > 0 and any Ily-tree T satis-
fying # (T) < nC, either Q, € O (T) or O (T) € Q,, holds true, provided that
c<nlog, (2—1)+2log, (2n —1). In particular, Q,, € O* (T) or o (T) ¢ Q,
holds whenever nlog, (1.5) > C.

4.2 CSP-cases Y3, II3 and beyond

In the Iy case (see above) we did not require the whole €2, to be in 0! (7))

and actually used a weaker assumption QL C 0! (7) C Q, instead (in fact
#(QL) = in(n—1) is polynomial in n). But it is not difficult to modify
our Il proof under another weak assumption that requires o' (7) C Q, to
contain any subset of 2,, whose cardinality is merely a polynomial divisor of

# (92,,) (see also 4.1.1 above). Note that the latter modification is sufficient

for the proof of CS” in the X3 case fr = \W/L 7\ \n} {w; jksvijr}. The I3
m m m mEk=L

case fr = A\ V A {tijr,vijr} is proved by the modified iteration along

the lines of ﬁcita]_ﬁj%lroof. This generalizes previous Il-case by strengthening
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191-#,(2-) € n?*? to ﬁi»@(i) € n**? | ie. regarding matrix elements as arbitrary
multisubsets of n?*2. For k > 3, the corresponding 3y, IIj cases should follow
by analogous, though more sophisticated induction on k.

4.3 General CS case

To grasp the deviation from CS', consider basic cases 3o, II5. Without loss of
m m m m m m

generality let fr = \/ [ A 192']» ANV ;| and fr= AV 19;-”']- vV V4 ;| in
i=1 \j=1 ~ j=1 "~ i=1 \j=1 7 =1 "~

2 and

Yo and IIy case, respectively, where 191'+,j = {u;fj,vifj} = 0y (ai;) € n2*
U = {u;’j,v;j} = 0, (a;;) € n?*? are the correlated source labels, # (7) =
m? being polynomial in n. Case ¥y does not really differ from previous CS”
consideration, since clearly # (9% (7)) < m < # (7). Case Il is more involved
because we cannot guarantee that composite choice sequences like ¢ : m —
m (see 4.1.2 above) are consistent. That is, if two different choice sequences

©,% : m — m are consistent, then substituting (say) ¢ (z) for ¢ (z) can lead to
inconsistency, provided that 19;7%%) € = {ﬁ;w(i) l[i=1,--- ,m}. A desired
conclusion that m is superpolynomial in n requires more advanced combinatorial
arguments, which will be presented elsewhere.

5 Appendix (cf. [G04])

Definition 44 If {u,v} € n*?, Borel sets Oy, .} = {Z € R} |z, + 2, = 0}
and their complements Oy, = {7 €RY |z, + z, # 0} are called regular
planes and coplanes (in Ry ), respectively; they both are also called regular el-
ements. A set of reqular elements {Ol,@J l[vel,je J}, INJ = 0,is called

consistent if no (1O, N (| O, = {0}. Intersections of sets of reqular planes
el 1€J
and consistent sets of reqular elements are called regular 11i-sets and regular

I1; -expansions, respectively. For any regular I1;-ezpansion E = (O, N () @],
el geJ
INnJ =0, denote by E* the corresponding reqular 11y -set ( O,; clearly E C E".
el
Claim 45 Disjunction property. For any regular Ily-sets U, V and W, if U C
VUW then eitherU CV orU C W.

Proof. Because regular IT;-sets are convex. (Geometrically obvious.) m

Claim 46 Absorption property. For any reqular 1li-expansion E and regqular
IMy-set U, if EC U then E* C U.

Proof. Because regular II;-sets are convex and closed (see also [GK: Lemma
34]). m

Claim 47 Monotonicity. For any X,Y C n*? and the corresponding reqular

Oy-sets U= (O, andV = (N O,, if VCU then XT CYT.
1€X €Y
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Proof. Easy linear algebra a/o the completeness of equational calculus. m
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